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1.43Theorem: Let  TX ,  be a topological space and XBA , .  

1) 
0A  is the biggest open subset of  A . 

2) AA 0

  iff   A   is open. 

3) 
000 AA  . 

4)   000
BABA   . 

5) XXba  00  . 

 

Proof: 

1) 
0A  is the open subset of  A (By definition) 

Now we prove 
0A  is the biggest open subset of  A . 

Suppose G is open and AG . 

Now prove
0AG  . 

Suppose Gx   

 

                   

 
i

iGx iAGandsetopenG ii   

0Ax  

0AG   

0A  is the biggest open subset of  A . 

2) Suppose AA 0
 

A is open (since
0A  is open) 

  Suppose A  is open, we must prove 
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                a-   AA 0
                         b-

0AA  

   a-   AA 0
By definition 1.38

 

   b-   Let Ax
 

   A is open set and AA  

   
 

i

iGx iAGandsetopenG ii    

   

0Ax
 

  
0AA

 

From (a)  and(b) , we get AA 0
 

3)
 

0A  is open 

    
000 AA   

4) 

       
00

0

BABA

BABABABA

C
C

C
C

C
CC

C
CCC

C










 

5)Exercise. 

1.44Exercise: Let  TX ,  be a topological space and XBA , .  

                              Is   000
BABA   ? 
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1.45Definition: Let  TX ,  be a topological space and XA , then the 

exterior of A  denoted by
eA    or  Aext   and we define the exterior of A  by  

  
0Ce AA   

1.46Exmaple:  Let  5,4,3,2,1X and       5,3,2,3,5,2,, XT    is a topology 

on X .Find 

1) eA     
If   3,2A . 

2) eB    
If  1B . 

3) 
eC   

If   4,3,2,1C . 

4) eD   
If  3,2,1D . 

5) eE   
If  5,4,3E . 

Solution: 

1)
 

  
00

5,4,1Ce AA .
 
 

 
2)

 
         5,3,25,3,235,25,4,3,2

00
 Ce BB .

  

3)   
00

5Ce CC .
 
 

4)
 
Exercise.

  

5)
 
Exercise.

  

1.47Theorem: Let  TX ,  be a topological space and XBA , .  

1)   ee XbXa  

2) 
Ce AA    . 

3) 

eCee AA  . 

4)   eee
BABA   . 
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Proof: 

1)   0000 CeCe XXbXXa  

2) 
CCe AAA 

0

  . 

3) 
eCC

CC
C

eCe AAAAA 
000

0
0

 

4)       eeCCCCCe
BABABABABA  

0000

 

1.48Exercise:
    

Let  TX ,  be a topological space and XBA , .  

                              Is   eee
BABA   ? 

1.49Exercise:
    

Let  TR,  be a usual topological space .Find
eQ ? 

1.50Definition: Let  TX ,  be a topological space and XA , then the 

boundary of A  denoted by  Ab    or  A   and we define the boundary of A  

by       0
00000

A
AAAAAAAAb

CC
CcC

C    

1.51Exmaple:  Let  4,3,2,1X and              4,3,1,4,3,4,1,3,1,4,3,1,, XT    

is a topology on X .Find 

1)  Ab
    

If   3,2A . 

2)  Bb
   

If   4B . 

3)  Cb
  
If   4,3,1C . 

4)  Db
  
If  3,1D . 

5)  Eb
  
If  4,1E . 

Solution: Closed sets are 
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             22,13,2,4,2,3,2,1,4,2,1,4,3,2,,X  

1) 

         

         

   
   2
3

3,2

3,23,23,2,14,3,2,3

0

0





A
AAb

XAA 

.
  

2) 

         

   
   2
4

4,2

4,24,24,2,14,3,2,4

0

0





B
BBb

XBB 

.
  

3) 

               

     2
4,3,1

,4,3,14,3,14,34,13,1431

0

0





X
C

CCb

XCC 

 

4)
 
Exercise.

  

5)
 
Exercise.

  

1.52Exercises: 

)1)  Let  5,4,3,2,1X and       5,3,2,3,5,2,, XT    is a topology on X .Find 

1) eA     
If   5,2,1A . 

2) eB    
If   5B . 

3) 
eC   

If   5,4,1C . 

4) eD   
If  2,1D . 

5) 
eE   

If  4,3E . 
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)2) Let  4,3,2,1X and              4,2,1,4,2,4,1,2,1,4,2,1,, XT    is a topology 

on X .Find 

1)  Ab
    

If   4,2A . 

2)  Bb
   

If   3,2B . 

3)  Cb
  
If   4,2,1C . 

4)  Db
  
If  3,2D . 

5)  Eb
  
If  ,4,3E . 

 (3) Prove that 

  AbAA   

  AbAA 0  

   0AAbA   

    CAbAb         

  (4)Let  TR,  be a usual topological space .Find  Qb ? 
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1.53Definition: Let X  and 21,TT  are two topologies on X . 2T  is said to be 

stronger then 1T   and 1T  is weaker than 2T and we write 21 TT   iff  every open 

subset of X  with respect to 1T  is an open subset of X  with respect to 2T  . 

1.54Notes: 

 1T   and 2T   are said to be not compare if 21 TT    and 12 TT  . 

 The indiscrete topology is weaker than any topology defined on X  . 

 The discrete topology is stronger than any topology defined on X  . 

1.55Exmaple:  Let  3,2,1X and 

     

    2,1,1,,

2,,,1,,

3

21

XT

XTXT








 

, then 31 TT  . Hence 1T  is weaker than 3T  (or 3T  is stronger than 1T  ). 1T and 2T  

are not compare since  21 TT    and 12 TT  . Also 2T and 3T   are not compare 

since 32 TT    and 23 TT  . 

1.56Exercises: Let  4,3,2,1X and 

       

    2,1,1,,

4,,,1,4,,

3

21

XT

XTوXT









 

 Is 1T   stronger than 2T ? 

 Is 1T   is weaker than 3T ? 

 Are 2T  and 3T  not compare? 
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Chapter two 
Bases and Relative Topologies 

2.1Definition: Let  TX ,  be a topological space and T ,then   is basis 

of T  iff GBxBGxTG  , . i.e Every 

element ofT   is a union of elements of  . 

 Not necessary    since 





 B . 

2.2Exmaple:  Let  3,2,1X and   2,1,X .Is   basis of T ? 

Solution: The topology T generated by   is    2,1,2,1,,, XT  , 

T  is a topology on X . 

  is basis of T . Since 

   
   

   
    GBBTG

GBBTG

GBXBTXG

GBXBTXG

GBXBTXG

GBBTG

GBBTG















2222,12

1112,11

222

111

333

22222

11111

 

2.3Exmaple:  Let  3,2,1X and   2,1,  .Is   basis of T ? 

Solution: The topology T generated by   is    2,1,2,1,,T , 

T  is not topology on X  (Since TX  ). 
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  is not basis of T . Since 

XGBBnotbutTXG  33   

2.4Exmaple:  Let  3,2,1X and    3,2,3,1,X .Is   basis of T ? 

Solution: The topology T generated by   is    3,2,3,1,,, XT  , 

T  is not topology on X  (Since      T 33,23,1  ). 

  is not basis of T .  

2.5Exmaple:  Let X and   Xxx  : .Is   basis of T ? 

Solution:  

  GBxxBGxTG  ,  

  is basis ofT  on X. 

  is basis of discrete topology on X. 

2.6Exmaple:  Let  3,2,1X and      3,2,1 .Is   basis of T ? 

Solution: The topology T generated by  is            3,2,3,1,2,1,3,2,1,,, XT  , 

T  is a topology on X . 

  is basis of T . 

2.7Exmaple:  Let RX  and   baRbaba  ,,:, .Is   basis of T ? 

Solution:  

    GdcBxdcBGxTG  ,,, 
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T  is a topology on X . 

  is basis of usual topologyT  on R . 

2.8Theorem: Let X  and   be a family of subsets of X  . Then   is basis 

of topology on X iff 

1. 



B

BX  

2. 212121 ,, BBBxBBBxBB   
 

Proof:        

Suppose   is basis of topology on X .  

1.   X  is an open set and   is basis of topology on X . 

                X  is union of elements of 
 

            /    X  is union all elements of   

           i.e 



B

BX
 

2. 
    

21, BB  and   is basis of topology on X . 

    21, BB  are open sets 

  
 21 BB   is open set 

  21 BB   is union of elements of   

2121 BBBxBBBx     
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
   

Let  ofelementsofunionisGXGT :   

Now to proveT  is a topology on X ,then   is basis ofT  on X   

3.    a. 



B

BX by hypothesis  

                       TX    

                   b. 





 B
 

                              T
 

4. 
    

If  TG . 

 G  is union of elements of     




G  is union of elements of   

   TG 


   

5. If TGG 21,  and 21 GGx   

  
 

21 , GxGx    

                
TGandGx  11

             

                111 GBxB  
 

                
TGandGx  22

            

               222 GBxB  
 

                    
21 BB  by hypothesis 
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   212121 GGBBxBB   
 

    21 GG   is union of elements of 
 

                 
TGG  21   

                T  is a topology on X ,since the conditions are satisfied. 

   
  is basis ofT  on X  

2.9Exmaple:  Let  3,2,1X and       2,3,2,2,1 .Is   basis of topology 

on X ? 

Solution: By theorem 2.8  
 
  is basis of topology on X , since 

         1.       X23,22,1   

         2.  

              

     

     

      











23,22

222,1

23,22,1







 

2.10Exmaple:  Let RX  and   baRbaba  ,,:, . Is   basis of 

topology on X ? 

Solution: By theorem 2.8  
 
  is basis of topology on X . The topology 

T generated by  is called upper limit topology. 

2.11Exercise: Let RX  and   baRbaba  ,,:, . Prove that    is 

basis of topology on X ? The topology T generated by  is called lower 

 limit topology. 
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2.12Definition: Let  TX ,  be a topological space and XA , then the 

topology defined on A  is called relative topology denoted by AT     such that                 

 TGGATA  :  

2.13Exmaple:   Let  5,4,3,2,1X and 

              5,3,3,2,3,2,5,3,2,5,5,2,, XT    is a topology on X .Find 

         1) AT
    

If   5,3,2A . 

2) BT
   
If   5,4,2,1B . 

3) CT
  
If   4,3,1C . 

4) DT
  
If  5,3D . 

5) ET
  
If  5E . 

Solution: 

1)             5,3,3,2,3,2,5,5,2,, ATA 
    

. 

2)       2,5,5,2,, BTB 
   
. 

3)   3,,CTC 
  
. 

4) Exercise 
5) Exercise 

2.14Exercise: 

 Let  5,4,3,2,1X and           4,3,2,5,2,4,3,2,5,4,3,2,, XT   is a topology 

on X .Find 

1) AT
    

If   4,3,1A . 

2) BT
   

If   5,4,3,1B . 

3) CT
  
If   4,2,1C . 

4) DT
  
If  4,2D . 

5) ET
  
If 1E . 

 


