1.30 Theorem:

Let(X,T) be a topological space and A = X | then A=AUA"
Proof: We must prove
g AcAUA ) AUA C A,

a) Suppose XeA
leerﬂ
i

> F closed set and AcF V i

xek Vi and AcFk V i

XeA or xgA

it Xe A . Xe AUA
Ac AUA
X & A
Suppose X isnot limitpointto A... 3GeT ,xeG> G-{x}NA=¢
xeA . GNA=¢

AcG® ,G° closed setand xgG°
X A
This is contradiction
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X is a limit point to A
X eA
xeAlUA
Ac AUA
b) Suppose xe AUA'
XeAor xehA

If XeA

xeF Vi > F closed set and AcF
Xem .
i

> F closed set and AcFkF V |

X eA
If XxeA
AcF Vi > F closed set
ANcF Vi
F. closed set Vi

F'ck Vi
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xeFk Vi > F closed set and AcFkF V |

> F closed set and AcFkF V I

X eA
AUA c A

From a) and b) we get A=A U A’
1.31EXxercise:
Let X ={1,234}andT = {g, X, {1,2,3}, 1,34}, {1.3}, {1}, {3}} is a topology on X .Find

1) A'1rA= {134},

2) B'11B ={2,4}.

3) C'151C ={1,2,3}.
1.32EXxercise:

Let X ={1,2,345}and T = {4, X, {1,2,35},{1,3,5},{35,4},{35},{L3,4,5}} is a
topology on X .Find

) A if A={134}
2) B 1f B={235}
3) C 1f C={2,4}
4) D 1tD={23}
5) E 1fE =1{L2}.
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1.33Exmaple:

Let(R,T) be a usual topological space and
Az{E : neN}z{l, E, 1,
n 2 3

Solution: K = AU A’

Now find A’

Suppose X eR
xeAor x¢gA

nif  XeA

alf x=1

3(%,2JET,1E[%,2} [%,ZJ—{l}ﬂ A=¢

X =1 is not limit point to A

1
b) If X:H3 nEN—{l}

X=—isnot limit point to A

2) If XgA
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a) If X>1

AL x+)eT, xex+1)> [Lx+1)-{xjNA=4¢
X is not limit point to A

pif X<O

. 3(x-10)eT,xe(x-10)> (x-10)-{x}NA=¢

X is not limit point to A

i<X<13 neN
AN ni1 n

N A (AL nas
h 3(n+1’njET’XE(n+l’nj9 (n+1’nj inA=g

X is not limit point to A.
a)Ifx=0
. V(0-r0+r)eT,r>0and 0e(-rr)> (-r,r)-{0}NA2¢

X =0 isa limit pointto A .

A = {0}
A=AUA =AU{0}
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1.34 EXxercises:

1- Let(R,T) be a usual topological space and B = (0,3].Find B.

2- Let(R,T) be a usual topological space and C = {1,2}.Find C.

1.35Theorem: Let (X ,T) be a topological space and A, B < X

1y a- ¢=¢ b- X=X,

2) A is the smallest closed subset of X contains A .
3) A=A it A isclosed.

4) A=A

55 AUB=AUB
Proof:

1)

a- ¢=¢gUg'=pUp=9¢
b— X=XUX'=XUX=X

2) A s closed by definition.
Now we prove that is the smallest set contains A,

Suppose F is closed set contains A and we must prove AcF.

AcF
A ' F'By theoreni.22
AUAcFUF

AUAcF since F is closed and F'cF
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AcF

A Is the smallest closed subset of X contains A .
3)

A=A=A=AUA < A c A< Ais closed

4) . K is closed by definition
A=ABy part3
5)

AUB=(AUB)U(AUB)
(AUB)UA'UB’
=(AUA)U(BUB)

1.36EXxercise: Let(x ,T) be a topological space and AyB < X

s(ANB)=ANB>

1.37Corollary: Let(X,T) be a topological space and A<= X |
ifF"c AcF | then A isclosed.

Proof:

AcF Dby hypothesis
A'cF" by thoreml.22
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F'cA by hypothesis
A cA
A is closed.

1.38Definition: Let(X,T) be a topological space and A< X, then the
interior of A denoted by A’ or int(A) and we define the interior of A by

A’ = JG

G.

open set and G cA V i

o A’ Open setsince (X, T)be a topological space.

o A’ — ABy definition
1.39Exmaple: Let X ={234}andT ={, X, {1,2}, {13}, 1,2,3}, {1}, {3}} is a
topology on X .Find
n A 1 A={134}
2) B® 1t B={1,2,3}.
3)C° If C=1{2,4}.

2 D° 11D =1{4}.
5) E° 1tE=1{,2}.
Solution:

1 A’ = U B1U{L3}={1.3}.
2) B ={2}U U ,3lU 1,23} ={1,2,3}.

3)C’=¢.
4) Exercise.
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5) Exercise.

1.40Exercise:

Let X ={1,2,345}andT = {g, X, {2,3,4,5},{2},{3.4}, {2,5},{2,3,4}} is a topology
on X .Find

) A if A={134}
2) B 1f B= 1,2,3,5}_
3)C° 1f C=1124},
5 D° 1tD=1{1,23}.

5) EC IfE = {1,2}.
1.41Theorem: Let (X, ) be a topological space and A X . Then

A= AC

C C

Proof: We must prove  a- A < A’ b- A’ = A®

C

a-Suppose X € AC
X & E
xe AU AC
X¢ A“and x ¢ A
XeAand .. X is not limit point to AC .

xe Aand 3G eT,xeG >G-{x}NA°=¢
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xeAand GcA
G eT, xeG >3GcCcA

Xe A

C

A° A
b- Suppose X € A
G eT, xeG >3GcCcA
x ¢ A® and G-{x|NA°=¢

/

X ¢ A®and x ¢ AC
erACUAC,

X ¢ A

xeAC
AOCEC

From (a) and (b) we get A’ = A°
1.42Corollary: Let(X ,T) be a topological space and AZ X . Then
A=A°

Proof: Exercise.
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