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2.15Notes: 

 Open set in AT  denote by
G . 

 Closed set in AT  denote by
F . 

 Closure set of E  in AT   denote by


E . 

 Interior set of  E in AT  denote by
0E . 

2.16Theorem:   ATA,  is a topological space. 

Proof: Now we prove that AT  is a topology on A . 

1.    a. TX    

                       ATXAA     

                   b. T
 

                      ATA   
 

2. 
    

If  


ATG . 

 
 


GAGTG    

  









  










 GAGAG  

              
TG 



   

              ATG 




  
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3. If niTG Ai 


1
 

        
niGAGTG iii 


1

   

               

  











  
n

i

i

n

i

i

n

i

i GAGAG
11

              

              
TG

n

i

i 



1   

A

n

i

i TG 



1  

               AT  is a topology on  TX , . 

2.17Note: 

  ATA, is called a subspace of  TX , . Or A is a subspace of X . 

2.18Theorem:Let  ATA, be  a subspace of  TX ,  and AE  . 

Then EAE 


. 

Proof: 









 

i

iFAEA

iFEandXinsetclosedF ii 
 

 


 EFFAEA
i

i

i

i  
 

iFEandAinsetclosedF ii 


 

2.19Exercise: Let  5,4,3,2,1X , 

              5,3,3,2,3,2,5,3,2,5,5,2,, XT  is a topology on X and  5,3,2A . 
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Find 

1) 


B
    

If   3,2B . 

2) 


C
   
If   5,3C . 

3) 


D
  
If   3D . 

2.20Theorem: Let  ATA, be a subspace of  TX , and AB .If B  is 

open in X , then B  is open in A . 

Proof:                 TB     ATBAB    

2.21Note:  

The converse of theorem 2.20 is not true for example  

Let  3,2,1X and       2,3,2,2,1,, XT    is a topology on X  ,if  3,1A  ,then       

   3,1,, ATA   

  TbutTA  11  

2.22Exercises: 

1. Let  ATA, be a subspace of  TX , and AH  . If H  is closed     in X ,  

      Prove that H  is closed in A ,and The converse is not true. 

2 .If   is basis of T  on X ,and T  .Prove that also  is basis of  

   T . 

3. Let  TX ,   is the usual topological space. Find the relative topology on 

 NTN . 
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Chapter Three 
Connectedness and Compactness 

3.1Definition: Let  TX ,  be a topological space and XE  , then KH ,  is 

said to be a separation of E  and denoted by KHE   iff 

1.   KH ,  

2. EKH   

3. KH   

4.   HKKH  ,  

3.2Notes: 

 We can replace conditions 3and 4 by     HKKH  . 

 E  is said to be connected if there does not exist a separation of E . 

 By definition  is connected and also singleton set x  . 

3.3Exmaple:  Let  4,3,2,1X and         4,3,1,4,4,2,3,1,, XT    is a 

topology on X .Is X  connected? 

Solution: 

Let    4,2,3,1  KH ,then 

1.   KH ,  

2. XKH   

3.                3,14,24,23,1  HKKH  

            KHX   
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               X  is disconnected. 

3.4Exmaple:  Let  4,3,2,1X and        4,3,1,4,1,4,1,, XT    is a topology 

on X .Is X  connected? 

Solution: 

1. Let    4,3,2,1  KH , then 

1.   KH ,  

2. XKH   

3.  

             
  



3,2

3,2,14,34,3,22,1  HKKH

   

          KHX   

2. Let    4,2,3,1  KH , then 

1.   KH ,  

2. XKH   

3.  

    HKKH 
 

KHX   

 3. Let    3,2,4,1  KH , then 

1.   KH ,  

2. XKH   
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3.  

    HKKH 
 

KHX   

4. Let    4,3,2,1  KH , then 

1.   KH ,  

2. XKH   

3.  

    HKKH 
 

KHX   

5. Let    3,4,2,1  KH , then 

1.   KH ,  

2. XKH   

3.  

    HKKH 
 

KHX   

6. Let   1,4,3,2  KH , then 

1.   KH ,  

2. XKH   

3.  
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    HKKH 
 

KHX   

7. Let    2,4,3,1  KH , then 

1.   KH ,  

2. XKH   

3.  

    HKKH 
 

KHX   

 From 1,2,3,,4,5,6and 7 there does not exist a separation of X . 

     X  is connected. 

3.5Notes:  

 A space X  is connected iff the only subsets of X  that are both open and 

closed in X  are the empty set  and X  itself. 

 A  is connected subset of X  iff  ATA,  is connected space. 

3.6Exmaple:  Let  5,4,3,2,1X and    4,4,1,3,2,1,1,, XT    is a topology 

on X . 

a. Is  3,2,1A  connected? 

b. Is  4,3,2B  connected? 

Solution: 

a.  1,, ATA   

the only subsets of A  that are both open and closed in A  are the empty set    
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    and A  itself. 

  there does not exist a separation of A . 

 A  is connected. 

b.    4,3.2,, BTB   

      4,3,2 are open and closed in B . 

        43,2  KHB  

     B  is disconnected. 

3.7Exercise: Let  5,4,3,2,1X , 

              5,3,3,2,3,2,5,3,2,5,5,2,, XT  is a topology on X . 

a. Is X  connected? 

b. Is  5,3,2,1A  connected? 

c. Is  4,3,2B  connected? 

d. Is  5,2C  connected? 

3.8Theorem: Let  ATA, be a subspace of  TX , and AE  .Then E  is 

connected in  TX , iff E  is connected in  ATA, . 

Proof:                

  
E  is connected in  TX , . Now we prove that E is connected in  ATA, .   

Suppose E  is disconnected in  ATA, .     

 AEKAEHKHE  ,  

But 

            


...HKKHHAKKAHHKKH 

 ATAinKHE ,  
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    


HKKH   

From  

         HKKH   

      TXinKHE ,  

  E  is disconnected in  TX , .and which is contradiction. 

   
E  is connected in  ATA, .    


              

     
E is connected in  ATA, . 

     Now we prove that E is connected in  TX , .    

     Suppose E is disconnected in  TX , .   

 AEKAEHKHE  ,  

But 

            


...HKKHHAKKAHHKKH 

 TXinKHE ,  

     HKKH   

From  

         


HKKH   

 ATAinKHE ,  

  E  is disconnected in  ATA, .and which is contradiction. 

        
E  is connected in  TX , .     


