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3.9Definition: A property P  is called "absolute" iff for all subspaces 

XAB   of a space X , B  fulfills P  a subspace of A  iff B  

fulfills P  as a subspace of X . 

3.10Note: 

 By Theorem3.8 connectedness is absolute property. 

3.11Theorem: Let  TX ,  be a topological space, then KHX  iff 

KH , are two non –empty disjoint open and closed subsets of X . 

Proof:                

Suppose KHX  . 

1.   KH ,  

2. XKH   

3.     HKKH   

    
  XKHandKHKH    ,

 

      KK   

   KK   

    K  is closed 

    In the same way from   HK  . 

          H  is closed 
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But 
CKH   

H  is open 

And 
CHK    

K  is open 

KH , are two non –empty disjoint open and closed subsets of X . 

  

KH , are two non –empty disjoint open and closed subsets of X . 

1.   KH ,  

2. XKH   

3. KH   

H  is closed 

              HH    

   HK   

K  is closed 

              KK    

            KH   

        KHX   
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3.12Theorem: Let  TX ,  be a topological space and C  is connected  subset 

of X ,if KHX   then KCorHC  .  

Proof: Take KCandHC  .Now 

1.      KCHCKHCXCC    

2.        HKKHHCKCKCHC    

               
KHX    

          
     HKKH   

               HCKCKCHC   

          If   KCandHC   

             
KCHCC   ,and which is contradiction. 

             
  KCorHC   

       HCorKC   

3.13Corollary: Let  TX ,  be a topological space and C  is connected  subset 

of X ,if CEC   then E  is connected. 

Proof: Suppose KHE   

EC  and C  is connected, By theorem 3.12 

KCorHC   

Let HC   

 1... KC  
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HC   

HC   

 2... KC  

CEK   

 3...KKC    

From      32,1 and  

K  and which is contradiction. 

E  is connected 

3.14Note: 

 By Corollary3.13 IfC  is connected then C  is connected. 

Since CCC  .  

3.15Corollary: Let  TX ,  be a topological space and XE  .If Eba  ,  

C is connected and ECba ,  ,then E  is connected. 

Proof: Suppose KHE   

H  

Ha  

K  

Kb  

By hypothesis C is connected and ECba ,  . 

By theorem 3.12 
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KCorHC   

 
KbaorHba  ,,

         
,and which is contradiction.

  

  E  is connected. 

3.15Corollary: Let  TX ,  be a topological space and C .be a collection of 

connected subsets of X  and 


 C  ,then 


C  is connected. 

Proof: Suppose KHC 


  




  C  




Cx  

KHC 


  

KxorHx   

Suppose Hx . 

C is connected  , andCx   Hx  

By theorem 3.12 

  HC  

HC 


  

HC 


  

K  ,and which is contradiction. 


C  is connected. 
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3.16Theorem: Let  TX ,  be a topological space, XE   and C  is 

connected subset of   CECandECX  , 

then   EbC . 

Proof: Suppose   EbC .Now we prove that
CECECC  . 

1.   CECEC  ,  

2.      CC ECECEECXCC    

3.          CEECECEC CC
 

4.  

       

  







C

CCC

ECEC

EbCEECEECECEC




 

    In the same way prove     ECEC C  . 

   From 1,2,3 and 4        
CECECC  , and which is contradiction. 

                
   EbC  

3.17Theorem: Let  TX ,  be a topological space, then X  is connected iff the 

only subsets of X  that are both open and closed in X  are  and X . 

Proof:   Suppose X  is connected and  HXH ,  is open 

and closed. 

 CC HH , is open and closed .Such that 

1. XHH C   

2.   HHHHandHHHH CCCC   
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CHHX  , and which is contradiction. 

   the only subsets of X that are both open and closed in X are and X . 

   

the only subsets of X that are both open and closed in X are and X . 

Suppose KHX  .  By theorem3.11  

     KH , Are both open and closed in X , and which is contradiction. 

         X  is connected. 

3.18Exercise: Find all connected topologies on  3,2,1X . 

3.l9Definition: Let  TX ,  be a topological space, XE   and Ex ,then 

the union of all  connected sets containing x  and contained in E will be called 

component of E   corresponding to x and will be  denoted by  xEC , . 

3.20Notes: 

 By Corollary 3.15  xEC ,  is the largest connected  subset of E  

containing x . 

 The components corresponding to different points of are either equal or 

disjoint. 

3.21Exmaple:  Let  5,4,3,2,1X and       5,3,2,3,5,2,, XT    is a topology 

on X .Find 

1)  1,XC
  
.
    

 

2)  2,XC . 

3)  3,XC
 
. 

4)  4,XC
 
. 

5)  5,XC
 
. 
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Solution: Since X  is connected, then 

1)   XXC 1,
  
.
    

 

2)   XXC 2,
 
. 

3)   XXC 3,
  
. 

4)   XXC 4,
 
. 

5)   XXC 5,
 
. 

3.22Exmaple:  Let  ,4,3,2,1X and      3,2,1,3,4,3,2,1,, XT    is a 

topology on X .Find 

1)  1,XC
      

 

2)  2,XC  

3)  3,XC  

4)  4,XC  

 

Solution: Since    4,32,1  KHX ,then 

1)    2,11, XC
      

 

2)    2,12, XC  

3)    4,33, XC  

4)    4,34, XC  

3.23Exercise:
    

Let 

 5,4,3,2,1X and       5,34,2,4,3,1,5,2,1,4,3,5,2,1,, XT    is a topology 

on X .Find 

1)          5,,4,,3,,2,,1, XCXCXCXCXC
  
.
    

 

 

 


