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1.03 Theorem:   

Let  TX ,  be a topological space and XA , then AAA   .  

Proof:  We must prove 

 a)        AAA                                  b) 
AAA  . 

a) Suppose Ax   

        


i

iFx
 

iFAandsetclosedF ii   

         
iFAandiFx ii   

         
AxorAx 

 

If   AAxAx    

          
AAA    

If Ax  

Suppose x  is not limit point to A .    AxGGxTG ,  

 AGAx   

CCC GxandsetclosedGGA  ,  

Ax  

This is contradiction 
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                                    x  is a limit point to A  

                       
Ax   

                       
AAx    

                       
AAA  

 

b) Suppose AAx    

                       
AxorAx   

  If Ax  

      
iFAandsetclosedFiFx iii   

     


i

iFx
   

      
iFAandsetclosedF ii   

        
Ax  

  If Ax   

     
setclosedFiFA ii   

    
iFA i 




          

    
isetclosedFi   

    
iFF ii 
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iFA i   

    
iFAandsetclosedFiFx iii   

   


i

iFx
    

   
iFAandsetclosedF ii   

     
Ax  

   
AAA    

From a) and b) we get AAA    

1.31Exercise:  

Let  4,3,2,1X and      3,1,3,1,4,3,1,3,2,1,, XT    is a topology on X .Find 

1) A If  4,3,1A . 

2) B If  4,2B . 

3) C If  3,2,1C . 

1.32Exercise: 

 Let  5,4,3,2,1X and       5,4,3,1,5,3,4,5,3,5,3,1,5,3,2,1,, XT   is a 

topology on X .Find 

1) A     
If   4,3,1A . 

2) B    
If   5,3,2,1B . 

3) C   
If   4,2,1C . 

4) D   
If  3,2,1D . 

5) E   
If  2,1E . 
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1.33Exmaple:   

Let  TR,  be a usual topological space and 


















 ...,
4

1
,

3

1
,

2

1
,1:

1
Nn

n
A .Find A .  

Solution:     AAA    

Now find  A  

Suppose Rx  

  AxorAx   

1) If Ax   

      a) If 1x   

  

























 AT 12,

2

1
2,

2

1
1,2,

2

1

1 x  is not  limit point to A . 

       b) If  1
1

 Nn
n

x   










































 A

nnnnnn
T

nn


1

1

1
,

1

1

1

1
,

1

11
,

1

1
,

1

1

   n
x

1
  is not  limit point to A .  

2) If Ax   
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      a) If 1x   

         AxxxxTx 1,11,1,1,1

x  is not  limit point to A . 

       b) If 0x   

         AxxxxTx 0,10,1,0,1

x  is not  limit point to A . 

       c) If Nn
n

x
n




1

1

1
  

  































 Ax

nnnn
xT

nn


1
,

1

11
,

1

1
,

1
,

1

1

 x  is not  limit point to A . 

       a) If 0x   

         ArrrrandrTrr 0,,00,0,0

0 x  is a  limit point to A . 

 0 A  

 0 AAAA 
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1.34 Exercises:  

1- Let  TR,  be a usual topological space and  3,0B .Find B . 

2- Let  TR,  be a usual topological space and  2,1C .Find C .  

1.03Theorem: Let  TX ,  be a topological space and XBA , .  

1) XXba   . 

2) A  is the smallest closed subset of  X contains A . 

3) AA    iff   A   is closed. 

4) AA  . 

5) BABA   . 

Proof: 

1)  

  
XXXXXXb

a







 
 

2)  A  is closed by  definition. 

Now we prove that is the smallest set contains A . 

Suppose F is closed set contains A and we must prove FA . 

 

FA   

            22.1theoremByFA   

            
FFAA    

FFandclosedisFceFAA  sin  
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              FA   

    A  is the smallest closed subset of  X contains A . 

  3) 

 

closedisAAAAAAAA    

   4)    A  is closed by  definition 

               3partByAA  . 

    5) 

                 

   
 
   

BA

BBAA

BABA

BABABA


















 

1.36Exercise: Let  TX ,  be a topological space and XBA , .  

                              Is   BABA   ? 

 

1.37Corollary: Let  TX ,  be a topological space and XA , 

if FAF    , then A  is closed.  

Proof: 

  hypothesisbyFA  

  thorem1.22byFA   
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  hypothesisbyAF   

 AA   

  A  is closed. 

1.38Definition: Let  TX ,  be a topological space and XA , then the 

interior of A  denoted by
0A    or  Aint   and we define the interior of A  by   


i

iGA 0

 

iAGandsetopenG ii   

 
0A  Open set since  TX , be a topological space. 

 AA 0
By definition 

1.39Exmaple:  Let  4,3,2,1X and          3,1,3,2,1,3,1,2,1,, XT    is a 

topology on X .Find 

 (1
0A     

If   4,3,1A . 

2)
 

0B    
If   3,2,1B . 

3)
 

oC   
If   4,2C . 

4)
 

0D   
If  4D . 

5)
 

0E   
If  2,1E . 

Solution: 

1)
 

       3,13,1310  A .
 
 

 
2)

 
         3,2,13,2,13,112,10  B .

  

3) 0C .
 
 

4)
 
Exercise.
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5)
 
Exercise. 

1.40Exercise: 

 Let  5,4,3,2,1X and           4,3,2,5,2,4,3,2,5,4,3,2,, XT   is a topology 

on X .Find 

1)
 

0A     
If   4,3,1A . 

2)
 

0B    
If   5,3,2,1B . 

3)
 

0C   
If   4,2,1C . 

4)
 

0D   
If  3,2,1D . 

          5)
 

0E   
If  2,1E . 

1.41Theorem: Let  TX ,  be a topological space and XA .  Then 
C

CAA 0
. 

Proof: We must prove      a-
0AA

C

C               b-

C

CAA 0
 

 

 a-Suppose     

C

CAx  . 

          
CAx  

         


 CC AAx   

         


 CC AxandAx

 

         Ax  and  x  is not  limit point to
CA .       

              
   CAxGGxTGandAx ,  
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AGandAx   

            
AGGxTG  ,  

            

0Ax  

       
0AA

C

C 
 

b- Suppose     
0Ax  . 

       AGGxTG  ,  

          CC AxGandAx   

       


 CC AxandAx

 

       


 CC AAx 

 

       
CAx  

       

C

CAx
 

        

C

CAA  0

 

 From (a) and (b) we get

C

CAA 0
 

1.42Corollary: Let  TX ,  be a topological space and XA .  Then 
C

CAA
0

 . 

Proof: Exercise. 

                                                            


