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General Topology 

Dr. Reyadh Delphi Ali  

Chapter One 
1.1Definition:   Let X andT  is a collection of subsets of X , then T is 

called a topology on X if and only if 

1.   a. T            b. TX   

2. If  TG   , then TG 


 .  

3. If niTGi  1  , then TG
n

i

i 



1

.  

1.2Notes:  

 If T is a topology on X , then the pair ),( TX is called a topological space. 

 IfT is a topology on X , then the sets TG are called open. A subset F of 

X  is called closed, if 
CF  is open. 

1.3Exmaple:  Let X and  XT , , thenT  a topology on X  and T  is 

called the indiscrete topology. 

1.4Exmaple: Let X and  XAAT  : , thenT   is a topology on X  andT  

is called the discrete topology. Since  

1. a. .TX                    b. TXXX   

2. If  TG 






  .TGXGXG   

3. If niTGi  1 
n

i

i

n

i

ii TGXGniXG
11

.1



 

1.5Exmaple: Let  3,2,1X  .Find all the topologies on X  . 

Solution: 
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                    

           

                   

                ,2,1,2,1,,,3,2,3,,,3,2,2,,

,3,1,3,,,3,1,1,,,2,1,2,,,2,1,1,,

,3,2,,,3,1,,,2,1,,,3,,

2,,,1,,,3,2,3,1,2,1,3,2,1,,,,

151413

1211109

8765

4321

XTXTXT

XTXTXTXT

XTXTXTXT

XTXTXTXT

















 

                    

                      

                          

                      

         .2,1,3,,,,3,1,2,,

3,2,1,,,3,2,3,1,3,2,,,3,2,3,1,3,1,,

3,2,2,1,3,2,,,3,2,2,1,2,1,,,3,1,2,1,3,1,,

3,1,2,1,2,1,,,3,2,3,1,3,,,,3,2,2,1,2,,

3,1,2,1,1,,,3,2,3,2,,,3,1,3,1,,

2928

272625

242322

212019

181716

XTXT

XTXTXT

XTXTXT

XTXTXT

XTXTXT





















 

1.6Notes:  

The following table gives the numbers of topologies on X  , 71,  nnX .  

71,  nnX  the numbers of topologies 

on X  

n=1 1 

n=2 4 

n=3 29 

n=4 355 

n=5 6942 

n=6 209527 

n=7 9535241 

 
 

1.7Exercise: Let  4,3,2,1X  .Find 50 topologies on X .  

1.8Exmaple: Let 1T  and 1T are topologies on X . 

a. Is 21 TT   a topology on X  ? 

b. Is 21 TT   a topology on X ? 

Solution: 

a. 21 TT  is not  necessary a topology on X .For example let  1,,1 XT   is a 

topology on X  and   2,,2 XT    is a topology on X , then 

   2,1,,21 XTT  is not  a topology on X . 
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b. 21 TT   is a topology on X . Since 

1.  a.  1T  and 2T   , 21 TT  . b.  1TX   and 2TX    , 

21 TTX  . 

2. If   21 TTG    21 TGandTG  








 .21 TGandTG   (Since 1T  and 1T are topologies on X ) 

 


 21 TTG  . 

3. If niTTGi  121 niTGandTG ii  121  

.2

1

1

1

TGandTG
n

i

i

n

i

i 


  (Since 1T  and 1T are topologies on X ) 

      21

1

TTG
n

i

i  


. 

1.9Exmaple:  Let  4,3,2,1X and        4,3,2,4,2,1,4,2,1,3,2,3,2,1,, XT  . 

IsT  a topology on X ? 

Solution: 

T  is not a topology on X ,since      T 22,13,2  . 

1.10Exmaple: 

Let  5,4,3,2,1X and        3,2,1,5,3,2,1,1,2,2,1,3,2,5,1,, XT  . 

IsT  a topology on X ? 

Solution: 

T  is not a topology on X ,since      T 5,2,12,15,1  . 

1.11Exmaple: 
Let  5,4,3,2,1X and        3,2,1,5,3,2,1,1,2,2,1,3,2,5,1,, XT  . 

IsT  a topology on X ? 

Solution: 

T  is not a topology on X ,since      T 5,2,12,15,1  . 
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1.12Exmaple: 

Let  4,3,2,1X and              4,2,1,3,2,1,1,2,2,1,3,2,4,1,, XT  . 

IsT  a topology on X ? 

Solution: 

T  is a topology on X ,since the conditions are satisfied. 

1.13Exmaple: 

Let  5,4,3,2,1X and     5,4,5,,1,1,2,, XT  . 

CompleteT   to be a topology on X ? 

Solution: 

           5,4,2,1,5,4,1,5,4,2,5,2,5,2,1,2,1,5,5,4,5,,1,1,2,, XT   

1.14Exercises: 

1. Let  4,3,2,1X and      4,2,4,1,2,3,, XT  . 

CompleteT   to be a topology on X ? 

2. Let  5,4,3,2,1X and     4,2,5,,4,1,3,, XT  . 

CompleteT   to be a topology on X ? 

1.15Exmaple: Let X be infinite set and 

   setfiniteAandXAAT C : , thenT   is a topology on X  andT  is 

called the Co-finite  topology. Since  

1. a. TdefinitionbyT .         b.  TXsetfiniteisandX C    

2. If  TG .setfiniteisGsetfiniteisG
CC 



  

 

C

C
GGBut 








 








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C

G 







 



 is finite set,    
 

TG 




 

3.If niTGi  1 nisetfiniteisG
C

i  1
   

finiteisG
n

i

C

i
1


             

C
n

i

i

n

i

C

i GGBut 












11

 

C
n

i

iG 












1

is finite set,    
 

TG
n

i

i 



1  

1.16Exercise: Let X   be   infinite set    and 

   setcountableAandXAAT C : , prove that T   is a topology on X  

andT  is called the Co-countable  topology. 

1.17Exmaple: Let  dR,   is the usual metric space  

and  RinsetopenisAandRAAT  : , thenT   is a topology on R  

andT  is called the usual topology. Since  

1. a.   .TRandsetopenis         b.   .TRRRandsetopenisR   

2. If  TG
               RinsetopenisG

 




 .RinsetopenisG (By theorem in mathematical analysis)  








 TGRG   

3. If niTGi  1
             niRinsetopenisGi  1

 

RinsetopenisG
n

i

i
1

    (By theorem in mathematical analysis)  

TGRG
n

i

i

n

i

i 



11

 

 

1.18Exercise: Let NX   and       NnnNT  ,,...,3,2,1,  , 

i.e.        ,...5,4,3,2,1,4,3,2,1,3,2,1,2,1,1, NT    . IsT  a topology on X ? 
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1.19Definition: Let  TX ,  be a topological space and XA  , then the 

point Xx  is a limit point to A  iff    AxGGxTG , .  

1.20Notes: The set of limit points of A  is denoted by A . A  is called the 

derived set of A .  

1.21Exmaple: 

Let  4,3,2,1X and          3,1,2,1,3,1,3,2,1,, XT    is a topology on X .Find 

1) A If  3,1A . 

2) B If  4B . 

3) C If  3,2,1C . 

Solution:1)  

a. Take the point 1x . Open sets contains 1x are 

      3,2,13,12,11X  

 
    







A

AX





11

1

 

1x  is not limit point to A . 

b. Take the point 2x . Open sets contains 2x  are 

   3,2,12,1X  

 
   

    











A

A

AX







23,2,1

22,1

2

 

2x  is a limit point to A . 

c. Take the point 3x . Open sets contains 3x are 
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     3,2,13,13X  

 
    







A

AX





33

3

 

3x  is not limit point to A . 

d. Take the point 4x . Open sets contains 4x  are 

X  

   AX 4  

4x  is a limit point to A . 

 4,2A . 

2)  

a. Take the point 1x . Open sets contains 1x are 

      3,2,13,12,11X  

 

    







B

BX





11

1

 

1x  is not limit point to B . 

b. Take the point 2x . Open sets contains 2x  are 

   3,2,12,1X  

 

    







B

BX





22,1

2

 

2x  is not  limit point to B . 

c. Take the point 3x . Open sets contains 3x are 
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     3,2,13,13X  

 
    







B

BX





33

3

 

3x  is not limit point to B . 

d. Take the point 4x . Open sets contains 4x  are only 

X  

   BX 4  

4x  is not limit point to B . 

B . 

3) Exercise. 

1.22Theorem: Let  TX ,  be a topological space and XBA , .  

1)   . 

2) If BA  , then BA  . 

3) If Ax   , then    xAx . 

4)   BABA 


 . 

Proof: 

1)     xGGxTGandXx , . 

x  is not limit point to  

              
   

2) Let Ax   
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x   is a limit point to A  

   AxGGxTG ,  

  hypothesisbyBA  

   BxGGxTG ,  

x   is a limit point to B  

Bx   

BA   

3) Let Ax   

x  is a limit point to A  

   AxGGxTG ,  

     xAxGGxTG ,  

x   is a limit point to  xA  

   xAx  

4)  We must prove that 

a.   BABA               b.   BABA 


  

Proof a:        BAA    

  2partbyBAA


  …(1) 

BAB    

  2partbyBAB


  …(2) 
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From (1) and (2) we get 

           BABA   

Proof b:        Suppose BAx     

                BxAx   

               Ax             x  is not limit point to A  

 

                 AxOOxTO ,  

            Bx           x  is not limit point to B  

               BxVVxTV ,  

           VOGLet 
 

               BAxGTGandGx   

          x  is not limit point to BA  

           BAx   

          BABA 


   

         From (a) and (b) we get 

          BABA 



 

1.23Exercise: Let  TX ,  be a topological space and XBA , .  

                              Is   BABA 


 ?  
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1.22Definition: Let  TX ,  be a topological space and XF  , then F  is 

closed iff  FF  .  

1.25Theorem: Let  TX ,  be a topological space and XF  , F  is closed.  

If  Fx  , then
CFGxTG  . 

Proof:         F  is closed,    FF    

                    Fx              Fx          

                     x  is not limit point to F . 

                       FxGGxTG ,  

                     Fx  

                      FG  

                     
CFGx   

1.26Corollary: Let  TX ,  be a topological space and XF  , then F  is 

closed iff   
CF  is open.  

Proof:          If F  is closed. To prove  
CF  is open 

                             Let   
CFx  , Fx  

                          F  is closed 

        
C

xx FGxTG    (By1.25Theorem) 

            
CFx

x

C GF



 

             
openisG

CFx

x

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openisF C  


     If 

CF  is open. To prove  F  is closed 

Suppose F  is not closed 

    x   is limit point to F , Fx  

                       
CFx ,

CF  is open and
CFx  

                       
   FxF C   

                   x  is not limit point to F and  which is  contradiction 

                    F  is closed. 

1.27Corollary:  Let  TX ,  be a topological space and 

 closedisFandXFF  : , then  

1.  



  FF ,  

2. 




i

n

i

i FniF ,1
1

  

Proof:  1.   

               Suppose ...,,, 321 FFF  closed sets in  TX ,  .   

...,,, 321

CCC
FFF Open sets by corollary1.26 






C
F Open set by definition 1.1 

But 

C

C
FF 








 







  
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C

F 







 



 Open set 




F Closed set by corollary 1.26  

2. 

               Suppose nFFFF ...,,, 321  closed sets in  TX ,  .   

C

n

CCC
FFFF ...,,, 321 Open sets by corollary1.26 


n

i

C

iF
1

 Open set by definition 1.1 

But 

C
n

i

i

n

i

C

i FF 












11

 

C
n

i

iF 












1

Open set 


n

i

iF
1

 Closed set by corollary 1.26  

1.28Definition: Let  TX ,  be a topological space and XA , then the 

closure of A  denoted by A    or  AC   and we define the closure of A  by   


i

iFA   

iFAandsetclosedF ii   

A  Closed  set by corollary 1.27. 

1.29Exmaple:  Let  4,3,2,1X and      2,1,2,1,3,1,3,2,1,, XT    is a 

topology on X .Find 
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1) A     
If   4A . 

2) B    
If   3,2B . 

3) C   
If   4,2,1C . 

4) D   
If  3,2,1D . 

5) E   
If  3,2,1E . 

Solution: Closed sets are 

         4,3,1,4,3,2,4,3,4,2,4,,X  

1) Closed sets which contained  4A   are 

         34,1,4,3,2,4,3,4,2,4,X  

                   44,3,14,3,24,34,24  XA  

2) Closed sets which contained  3,2B   are 

 4,3,2,X  

            4,3,24,3,2  XB  

    3)  Closed sets which contained  4,2,1C   are 

X  

         XC   

4) Exercise 

5) Exercise 

 


