2.15Notes:
o OpensetinT, denoteby G

e ClosedsetinT, denote by F .

— %k

e Closuresetof E in T, denote by E

*

0
e Interior setof E inT, denote by E

2.16Theorem: (A, TA) is a topological space.

Proof: Now we prove that T, is a topology on A .

1. a - XeT
~A=ANX €T,

b.ogpeT
So=ANgeT,

2 |fGa* eT, Vo

~3G,eT>G," = ANG,Va
.'.UGa*:U(AﬂGQ):Aﬂ(UGa]
UGa el

U G, eT,
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Aot (e,
i i=1

. T, is atopology on(X,T).
2.17Note:

. (A, TA) is called a subspace of (X,T). Or A is a subspace of X .

2.18Theorem:Let (A, T,)be asubspace of (X,T) and E < A
Then E* — AﬂE

Proof:

ANE =AN (ﬂ Fij

5 F closed setin X and EcFk V i

%

~ANE=[)(ANF)=F =E

5> F° closed setin A and EcF V i

2.19Exercise: Let X = {1,2,34,5},

T =14, X, {25}, {5}, {2,355}, 12,3}, {2}, 13}, {35} }is a topology on X and A= {2,35}.
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Find
1) B it B={23}
2) C if C= {3,5}
3) D 1t D=3}

2.20Theorem: Let (A T )be a subspace of (X,T)and B < A 1B is
openin X , then B is openin A.

Proof: BeT ..B=ANBeT,
2.21Note:

The converse of theorem 220 is not true for example
Let X ={1,2,3}and T =1{g, X, {1,2},12,3}, {2}} is a topology on X ,if A={1,3} then

= A L), 8}
~{eT,but QeT

2.22EXercises:

1. Let (A,TA)be a subspace of (X,T)and H < A 1t H isclosed in X,

Prove that H is closed in A .and The converse is not true.
2 .1f B isbasisof T on X ,and S ¥ T .Prove thatalso W is basis of

T.
3. Let (X,T) is the usual topological space. Find the relative topology on

N(T,).
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Chapter Three

Connectedness and Compactness

3.1Definition: Let(X,T) be a topological space and E < X , then H, K is
said to be a separation of E and denoted by E = H/K  iff

1. H=¢, K= ¢

2. HUK=E

3. HNK=¢

4. HNK'=¢,KNH'=¢
3.2Notes:

e We can replace conditions 3and 4 by (H f R)U (K a ﬁ): ¢ :

e E issaid to be connected if there does not exist a separation of E.

e By definition ¢ Is connected and also singleton set {X} :

3.3Exmaple: Let X ={234}andT ={p, X,{1,3},{2.4},{4},034}} is a
topology on X .Is X connected?

Let H = {1,3}, K ={2,4} then
1. H=¢, K= ¢
2. HUK =X
, (HNKJUKNH)= (@3N 24)u 24N 13) =4
X =H/K
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.. X is disconnected.

3.4Exmaple: Let X ={1,2,34}andT ={g, X, {1}, {4}, {14}, {1,3,4}} is a topology
on X .Is X connected?

Solution:
1. LetH = {1,2}, K = {3,4} then
1. H=¢, K= ¢
2, HUK =X
3.
(HNKUKNH)= (21N 234hulzani2s)
={23}2¢
~ X £H/K
2. Let H = {13}, K = {2,4}, then
1. H=¢, K # ¢
2, HUK =X
3.
(HNKJU(KNH)=¢
X = H/K
3. LetH = {14}, K = {2,3} then
1. H#g, K#¢
2, HUK =X
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3.
(HNKJU(KNH)=¢
S X #=H/K
4. LetH ={1,2,3}, K = {4}, then
1. H=¢, K #¢
2. HUK =X
3.
(HNKJU(KNH)=g
S X #=H/K
5. Let H = {1,2,4}, K = {3}, then
1. H=¢, K= ¢
2. HUK =X
3.
(HNKJU(KNH)=¢
S X #=H/K
6. Let H = {2,3,4}, K = {1}, then
1. H=¢, K= ¢

2. HUK =X
3.
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(HNK)U(KNH)=2g
X #=H/K
7.Let H = {1,3,4}, K = {2}, then
1. H=¢, K #¢

2. HUK =X
3.

(HNKJU(KNH)=¢
S X % H/K

From 1,2,3,,4,5,6and 7 there does not exist a separation of X

.. X is connected.

3.5Notes:

e A space X is connected iff the only subsets of X that are both open and
closed in X are the empty set¢ and X itself.

e A isconnected subset of X iff (A,T,) is connected space.

3.6Exmaple: Let X ={,2345}andT ={p, X, {1},{L,2,3},{L.4,4}} is a topology
on X .

a. IsA={1,2,3} connected?
b. IsB ={2,3,4} connected?
Solution:
a - T,={pAd}

-.the only subsets of A that are both open and closed in A are the empty set ¢
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and A itself.
.. there does not exist a separation of A,
. A is connected.
b. v Ty, =1{4,B,{2.3} {4}}
~.{23},{4}  are open and closed inB.
~B=H={23}/K =1{4}
. B is disconnected.
3.7Exercise: Let X ={,2,3,4,5},

T ={¢, X,{25},{5},{2.35}, {23}, {2}, {3}, {3,5}}is a topology on X .

a. Is X connected?

b. IsA={1,235} connected?
c. 1sB={2,3,4} connected?

d. 1sC ={2,5} connected?

3.8Theorem: Let (A T,)be a subspace of (X,T)and Ec AthenE is
connected in (X T ) iff E is connected in (A, T,).

Proof: =

E is connected in (X T ) Now we prove that E is connected in (A, T,,).

suppose E is disconnected in (A, T,).

~E=H/K> HcEcA KcEcA

But
(HNK)UKNA)=(HNANK)U(KNANH)=[HNK JulknF).e
~E=H/K in(AT,)

45



AR JulknA)=¢
From ©
(HNK)UKNH)=¢
~E=H/K in(X,T)

E is disconnected in (X T ) .and which is contradiction.

E is connected in (A, T, ).
—

E is connected in (A, T, ).
Now we prove that E is connected in (X T )

Suppose E is disconnected in (X ,T).
~E=H/K> HcEcA KcEcA

But

(HNK)UKNH)=(HNANK)UKNANA)=[HNK ulknA").e
~E=H/K in(X,T)

(HNK)U(KNH)=¢
From ®
K JulknA)=¢
~E=H/K in(AT,)
E is disconnected in (A, T4 ) .and which is contradiction.

E is connected in (X T )
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