1.43Theorem: Let (X ,T) be a topological space and ABc X

0

1) A" is the biggest open subset of A.
0

2) A=A A is open.

3) A% = A®

s (ANB) =A"NB".

5 a— ¢ =¢ b- X°=X.
Proof:

.« 0
1) - A Is the open subset of A (By definition)

0. .
Now we prove A" s the biggest open subset of A,
Suppose Gis open and GcA
0
Now proveG c A

Suppose X € G

open set and G cA V i

XEUGia G.

Xxe A’

Gc A

0
A Is the biggest open subset of A,
2) =—> Suppose AO =A

Ais open (since AO IS open)

Suppose A s open, we must prove
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a- AP A - Ac A°
a- A% — A By definition 1.38
b- Let X e A

.o Als open set and Ac A

XEUGi9 G, open set and G cA V i
[

X € A°
L Ac A’
From (a) and(b), we get A° = A

3) . AO IS open

- A% = A
4)
(AnBY —(anef -(aA°UBS - (aUB®f
_A° MBS =A°NB°
5)Exercise.

1.44Exercise: Let(X ,T) be a topological space and A,B < X .

s(AUB) = A°UB®>
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1.45Definition: Let(X,T) be a topological space and A X, then the
exterior of A denoted by A° or ext(A) and we define the exterior of A by

A® = A

1.46Exmaple: Let X ={1,2,34,5}andT = {g, X,{2,5},{3},{2,35}} is a topology

on X .Find
1) A 1 A={23}.
2) B® 1f B=1{l}.
3) C° it C={1,2,34}
4) D° 11D ={1,2,3}.
5) E° 1fE=1{3,4,5}.

Solution:
A=A =145"=¢
2 B =B ={2,345) ={25/UBlU{235}=1{235].

35Ct=C ={5"=¢.
4) Exercise.

5) Exercise.

1.47Theorem: Let (X ,T) be a topological space and AyB < X

) a— ¢ =X b— X°=4¢
) A°c A
3) AC = A

s (AUBf =A"NB",
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Proof:

1) a-— ¢ =g =X°=X b— X°=X"=¢"=¢

» A® = AS" = AC
cc?

5 A =A% A

co0

— AC® — Ae
» (AUBY =(AUB)" =(A°NB°f = A°°NB’ = AN B"

1.48EXxercise: Let(x ,T) be a topological space and ABc X

s(ANB) = A°UB°®»

1.49Exercise: Let(R,T) be a usual topological space .Find Q° ?

1.50Definition: Let(X,T) be a topological space and A X, then the
boundary of A denoted by b(A) or 8(A) and we define the boundary of A

oy b(A)= (AO U ACO)C _ AT AT = AN A= %0

1.51Exmaple: Let X ={,234}andT = {g, X, {1}, {3}, {4}, 1.3}, 1.4}, {3.4}, {1,3.4}}
is a topology on X .Find
1) b(A) 1t A={
2) b(B) 1t B={4}.
3) b(C) 1r C=1{L3
4) b(D) 1t D =113},
5) b(E) 1tE = {14},

Solution: Closed sets are
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X4, 234} 124, .23} 24, 23 12} 2
1)

2)
B°={4}, B=XN{ 234}0{12,4}ﬂ{24}:{24}
o(6)-B- )/ -

3)
C’=UBIUAUL3UL4UB4UL34}= {134}, C=X
):/ /134:

4) Exercise.

5) Exercise.

1.52Exercises:

(1) Let X ={1,23,45}andT ={p, X,{2,5},{3},{2,35}} is a topology on X .Find

1) A° 1f A={25}
2) B® If B={5}.
3) C® 1f C={145}
4) D° 1tD=1{12}.

5) E° IfE={3,4}.
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@) Let X ={L234}andT ={g, X, {L}, {2}, {4}, {12}, L4}, {2.4}, {L,2,4}} is a topology
on X .Find

b(A)=b(A°)

(4)Let(R,T) be a usual topological space .Find b(Q)?
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1.53Definition: Let X = ¢ and T,,T, are two topologies on X . T, is said to be
stronger thenT, andT, is weaker than T,and we writeT, T, iff every open
subset of X with respect toT, is an open subset of X with respect toT, .

1.54Notes:

e T, andT, are said to be notcompare ifT, T, andT,  T,.

e The indiscrete topology is weaker than any topology defined on X .

e The discrete topology is stronger than any topology defined on X .
1.55Exmaple: Let X ={1,2,3}and

T =X 4 T, ={x{2}}
Ty ={g. X, {1}, {1.2}}

, thenT, < T,. HenceT, is weaker thanT, (or T, is stronger thanT, ). T,andT,
are not compare since T, T, andT, zT,. Also T,andT, are not compare
since T, zT, andT, «T,.

1.56Exercises: Let X ={1,2,34}and
L=l Xl T=lx 4
T, =, X I {2}

e IsT, stronger thanT,?

e IsT, isweakerthanT,?

e AreT, andT, not compare?
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Chapter two

Bases and Relative Topologies

2.1Definition: Let(X,T) be a topological space and S = T ,then B is basis
f TifVGeT,xeG dIBepf >xeBcG .i.e Every

element of T is a union of elements of [ .

o Not necessary ¢ € [ since ¢ = U B,

Aeg

2.2Exmaple: Let X ={,2,3}and 5 =1{X,{L},{2}}.1s [ basisof T ?

Solution: The topology T generated by 8 isT ={ ¢, X, {1},{2}, {1.2}},
T isatopology on X .
[3 is basis of T . Since

leG={l}eTAeB={} 31eBcG
2c¢G={2}eTI2eB={2} 52eBcG
3ceG=XeTd3eB=X 33eBcG
leG=XeTdAeB=X 31eBcG
2ceG=XeTd2eB=X 32eBcG
1eG={2}eTAeB={1} 51eBcG
2c¢G={12}eTI2ecB={2} 52eBcG

2.3Exmaple: Let X ={,23}and 8 ={,{},{2}}.1s B basisof T ?

Solution: The topology T generated by [ isT ={¢,{1}, {2}, 4,2}},

T is not topology on X (Since X ¢T).
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/3 is not basis of T . Since
3eG=XeThutnot Bepf 33eBcG=X

2.4Exmaple: Let X ={,23}and p={X,{1,3},{2,3}}.Is [ basisof T ?

Solution: The topology T generated by [ isT ={ ¢, X,{13},{2.3}},
T is not topology on X (Since {,3}N{2,3}={3}&T).
/3 is not basis of T .

2.5Exmaple: Let X # gand f={{x}:xe X}.Is B basisof T ?

Solution:
VGeT, xeG EIB={X}€,B 3XxeBcG
[ is basis of T on X.

[3 is basis of discrete topology on X.

2.6Exmaple: Let X ={1,2,3}and 8= {{L}, {2}, {3}}.1s B basisof T 2
Solution: The topology T generated by 5 isT ={ ¢, X, {1}, {2}, {3}, .2}, 1.3}, {2,3}},
T isatopology on X .
L3 isbasisof T .

2. 7Exmaple: Let X =Rand B={(a,b):a,beR,a<b}.I1s S basisof T ?

Solution:

VGeT,xeG 3IB=(c,d)ef >3xeB=(c,d)cG
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T is atopology on X .

[3 is basis of usual topology T onR .

2.8Theorem: Let X = ¢ and [ be a family of subsets of X . Then [ is basis
of topology on X iff

1. X=JB

2. VB,,B, €5, vxeB, (1B, IBef >xeBcB,[(1B,

Proof: —

Suppose [ is basis of topology on X .
1. -~ X isanopensetand [ is basis of topology on X .
. X is union of elements of [

/- X isunion all elements of [

T =UB

Bef
2. - B,B,ep and [ is basis of topology on X .
. B, B, € # are open sets
~.B,NB, is open set

-.B,NB, is union of elements of [

~.VxeB,1B, d3Bef >xeBcB,(1B,
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<=

LetT ={G< X :Gis union of elements of 4 |}

Now to prove T is a topology on X ,then [ is basis of T on X

3. a = X =|JBby hypothesis
Bep

o XeT

b."'¢: UBA

Aeg

peT

4. WG, eT Va.
.G, isunion of elements of f  Va

~.|JG, is union of elements of

~JG, eT
5 1f G,G, €T and xeG, G,
. XxeG, xeG,
wxeGand G, eT
B, e >3xeB, <G
wxeG,and G, eT
B, e >xeB,cG,

.+ B, B, € B by hypothesis
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dB, 1B, ef >xeB/ B, cG G,
.G, NG, is union of elements of S
"G, NG, eT
T Is a topology on X ,since the conditions are satisfied.
. B isbasisof T on X

2.9Exmaple: Let X ={,23}and g ={{1,2},{2,3},{2}}.1s [ basis of topology
on X ?

Solution: By theorem 2.8 /3 is basis of topology on X , since
1. {L2jU{2,3jU{2}= X

2.10Exmaple: Let X =Rand 3 ={a, b]I a,beR,a<b} Is S basis of
topology on X 2

Solution: By theorem 2.8 [ is basis of topology on X . The topology
T generated by /3 is called upper limit topology.

2 11Exercise: Let X =Rand 8= {la,b):a,b e R,a <b}. Prove that B is
basis of topology on X ? The topology T generated by /3 is called lower

limit topology.

36



2.12Definition: Let(X,T) be a topological space and A = X , then the

topology defined on A s called relative topology denoted byTA such that
T,={ANG:GeT}

2.13Exmaple: LetX ={,234,5}and

T ={¢, X,{25},{5},{2.35},{2.3}, {2}, {3}, {35}} is a topology on X .Find

nTa 1t A=1{2,35},
»Ts 1f B=11,2,45}
3 Tc 1t C=1{134}.
4) Tp 11D = {3’5}-
5)TE IfE = {5}

Solution:

2) Ts =16, B.125} 5}, 2}}
3) Te ={0.C. 83}

4) Exercise
5) Exercise

2.14EXxercise:

Let X ={,2345}andT =1{p, X,{2,3,4,5}, {2}, {3.4},{25},{2,3.4}} is a topology
on X .Find

)T, 1f A={134}
2) Ty 1f B=1{.3,4,5}
3) T 1f C=1{L2,4}.
4) Tp |fD:{2’4}-

5) Te 1t E =1L},

37



