General Topology
Dr. Reyadh Delphi Ali
Chapter One

1.1Definition: Let X #¢andT is a collection of subsets of X , then T is
called a topology on X if and only if

1. ageT b. XeT
2. 1§G,eT Va ,thenJG, eT.

3. 1fG eT VvV 1<i<n  then[)G eT.
i=1
1.2Notes:

e If T isatopology on X , then the pair (X,T)is called a topological space.
e IfT isatopology on X , then the sets G T are called open. A subset F of
X is called closed, if F© is open.

1.3Exmaple: Let X #gandT ={¢, X}, thenT a topology onX and T is
called the indiscrete topology.

1.4Exmaple: Let X #gandT ={A: Ac X}, thenT is a topology on X andT
is called the discrete topology. Since

lL.a X . geT. b. v XcX .~ XeT

o

2.1fG, eT Va .G, cX Va .‘.UGa X .‘.UGa eT.

3.1fG eT  Vvi<isn .GcX Vi<isn ~[)GcX [)GeT.
i=1 i=1

1.5Exmaple: Let X ={1,2,3} .Find all the topologies on X .

Solution:



=X}, T,=lX {28 020 L3} 23l T ={ X Q1) T, ={p. X, {2}
L=l X8} To={o.x.{2)}, T ={x 3} T,={X {23}}

Ty = {¢1 X’{l}’ {112}}’ To =X, {2}’ {1'2 }’ Ty= {¢’ X, {1} {1’3}}11-12 = {¢’ X, {3}’ {1 3}}

To =10 X {21{23})}  Tu={6.X.BL{23}}, T ={s. X, ) {2). 1.2}

T =0 X B3, T =l X, {21 8).{23}}, T, =1 X, {1}, 1.2}, 1.3}

To =10 X {21 {12}, {23})}, o =14, X, 3}, 113}, {23}, T, =1{4, X, {1},{2), 1.2}, 1.3}

T =0 X {48} 1.2} L3}, Ty =16, X, {1{2}, 0.2} {23}, T =10, X, {2), 3}, 112} {2.3})
Tos = {0 X {1 31 {030 {23}, Tos =10, X, {2}, (8}, {13} {231}, T, = {0, X, 1} {2.3})

Ty = {¢7 X’{Z}’ {173} }' Ty = {¢7 X,{3} {172}}'

1.6Notes

The following table gives the numbers of topologies on X ,|X|=n, 1<n<7,

\X\:n, 1<n<7 |the numbers of topologies
on X

1

4

29

355

6942

209527

9535241

SIS |33
INNigyINEIEINRINnL
N[O~ |WIN|F

1.7Exercise: Let X = {1,2,3,4} .Find 50 topologies on X .

1.8Exmaple: Let T, and T, are topologies on X .

a. IsT,UT, atopology on X ?
b. IsT,NT, atopology on X ?
Solution:

a. T,UT,is not necessary a topology on X .For example let T, = {g, X, {1}} is a
topology onX andT,={s X,{2}} is a topology onX, then
T,UT, ={s, X, {1},{2}}is not a topology on X .
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(o)

. T,NT, is a topology on X . Since
1. a. ¢eT andgeT, , .. ¢eTNT,. b. -~ XeT andX €T,
X eT,NT,.
2. fG,eT,NT, Va .G,eTand G, €T, Va
~|JG, eT,and |G, €T,. (Since T, and T, are topologies on X)
- JG, eT,NT,.
3. IfG eT,NT, VI<i<n .G eTand G €T, V1<i<n

-G eT,and ()G, eT,. (Since T, and T, are topologies on X )

i=1 i=1
-G €T, NT,.
i=1

1.9Exmaple: Let X ={,234}andT = {¢, X,{1,2,3},{2,3},{L.2}, {4}, {L. 2,4}, {2,3,4}}.

IsT atopology on X ?
Solution:
T is not a topology on X ,since {2,3}N{L2}={2}¢T.

1.10Exmaple:
Let X ={1,2,34,5}and T = {¢, X, {L5},{2,3}, {1.2}, {2}, {1}, 1,2,35},{1.2,3}]}.

IsT atopology on X ?
Solution:
T is not a topology on X ,since {L5}U{L,2}={1,2,5}¢T .

1.11Exmaple:
Let X ={1,2,34,5}and T = {¢, X, {1,5},{2,3}, {1.2},{2}, {1}, 11,2,3,5}, {1,2,3}}.

IsT atopology on X ?

Solution:

T is not a topology on X ,since {L5}U {2} ={1,2,5}¢T .



1.12Exmaple:
Let X ={1,234}and T ={p, X, {1,4},{2,3},{L.2}, {2}, {1}, 1,2,3}, {L.2,4}}.

IsT atopology on X ?

Solution:

T is a topology on X ,since the conditions are satisfied.
1.13Exmaple:

Let X ={1,2,345}and T = {p, X, {2}, {1}, {1, .5}, {4,5}}.

CompleteT to be a topology on X ?

Solution:

T ={p. X, {2}, {1}, {1, 5}.{4,5}, 5}, 1.2}, {L.2.5}, {25}, {2,455}, {1.4.5}, {1.2.4,5}}
1.14Exercises:

1. Let X ={1,2,34}andT ={¢, X, {3},{2}, 1.4}, {2,4}}.

Complete T to be a topology on X ?
2. LetX ={1,2,345}andT = {¢, X, {3}, {L}, {4,,5}, {2,4}} .
Complete T to be a topology on X ?

1.15Exmaple: Let x be infinite set and
T = {¢}U{A: Ac Xand A finite set}, thenT is atopology on X andT is
called the Co-finite topology. Since

1.a. ¢Thy definition T. b. - X®=gand¢ isfinite set . XeT

2.1fG,eT Va .G, is finite set Va ~[)G,is finite set

e (el



C
(U Gaj is finite set, - JG, €T

3.IfG eT WVi<isn .G is finiteset Vvi<i<n

n

n C
~|JGSis finite But | JG° :(ﬂeij
i=1 i=1

i=1

n c n
( Gi) is finiteset, [ |Gi €T
i=1 i=1
1.16Exercise: LetX be infinite set and

T= {¢}U{A: Ac Xand A°countable set}, prove that T is a topology on X
andT is called the Co-countable topology.

1.17Exmaple: Let (R,d) is the usual metric space
andT ={A:AcRand Ais open set inR } thenT isa topology onR
andT is called the usual topology. Since

1.a. - ¢is opensetand gc=R ..geT. b. --Ris opensetand RcR ..ReT.
2.1fG,eT Va ~.G,isopen set in R Va

~|JG, isopen set in R .(By theorem in mathematical analysis)

| JG, =R - UG, eT
3.IfG, eT VI<i<n ~.G;isopen set in R WV1<i>n

~()G; isopen set in R (By theorem in mathematical analysis)

'.'ﬁGiCR ﬁGieT
i-1 i=1

1.18Exercise: Letx =N and T ={g,N}U{{L23,...,n},ne N},
ie.T={sNU{LLL2},0,23},0,234},{,2345}..} .1sT atopology on X ?
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1.19Definition: Let(X,T) be a topological space and A< X, then the
pointx e X isa limit pointto A iff vGeT ,xeG> G-{x]NA=4¢.

1.20Notes: The set of limit points of A is denoted by A’. A’ is called the
derived set of A.

1.21Exmaple:

Let X ={1,234}andT ={p, X, {,2,3}, 1,3}, {1.2}, {1}, {3}} is a topology on X .Find
1) AifA={L13},
2) B'1fB =14},
3) C'1fC ={1,2,3}.

Solution:1)

a. Take the pointx =1. Open sets contains x =1are

X {4 L2) @3 {1.23;
X -{INA=¢
L-nA=¢

~.x=1 is not limit point to A .

b. Take the point x =2. Open sets contains x =2 are
X {12} 123

X -{2}NA=¢

02— 2N A= ¢

123}-{2}NA=¢

~.x=2 Is a limit point to A,

c. Take the point x =3. Open sets contains x =3are



X 8} {3} {123}
X -{3iNA=¢

B}-BiNA=¢

~.x=3 is not limit point to A .

d. Take the point X=4. Open sets contains X=4 are

X
X —{4iNA=¢

~.x=4 is a limit point to A.
A ={24}.

2)

a. Take the point x =1. Open sets contains x =lare

X {4 2} 13 423
X -{iNB=¢
-nB=4¢

~.x=1 is not limit point to B .

b. Take the point x=2. Open sets contains x =2 are

X 12} {123

X -{2}|NB#¢
1.2)-{2jNB=¢

~.x=2 isnot limit pointto B .

c. Take the point x =3. Open sets contains x =3are
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X 8} {3} {123}
X -{38JNB=¢
B}-18iNB=¢

~.x=3 is not limit point to B .

d. Take the point X=4. Open sets contains X =4 are only

X
X-{4NB=¢

~.x=4 is not limit point to B .
. B'=¢.

3) Exercise.

1.22Theorem: Let (X ,T) be a topological space and AyB < X |

1) ¢ =¢.
2) If Ac B  then A’ B',

4

3) If X€ A" then X E(A—{X}) .
s (AUB) =A'UB',
Proof:

) VxeX and V GeT , xeG > G-{xjNg=9¢

- x is not limit point to ¢
=9

2) Let X A’



x is a limit point to A
VGeT ,xeG> G-{(x}NA=¢
AcB by hypothesis
VGeT ,xeG> G-{xNB=g
x is a limit point to B
X e B’

A B

3) Let X A’
x is a limit point to A
VGeT ,xeG> G-{x{NA=z¢
VGeT ,xeGs> G-{xNA-{x}=¢

N
x is a limit point to A— {X}

x e (A—{x))

4) We must prove that
. AUB c(AUB) b (AUB) c AUB’
proofa: -~ AcAUB

A< (AU B)’ by part2
Bc AUB

B' (AU B), by part2 e(2)



From (1) and (2) we get
AUB < (AUB)
Proofb:  Suppose XA UB’
XeA'A xgB

wXxeg A -~ x is not limit point to A

30eT ,xe03 O-{x}NA=¢

wXxg B - x is not limit point to B
WVeT ,xeVs V-{x}NB=¢

Let G=0NV

~xeG andGeT >G-{x}N(AUB)=¢

x IS not limit point to AUB
x (AUB)
(AUB) c AUB'
From (a) and (b) we get
(AUB) = A'UB’

1.23EXercise: Let(x ,T) be a topological space and AyB < X

s(ANB) = ANB'»
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1.24Definition: Let(X,T) be a topological space and F < X | then F is
closed iff F'c F.

1.25Theorem: Let(X,T) be a topological space and F = X | F is closed.

If XgF ,thendGeT > XeGcF©.
Proof; "~ Fisclosed, .. F'cF
XxeF S xeF’

x is not limit point to F .

3GeT ,xeG> G-{x}NF=¢

XxeF
GNF=¢
XxeGc F°©

1.26Corollary: Let(X,T) be a topological space and F = X | then F is
closed iff F°© is open.

Proof: —> If F is closed. To prove F® is open

Llet xeF® .. XxXgF
F is closed

1G, T > XeG, F© (Byl1.25Theorem)

Fe =G,

xeF°©

LJG,is open

xeF°©
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Fis open

<— IfFCis open. Toprove F is closed
Suppose F is not closed
Ix is limit pointto F , X & F
xeF® . F®isopenandxeF€
FC-{xiNF=¢
x is not limit point to F and which is contradiction
F is closed.

1.27Corollary: Let(X,T) be a topological space and
Y={F : FcX and F is closed} then

1.ﬂFa€LP Va F,e¥

, JFe¥ Vvi<i<n, FeV¥
N

Proof: 1.

SupposeF, , F, , F; , .. closedsetsin(X,T).
F° , F° , F° , ..Opensets by corollaryl.26

o
U F, Open set by definition 1.1
C
BUt U Fac :(ﬂ Faj
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C
(ﬂ FQJ Open set

ﬂ F, Closed set by corollary 1.26

Suppose, , F, , F, , ..F,  closedsetsin(X,T).

F° ., F° , F° , ..F,°  Opensets by corollaryl.26

: EC L.
ﬂ i Open set by definition 1.1
i=1
n n c
C
But m = (U Fij
i=1 i=1

n C
(U Fij Open set

i=1

U Fi Closed set by corollary 1.26

i=1

1.28Definition: Let(X,T) be a topological space and A< X, then the

closure of A denoted byx or C(A) and we define the closure of A by

A=(F,

> F closed set and AcF V i

A Closed set by corollary 1.27.

1.29Exmaple: Let X ={1,234}andT ={¢, X,{1,2,3}, 1,3}, 1.2}, {1}, {2}} is a
topology on X .Find
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A 1if A=1{4}

2B 1f B={23}.
3C If C=1{12,4},
5D 11D=1{.,23}.
5E IfE =123},

Solution: Closed sets are

X, {4}, {24}, {34}, {234}, {134}
1) Closed sets which contained A = {4} are
X, {4}, {24},{34} , {234}, {134}
A=XN{IN{24N{E 4N {234N {134} = {4}
2) Closed sets which contained B = {2,3} are
X,{2,3,4}
B=XN{234}=1{234}

3) Closed sets which contained C= {1,2,4} are
X

C=X

4) Exercise

5) Exercise
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