2 Lagrange’s Equations

Example 2.1. The planar mechanical system considered is shown in Fig. 2.1
has a slider 1 of mass m and a mathematical pendulum 2 with the mass M
concentrated at the point B. The length of AB is L and the elastic constant
of the spring R is k. The spring deflects only horizontally. Find the equations
of motion using Lagrange’s method.

Solution.

To characterize the instantaneous configuration of the system the gener-
alized coordinate are employed. The generalized coordinates are quantities
associated with the position of the system. The first generalized coordinate
¢1(t) denotes the linear displacement of the slider. The second generalized
coordinate go(t) is the radian measure of the angle between the vertical axis
and the line AB.

Kinematics
A cartesian reference frame xOyz with the unit vectors [1, j, k] is selected,
Fig. 2.1.

The position vector of mass 1 is

ri=rs=q(t)L (2.1)
The position vector of mass 2 is
ry =rp = [q1(t) + Lsinga(t)] 1+ L cos g2(2))- (2.2)

The velocity of the slider 1 is

d
Vg = % =Ta=q1, (2.3)
and the velocity of the particle at B is
dI‘B . . . ..
VE= - =Tp = (g1 + Lz cos q2) 1 — Lgs sin goJ. (2.4)

Kinetic energy
The kinetic energy of the slider 1 is
1 1

T, = iva “Vy = 5mq'12, (2.5)
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and the the kinetic energy of the mass 2 is

1 1
Ty = 5Mvp-vp =M (¢° + 2Laigacos gy + L*) . (2.6)

The total kinetic energy is
T=1T +1s. (2.7)
Generalized forces
The forces that act on 1 at A are the spring force and the gravity force

Fa=—kq1+mgy, (2.8)

where g=9.81 m/s? is the gravity acceleration. The gravity force acts on

mass 2 at B
Fg=Mygj). (2.9)

There are two generalized forces. The generalized force associated to ¢;
1s

8I'A aI'B
—F, . 2A L F, OB
o A o +Fp o0
(—=kg114+mgy) -1+ Mgy- 1= —kq. (2.10)

The generalized force associated to ¢s is

81‘,4 81'3
—F, -2 4 F,. =B =
@ 4 g2 T gy
(=kgi1+mg))- 0+ Mgy-(Lcosga1— Lsing)) =
—MgLsin gs. (2.11)

Lagrange’s equations
The two Lagrange’s equations are

d (or\_or _,
dt 8ql 8q1_ b

d (0T aT
Chf(aqé)_a(]z_QQ' (2'12>
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One can calculate for ¢

or

g

d (0T

— (8(]) = (m + M)d, + LMy cos go — LMy sin gy,
1

= (m+ M)qG, + LMqds cos gz,

di
— =0 (2.13)

For the generalized coordinate ¢y the left hand side of Lagrange’s equation is

g;; = LM (¢y cosqa + Lga) ,

d (0T
it (o7
oT

%% = —LM¢q>sin ¢s. (2.14)

The equations of motion are

) = LM (g1 cos gz — q1g2sings + Lgs) ,

(m+ M), + LMds cos ga — L]Wq'g2 sinqy = —kqy,
LM (i cos gz — qiGa sin gz + Lga) + LM Gyga sin go = —M gL sin 2.15)

or
(m + M) + LMy cos g — LM ¢y? sin gz + kg, = 0,
LM cosqa + ML?*Gy + MgLsing, = 0. (2.16)

For small oscillations of the pendulum sin g, ~ ¢ and cos ¢y ~ 1, the equa-
tions of motion are

(m+ M)g + LMy — LMs*qs + kqi = 0,
LM, + ML*G, + MgLgy, = 0. (2.17)

The Mathematica®™ program with the equations of motion are given in Pro-
gram 2.1. The equations of motion are numerically solved for m = M = 1 kg,
L=1m, k=1N/m, and g = 10 m/s?, and the following initial conditions

¢1(0) = ¢2(0) = 0.1, 1(0) = G2(0) = 0.
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Example 2.2. A double compound pendulum is considered in Fig. 2.2.
The bars 1 and 2 are homogenuos and have the lengths OA = AB = L and
the masses m; = my = m. At O and A there are pin joints. The mass
centers of links 1 and 2 are at '} and at (5. Find the Lagrange’s equations
of motion.

Solution.

To characterize the instantaneous configuration of the system, two gener-
alized coordinates ¢, (t) and g2(t) are employed. The generalized coordinates
¢1 and g9 denote the radian measure of the angles between the link 1 and 2
and the vertical y axis.

Kinematics
The position vector of the mass center of link 1 is

ro, =05Lsing1+0.5L cosq ], (2.18)
and the position vector of the mass center of link 2 is
ro, = (L singg + 0.5 L singy) 1+ (L cosqy + 0.5 L cosge) 1. (2.19)
The velocity of (' is

dI‘Cl
Vo= T

and the velocity of C} is

=rtc, =0.5L¢ cosqr1—0.5L¢ sing ], (2.20)

dI'02
VCQ = dt = I‘02 =

(Lgy cosqy +0.5L¢Gy cosqe) 1— (LG sing; + 0.5 Ly sings) 3. (2.21)

Kinetic energy
The kinetic energy of the link 1 which is in rotational motion is

1., 1mL*, ML

T ==-1,°? = - = 2 2.22
1 5 0941 5 3 qy 6 qq, ( )

where I is the mass moment of inertia about the center of rotation O, Ip =
mL?/3.

The kinetic energy of the bar 2 is due to the translation and rotation and
can be expressed as

1 ) 1
=3 a5 + §m2"2cga (2.23)
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where I, is the mass moment of inertia about the center of mass Cs, I, =
mL?/12, and

o 1 5. .
Vi, = Ve, Ve, = L ¢+ 1 L?¢3 + L? 41 Ga cos(qa — q1). (2.24)
Equation (2.23) becomes
1 mL? _ 1
Ty = T @ + mL2 {ql + - 1 i3 + G1 G2 cos(qa — ql)} : (2.25)
The total kinetic energy of the system is
mL* ¢ . . .
T=T+T1,= % [4qf +3G1 G2 cos(q2 — q1) + qg} . (2.26)
The left hand sides of Lagrange’s equations are

or  mlL>?
T _ 8¢ 4 3 B
od; 6 [8¢1 + 3¢ cos(q2 — q1)],
d (0T L?
a7 <6c11> = mT [8G1 + 3Gz cos(q2 — q1) — 342 (G2 — ¢1) sin(q2 — q1)],
oT mL23,_.( ) mL2._,( )
- = si(qgs — = sin - )
s 6 41 q2 42 — q1 9 q1 92 42 — q1);
or  mlL?
or a4 B o
d (0T L?
a1 <8%> = m6 31 cos(q2 — q1) — 31 (G2 — G1) sin(q2 — q1) + 2] ,
oT mL* . . . mL* . . .
9= 3q1 G2 sin(qz — q1) = — ¢1 G2 sin(g2 — q1). (2.27)
02 6 2

Generalized forces
The gravity forces on links 1 and 2 at the mass centers C; and Cy

Fo, =Gy =mig)=mg) and Fg, = Gy =mg]). (2.28)
There are two generalized forces. The generalized force associated to ¢ is

arc 81'0
F 1 . 2 —
@1 =F¢, - i + Fe, o0

mgy-(0.5L cosq1—0.5L sing)) +mgy- (L cosgi1— L sing )
= —1.5mgL sinq. (2.29)
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The generalized force associated to s is

81"01 81‘02

:F . —=
@ “ gy e gy

mgy-0+mgy-(0.5L cosqga1—0.5L singy))
= —0.5mgL sin g. (2.30)

The two Lagrange’s equations are

iQZ_Q_Q
dt\o¢ ) o

1.333mL%G; + 0.5mL*Gy cos(qa — q1) — 0.5mL*q3 sin(qy — q1)
+1.5mgLsin ¢, = 0;

iQZ_Q_Q
At \dg )  0g 7

0.5m LG cos(qa — q1) + 0.333m LGy + 0.5mL%G} sin(qy — q1)
+0.5mgL sin g = 0. (2.31)

The Mathematica™ program with the equations of motion are given in Pro-
gram 2.2. The equations of motion are numerically solved for m; = my =
m = 1kg, L1 = Ly = 1 m, and g = 10 m/s?, and the following initial
conditions

¢1(0) = ¢2(0) = 0.1, ¢1(0) = ¢2(0) = 0.
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Example 2.3. The mechanism shown in Fig. 2.3(a) is considered. The
lengths of the links are L; = 0.001 m, Ly, = 0.470 m, and L3 = 0.047 m. The
links 1 and 2 are rectangular prisms with the depth d = 0.001 m and height
h = 0.01 m. Link 3 has the height h3 = 0.02 m, and the depth d3 = 0.05 m.
The mass density of the links is p = 7850 Kg/ m®. The angle of the driver
link with the horizontal axis is 6(t) = /BAC and the angular velocity of
the driver link is w(¢) = 6. A motor moment acts on link 1 and is given by

M,, = Mk [Fig. 2.39(b)]. For a D.C. electric motor, M = M, (1 — w),
Wo
where M, and wy are given in catalogues. For the considered mechanism

My =1 Nm and wy = 4 rad/s. The initial conditions #(0) = 7/6 rad and
w(0) = 0(0) = 0 rad/s are given. Find the Lagrange’s equation of motion of
the mechanism.

Solution.

A fixed reference frame zyz is chosen with the origin at A. The center of
mass locations of the links ¢ = 1, 2, 3 are designated by C;(x¢i, yci, 0). The
mechanism has one degree of freedom and the angle 6(t) is selected as the
generalized coordinate.

Kinematics
The position vector of the center of the mass C; of the link 1 is

re, = Tel+ Yo, (2.32)
where z¢, and y¢, are the coordinates of Cy
L L
T, = = cosb, yo, = — sin 6. (2.33)
2 2
The position vector of the center of the mass Cs of the link 2 is
rc, = o1+ Youls (234)
where ¢, and y¢, are the coordinates of Cf
L L
xe, = Licosf + ?2 cos by, yo, = Lysinf + 72 sin 6, (2.35)

L;sinf
Licosf — AC"

where 6, = arctan
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The position vector of the center of the mass C3 of the link 3 is
re, = ACL (2.36)

The velocity vector of (' is the derivative with respect to time of the
position vector of C

VC1 = I.'Cl = i'Cll + yclj, (237)
where I I
Pe, = —iésme, o, = 719' cos f). (2.38)

The velocity vector of (5 is the derivative with respect to time of the
position vector of Cs

Vo, =T, = Tey,l + Youds (239)
where

. Lo .
T, = —L10sinf — ?292 sin 6y,

. Ly (2.40)
Yo, = L1160 cost + ?92 cos .
The velocity vector of Cj is zero
veo; = 0. (2.41)

The acceleration vector of C' is the double derivative with respect to time
of the position vector of C

ag, = f‘cl =Tyl + Yoy Js (2.42)

where I
T, = —ZLhsing — =162 cos 0,
. 2 (2.43)
o, = ?19 cosf — ?192 sin 6.

The acceleration vector of (Y is the double derivative with respect to time
of the position vector of Cy

ag, = f‘cz = Tyl + Youds (2.44)
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where

. . L. L, .
T, = —L10sinf — L6 cosf — 20, sin Oy — ?26’3 cos 0o,

. i} o Ly Ly, (2.45)
iic, = L10cosO — L1602 sin 0 + 792 cos 0y — 703 sin 6.
The acceleration vector of (5 is zero
ac, = 0. (2.46)
The angular velocity vectors of the links 1, 2, and 3 are
:2_:95; = Ok (2.47)
The angular acceleration vectors of the links 1, 2, and 3 are
o
Kinetic energy
The masses of the links 1, 2 and 3 are
my = pLihd, mqo = pLahd, m3 = ms3, — My, (2.49)

where mg, = pLshsds and mg, = pLshd.
The mass moment of inertia of the link 1 with respect to the center of mass

Cl 18

12
The mass moment of inertia of the link 2 with respect to the center of
mass Cy is

Ic, (23 +h?).

_ M2 0 50
Ie, = 7 (L3 +h?).
The mass moment of inertia of the link 3 with respect to the center of
mass C3 is

_ M3a (72 2\ _ M3b (72 2
Io, = (L3 +h3) T (Z3+h?).
The kinetic energy T} for the link 1 is

1 1
T1 = §m1VCl Vo + 5]01(.0 - W. (250)
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The kinetic energy T, for the link 2 is

1 1
T2 = 57’)‘L2VC2 * Vo, + 5[02(.02 *Wa. (251)

The kinetic energy 75 for the link 3 is

1
T3 = 5 C3W3 * W3. (252)

The total kinetic energy is

3
T=S"T,=T.T,+Ts. (2.53)

i=1

Generalized force
The gravitational forces on links 1, 2, and 3 are

Gy = —mug), Go = —mag), Gz = —mag). (2-54)

The generalized force @); associated with the gravitational force G; is

81‘0,
;= LGy 2.55
Q=5 (2:55)
The generalized force @),, associated to the motor moment is
ow 0

m=—"M,,=My(1——|. 2.56
On =5 ()< wo> (2:56)

The total generalized force () for the mechanism is

3 3. 0re, Oow
Q ;Q+Q Yo Gt (2.57)

Lagrange’s equation
The Lagrange’s differential equation for the mechanism with one degree of

freedom is i /o 5

T T
— —— = 2.58
2 (Z)-%-e (259
where T' is the total kinetic energy of the system, and @) is the generalized
force.
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For the link 1 some calculations are given

1 1 .
T, = 5(101 + ZL%WM)@Q,
oT 1 .
879'1 = (I + ZL%ml)ea

1

a;gl = —§L1(sin 01 + cos 0),

or 1
Q1 = agl - (=magy) = —gmigLacos 0.

11

The Mathematica™ program with the equations of motion are given in

Program 2.3.

Remark: Lagrange’s method does not require the calculation of the joint

forces.



Lagrange’s equations - examples 12

Example 2.4. Figure 2.4(a) is a schematic representation of an open
kinematic chain (robot arm) consisting of three links 1, 2, 3, and a rigid body
RB. Link 1 can be rotated at A in a “fixed” cartesian reference frame (0) of
unit vectors [19, Jo, ko] about a vertical axis 1. The unit vector 1y is fixed in
link 1. Link 1 is connected to link 2 through pin joints B and B’. The link
2 rotates relative to 1 about an axis fixed in both 1 and 2, passing through
B, and B’. The link 3 is connected to 2 by means of a slider joint 2’. The
slider joint is rigidly attached to link 2. The last link 3 holds rigidly the rigid
body RB. The mass centers of links 1, 2, 2" and 3 are (', Cy = Cy, and C},
respectively. The mass center of RB is at C'r. The length of link 2 is [ and
the length of link 3 is L. The mass of the link 1 is my, the masses of the bars
2 and 3 are ms and mgs, the mass of the slider 2’ is mq/, and the mass of RB
is mg. Find the equations of motion for the robotic system.

Solution

A reference frame (1) of unit vectors |1, J;, ki] is attached to body 1,
with 11 = 1.

A reference frame (2) of unit vectors [12, J,, ko] is attached to link 2, as it
is shown in Fig. 2.4. The unit vector J, is parallel to the axis of link 2, BB,
and J, = J;. The unit vector k, is parallel to the axis of link 3, C5CR.

To characterize the instantaneous position of the arm, the generalized
coordinates ¢ (t), ¢2(t), g3(t) are employed. The first generalized coordinate
¢1 denotes the radian measure of the angle between the axes of (1) and (0)
[Fig. 2.4(b)]. The second generalized coordinate gy designates the radian
measure of rotation of the angle between (1) and (2) [Fig. 2.4(c)]. The last
generalized coordinate g3 is the distance from Cs to Cs.

Angular velocities
Next the angular velocities of the links and the rigid body will be expressed
in the fixed reference frame (0). The angular velocity of link 1 in (0) is

Wi = ql 1 = (h 1p. (259)
The angular velocity of link 2 with respect to (1) is
wWar = 2J2 = G2J1; (2.60)

and the angular velocity of link 2 with respect to the fixed reference frame
(0) is
wop = wip + w21 = ¢1 11 + G2 Jo- (2.61)
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The unit vectors 14, J;, and k; can be expressed as functions of 1y, J,, and ko
[Fig. 2.4(b)]

1y = 1,
Ji = a1+ siko,
k1 = —S51)o + C1 ko, (262)

where s; = sing; and ¢; = cos q.
The unit vectors 15, J, and ky can be expressed as [Fig. 2.4(c)]

I, = Ol — Sk
= Colg + 5152])9 — C152 Ko,
Jo = Ju
= 1] + s1 ko,
ky = s+ kg
= S9lg — 281 Jg + c1¢2 Ko, (2.63)

where sy = sin ¢y and ¢y = cos ¢s.
The angular velocity of link 2 in (0) can be written in terms of the unit
vectors of the reference frame (2) as

woo = 1C212 + 2 )5 + G152 Ko, (2.64)
and in terms of the unit vectors of the reference frame (0) as
wop = G110 + G2c1 Jo + G251 ko. (2.65)

The link 3 and the rigid body RB have the same rotation motion as link
2, 1i.e.,
W3p = WRo = W20,

where wsg is the angular velocity of link 3 in (0) and wgo is the angular
velocity of RB in (0).

Linear velocities
The position vector of ', the mass center of link 1 is

ro, = L1y = L1, (2-66)
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and the velocity of C; in (0) is

d .
Vo, = arcl =To, = 0. (267)

The position vector of Cy, the mass center of link 2, is
re, = Loy = Lo,
or written in terms of the unit vectors of the reference frame (2)
re, = Locols + Losoks.
The velocity of Cy in (0) is

d d

Ve, = e, = o (Lo1g) = 0.

The position vector of C3 with respect to reference frame (0) is

ro, = T, +gske
= LQIO + Q3k2, (268)

or expressing ko in terms of reference (0) unit vectors yields

ro, = (La+q3s2)19 — q3cas1]) + qacaci K.

The position vector of C3 with respect to reference frame (0) written in terms
of the unit vectors of the reference frame (2) is

re, = Locoly + (g3 + Laoso)ko.

The velocity of the mass center C3 in (0), written in terms of the unit vectors
of the reference frame (0), can be calculated taking the derivative with respect
to time of Eq. (2.69)

d

Voy = 2ty = (€2q3d2 + S243)10 +

(5152G2q3 — c1C2q3G1 — 51C24G3) Jo +

(61026_?3 — 3162q3q'1 — Clsgq?,(b) k(). (269)
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The velocity of C3 in (0) can be computed using the derivation formula for
the moving vector re,

d @q

VC’3 - %I‘Cg - Erc;g + Wy X ng) (270)
@dq
where —— represents the partial derivative with respect to time in reference
frame (2)7 [127J27k2]7
2q 2)q . L
ErC% =i [Locots + (g3 + Losa)ka] = —daLasors + (g3 + GaLocs)ko(2.71)

Using Egs. (2.65)(2.69)(2.70)(2.71) the velocity of C3 in (0), written in terms
of the unit vectors of the reference frame (2) is

12 Ja2 ko
Vo, = —GoLlosols + (Gs + GaLaca)ka + | ¢1ca  Go G152
LQCQ O qs —|— LQSQ
= (2g312 — q1G3C2)5 + Gska. (2.72)

The position vector of the mass center Cr of the rigid body RB is

rCR - ng + ngCR

L
I'c, + §k2, (273)
or expressed in terms of the reference frame (0) is

L L L
ro, = [Lz + (Q3 + 2) 82} lp — (C]:s + 2) €251 ) + (93 + 2) c1¢2 Ko.

The velocity of Cg in (0) is

d L
Vor = %rcR = [(QS + 2) Coqa + 8243] 1o +
) L . ) L
{8182(]2 <Q3 + 2) — 81C2G3 — C1C2q1 <CJ3 + 2)] Jo+

. L . L )
{—0281611 (Q3 + 2) — C152¢> (Q3 + 2) + 0102613] ko. (2.74)
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The velocity of Cg in (0) can be computed much easier using mobile reference
frame (2)

d 2)q
Vor — %I‘CR = EI‘CR =+ Woqg X I'cg, (275)

where
rcp, = LQCQIQ + (Q3 + LQSQ + L/Z)kg

The velocity of Cg is

L Jo ko
Vop, = —GaLlosols + (43 + ¢aLoca)ke + | dica  ¢o 152
L262 0 qs + LQSQ + L/2
= (L/2+ g3)g212 — 21 (g3 + L/2))5 + gska. (2.76)

Remark: The angular velocity wg was expressed in terms of unit vectors
11, 31, k1] and wyy expressed in terms of unit vectors |12, Jy, ko] This will
facilitate later work, where it will be assumed that the central principal axes
of inertia of link 1 are parallel to [11, J;, k| and the central principal axis of
inertia of links 2 and 3 are parallel to |12, Jo, ka]. When it comes to dealing
with the velocities of C7, C5 C3, and Cg it is best to use whatever vector
basis permits one to write the simplest expression.

Kinetic energy
The kinetic energy of a rigid body is

1 1 -

T = SMve Ve + Sw- (I w), (2.77)
where m is the mass, v¢ is the velocity of the mass center, w = wy14+w,J+w.k
is the angular velocity of the rigid body in (0), and I = (L,1)1+(1,3)3+ (L.k)k
is the central inertia dyadic of the rigid body. The central principal axes of
the rigid body are parallel to 1, jJ, k and the associated moments of inertia
have the values I, I, I,, respectively. The inertia matrix associated to Iis

I—=1=[0 I, 0]. (2.78)
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The dot product of the vector w with the central inertia dyadic I is
wl=lw=wl1+w,l,j+w.lk (2.79)
The total kinetic energy of the robot arm is
T=Ty+1T,+ Ty + T3+ Tk, (2.80)

where 77 is the kinetic energy of link 1, 75 is the kinetic energy of bar 2, Ty
is the kinetic energy of slider 2’; T3 is the kinetic energy of bar 3, and Tg is
the kinetic energy of RB.
The kinetic energy of link 1 is
1 _ _

T = 5Mive, Ve + HWio ([1 - wio) = Z%0 (L1 - wo), (2.81)
where m; is the mass of the link, I; = (Ij,11)1 + (I1,37)); + ([1.ki)k; is the
central inertia dyadic of link 1, and w9 = ¢1 11. Using the above relation the
kinetic energy of link 1 is

1 .
T = 5fmqf. (2.82)
The kinetic energy of bar 2 is
1 1 = 1 _
Ty = 3MaVe, * Ve, + W (Iy - wop) = W (I3 - w), (2.83)
where my is the mass of the bar and
_ mel? mol?
Iy = (Taa12)12 + (I2935)35 + (22 ki = (%12)12 + (Tzkﬂkza
is the central inertia dyadic of bar 2 with the length [. The kinetic energy is
m2l2 .
T == qi. (2.84)
The kinetic energy of slider 2’ is
TQ/ = §m2/V02/ Voo —+ 5&)20 . (TQ/ . wQO) = 5“120 . (f2’ : w20)a (285>

where my is the mass of the slider and

j2/ = <[2’:1:12>12 + (IQ/yJ2)J2 + (]2/zk2)k27
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is the central inertia dyadic of the slider. The kinetic energy is
1 . .
TQ/ = 5 [(_[Q%C% + ]Q/Zs%)q% + [Qlyq%] . (286)

The kinetic energy of bar 3 is

1 1 _
T3 = §m3V03 . VC’3 + 50}20 . ([3 . wgo), (287)

where ms is the mass of the bar and

M3L2 m3L2

12 1)1 + (—-—J2)J2;

I3 = (Isa12)12 + (I335)35 + (I3:ka)ks = ( 12

is the central inertia dyadic of bar 3.

The rigid body RB is considered as a particle with the mass mpz concen-
trated at Cz. The kinetic energy of RB is

Tr = ;mRvCR Vo = 5 [(L/2+ @063 + Blas + L2 + d3] . (2:89)

Generalized forces
In the case of the robot arm, there are two kinds of forces that contribute
to the generalized forces )1, (Q2, (Y3 namely, contact forces applied in order
to drive 1, 2, 3 and RB, and gravitational forces exerted on 1, 2, 3, and
RB by the Earth. The contact forces are neglected for this example. The
gravitational forces exerted on 1, 2, 3, and RB by the Earth, are denoted by
G1, Go, G3, Gpg, respectively, and can be expressed as

G, = —migy,

Gy = —(ma+my)g,

Gz = —mzgu,

Gr = —mpggiy. (2.89)

One can express the contribution to the generalized force of all forces and
torques acting on the system, as

8rcl

Q. =

0 0 0
G DGyt SO Gy S8

el —1.2.3. (2.90
g, g, g, g, r =123 (2.90)
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The vectors in Eq. (2.90) must be expressed in terms of the fixed reference
frame (0). The generalized forces are

Ql - 07
Q2 = —gca(m,L/2 4+ m,qs + msqs),
Qs = —g(mp+m3)ss.

The same results can be obtained using the relations

aVC1

Q. =

8v02 8VC3 aVCB
o, St e, G2t ey Gty

.Gp, r=1,2,3. (2.91)

In Eq. (2.91) the vectors v¢,, Gy are expressed in terms of the mobile refer-
ence frame (1), and the vectors ve,, Ga, Ve, Gs, ve,, G are expressed in
terms of the mobile reference frame (2).

The Lagrange’s equations of motion are

d (T _8T_Q
dt \9¢,) 0q. "

where r = 1,2, 3.
The Mathematica™™ program with the equations of motion are given in
Program 2.4.
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Example 2.5. Figure 2.5(a) is a schematic representation of an open
kinematic chain (robot arm) consisting of three links 1, 2, and 3. Let
my, mg, mg be the masses of 1, 2, 3, respectively. Link 1 can be rotated
at A in a “fixed” reference frame (0) of unit vectors [19, Jo, ko] about a ver-
tical axis 1. The unit vector 14 is fixed in 1. The link 1 is connected to link
2 at the pin joint B. The element 2 rotates relative to 1 about an axis fixed
in both 1 and 2, passing through B, and perpendicular to the axis of 1. The
last link 3 is connected to 2 by means of a slider joint. The mass centers of
links 1, 2, and 3 are C;, Cs, and Cj3, respectively. The distances L; = ACY,
Ly = BCy, and Lg = AB are indicated in Fig. 2.5. The reference frame (1)
of the unit vectors [11, J;, ky] is attached to link 1, and the reference frame
(2) of the unit vectors [12, Jo, ko] is attached to link 2, as shown in Fig. 2.5(b).
Find and solve the Lagrange’s equations of motion.

Solution

The generalized coordinates (quantities associated with the the instanta-
neous position of the system) are ¢ (), ¢2(t), gs(t).

The first generalized coordinate ¢; denotes the radian measure of the
angle between the axes of (1) and (0). The unit vectors 14, J;, and k; can be
expressed as functions of 19, J,, and kg

11 = 1o,
J1 = c1)o + s1 ko,
kl - _SIJO + C1 k07

or
1 1 0 0 1p
W =10 a s Jo | >
k; 0 —s1 ko

where s; = sinq; and ¢; = cos ¢;. The transformation matrix from (1) to (0)
is

1 0 0
Rio=10 ¢ S1
0 —S1 C1

The second generalized coordinate designates also a radian measure of the
rotation angle between (1) and (2). The unit vectors 13, J, and ky can be
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expressed as

1, = colh — s9ky
= Caly + 5182 )y — 152 Ko,
JQ = .]17

= ¢1)p + s1 ko,
kQ = SS9l + Cle

= 891y — €251 ]y + c1¢2 ko,

where sy = sin ¢y and ¢y = cos go. The transformation matrix from (2) to (1)
1s

Co 0 —S9
Ryy=10 1 0
So 0 Co
The last generalized coordinate g3 is the distance from C5 to Cs.
Angular velocities

Next the angular velocity of the links 1, 2, and 3 will be expressed in the
fixed reference frame (0). The angular velocity of 1 in (0) is

w10 = q111.

The angular velocity of the link 2 with respect to (1) is

Wo1 = (2]s-
The angular velocity of the link 2 with respect to the fixed reference frame
(0) is
wyo = Wig + wWa1 = G111 + Goo-

With 19 = 11 = ¢; 15 + s1 ko the angular velocity of the link 2 in the reference
frame (0) written in terms of the reference frame (2) is

wyo = G1(c212 + S2 ko) + 4oy = d1 C2 12 + G2 Jo + 1 52 ko

The link 3 has the same rotational motion as link 2, i.e., w3y = way.
The angular acceleration of the link 1 in the reference frame (0) can be
expressed as

10 = q1 1.



Lagrange’s equations - examples 22

The angular acceleration of the link 2 with respect to the reference frame (0)
1s

d @)d
a —Wyy = ——Waq.
20 PN T W
@q
where —— represents the derivative with respect to time in reference frame

(2), [12,)9, ko]. The link 3 has the same angular acceleration as link 2, i.e.,
Q3 = Qo

Linear velocities
The position vector of C', the mass center of link 1, is

e, = le17
and the velocity of Cy in (0) is
d Md
Vo, = %I‘Cl = I re, + wig X Irc,
u o) ki
= 0+|¢1 0 O |=—q¢Ly.
0 0 Iy

The position vector of Cy, the mass center of link 2, is

ro, = Lpki+ Loky = Lp(—s212 + coks) + Loky
= —LBSQIQ + (LBCQ + Lg)kg.

The velocity of Cy in (0) is

d @)
Ve, = %r@ = Erc2 + wap X T,
12 Ja2 ko
= —Lpcigely — Lpcagoks + | qica 2 G152
—L382 0 LBCQ + L2

= Lagero — (Lp + Laca)q1)s-
The position vector of C3 with respect to reference frame (0) is

ng - rCQ + Q3k2
= —Lpsoly+ (Lpca + Lo + q3)ko,
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and the velocity of this mass center in (0) is

d @)y
VCg - %rC;; - ErCS + Wwop X ng
1o Jo ko
= —Lpcagoly — (Lpcago + g3)ka +| dica  do G152

—Lpsy 0 Lpcy+ Ly +qo
= (La+ q3)gora — (Lp + Laca + c2q2)d1)s + gsko.

Kinetic energy
The total kinetic energy of the robot arm in the reference frame (0) is

The kinetic energy of the link 7, ¢« = 1,2, 3, is

1 —
T, = Jmive, - v, + ywio- (I - w).

Remark: The kinetic energy for a rigid body is
Trigid body = §ch “Vo + 5‘-0 : (jc - w),

where m is the mass of the rigid body, v is the velocity of the mass center
of the rigid body in (0), w = w,1 + w,J + w.k is the angular velocity of the
rigid body in (0), and I = (L,1)1+ (1,3)3+ (I.k)k is the central inertia dyadic
of the rigid body. The central principal axes of the rigid body are parallel
to 1, J, k and the associated moments of inertia have the values I, I, I,
respectively. The inertia matrix associated with I is

) I, 0 0
I— 10 I, O
0 0 I

z

The dot product of the vector w with the dyadic I is

w-Il=1w = wWelp1 4+ wylyy+w. I k.
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The links 1, 2, and 3 have the following mass distribution properties.
The central principal axes of 1 are parallel to 11, j;, ki, Fig. 2.5, and the
associated moments of inertia have the values Iy,, Iy, I., respectively. The
central inertia dyadic of 1 is

I = (Iipn)u + (Iy)y)yy + (Lik)ky.

The central principal axes of 2 and 3 are parallel to 15, J,, ko and the associ-
ated moments of inertia have values I, Isy, 2., and Is,, I3, I3, respectively.
The central inertia dyadic of 2 is

L= (I2212)12 + ([2y.]2>.]2 + (12.ko) ko,

and the central inertia dyadic of 3 is

1_3 = (I312)12 + ([3y.]2>.]2 + (I3.ko ) ko.

The central inertia dyadics of links 1 and 2 are calculated using Fig. 2.5(c).
The kinetic energy is given in Program 2.5.
The left hand side of Lagrange’s equations is

d (0T or
— - — =1, 2, 3.
dt (aq') og T3

Generalized forces
Remark: If a set of contact and/or body forces acting on a rigid body is
equivalent to a couple of torque T together with force R applied at a point P
of the rigid body, then the contribution of this set of forces to the generalized
force, @, is given by
ow Oovp

T +

@ =5 T

‘R, r=12,..

where w is the angular velocity of the rigid body in (0), vp is the velocity of
P in (0), and r represents the generalized coordinates.

In the case of the robotic arm, there are two kinds of forces that contribute
to the generalized forces @)1, @2, and )3 namely, contact forces applied in
order to drive the links 1, 2, and 3, and gravitational forces exerted on 1, 2,
and 3 by the Earth.
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The set of contact forces transmitted from 0 to 1 can be replaced with a
couple of torque Ty, applied to 1 at A.

Similarly, the set of contact forces transmitted from 1 to 2 can be replaced
with a couple of torque T, applied to 2 at B. The law of action and reaction
then guarantees that the set of contact forces transmitted from 1 to 2 is
equivalent to a couple of torque — T3 to 1 at B.

Next, the set of contact forces exerted by link 2 on link 3 can be replaced
with a force Fy3 applied to 3 at C'3. The law of action and reaction guarantees
that the set of contact forces transmitted from 3 to 2 is equivalent to a force
—Fy3 applied to 2 at Cs,.

The point C3p (Csz € link2) instantaneously coincides with Cs, (C3 €
link3).

The expressions Ty, T2, and Fa3 are

To1 = Torat1 + To1ydy + Torzky,  Tio = Thge1o + Thgyy + Th2.ko, and
Foz = Fsu19 + FogyJy + FozKo.

The external gravitational forces exerted on the links 1, 2, and 3 by the Earth,
can be denoted by G, Gs, and Gj3 respectively, and can be expressed as

G, = —mign,
Gy = —maogy =—mag(cala+ s2ka),
G; = —mggny =-—-m3g(c212+ s2ka).

The reason for replacing 1; with c¢s15 + s9 ks in connection with the forces

0 0
G, and G3 is that they are soon to be dot-multiplied with av < and av s
dr dr

which have been expressed in terms of 1,35, and ks.
One can express (@)1, the contribution to the generalized active force @, of
all the forces and torques acting on the particles of the link 1, as

8w10

9
(@ =5~ (To=Tz) + e

9qy
The contribution (@, )2 to the generalized active force of all the forces and
torques acting on the link 2 is

.Gy, 7=1,2,3.

Owag ove, oves,
0,)y = —2 . Ty + e
(@) 94, 2T 0q, 270,

’ (_F23>7 r= 17273a
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where
Viy, = Vo, T W X Toy,oy = Vo, + Wao X gska.

The contribution (Q),)s, to the generalized active force of all the forces and
torques acting on the link 3 is

8(.020 (9VC3 8VC3
(O =g, T g g,

'F23, r= 1,2,3.

The generalized active force @), of all the forces and torques acting on the
links 1, 2, and 3 are

Qr = (Qr)l =+ (QT)Q + (Qr)S: r= 17 27 37

or

Ql = TOl:E>
Q2 = Tiay — gma Lo co — gms ca (Lo + g3),
Q3 = Fys, — gmsSa.

To arrive at the dynamical equations governing the robot arm, all that re-
mains to be done is to substitute into Lagrange’s equations, namely,

d (0T aT
— — = =1,2 3.
dt <6qr> aqr QT’ r Y ? 3

The Lagrange’s equations are calculated in Program 2.5.

Numerical simulation
The robot arm is characterized by the following geometry: L; = 0.4 m,
Ly =07m, Lg = 0.8 m, I3, = 5 kg-m?, I, =4 kg-m?, Is, = 1 kg-m?. The
masses of the rigid bodies are m; = 90 kg, ms = 60 kg, ms = 40 kg, and the
gravitational acceleration is g = 9.81 m/s?.
The initial conditions, at t = 0 s, are ¢;(0) = 7/18 rad, ¢2(0) = 7/6 rad,
¢3(0) = 0.1 m, and ¢;(0) = ¢2(0) = ¢3(0) = 0.
The robot arm can be brought from an initial state of rest in reference frame
(0) to a final state of rest in (0) in such a way that ¢i, g2, and g3 have specified
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values qi¢, g2, and g5, respectively, by using the following feedback control
laws

Torz = —Pordr —vor(q1 — qup),
Tioy = —[r2de — 112(q2 — q2f) + gma Ly co + gmgca (Lo + g3),
Fos. = —fasds — v23(qs — q35) + gms sa.

The constant gains are: (J5; = 450 N-m-s/rad, 71 = 300 N-m/rad, (12 =
200 N-m-s/rad, 712 = 300 N-m/rad, (o3 = 150 N-s/m, y93 = 50 N/m. The
values specified for the generalized coordinates are ¢y = 7/3 rad, ¢y =
7/3 rad, and ¢35 = 0.25 m.

The Mathematica™ calculations that were used to compute and solve
Lagrange’s equations are given in Program 2.5.
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(*Lagrange's equations - example 1%*)
Off[General::spelll];
Off[General::spell];
rA={ql[t],0,0};
rB={ql[t]+L*Sin[q2[t]],
L*Cos[q2[t]],0};
vA=D[rA,t];
vB=D[rB,t];
Tl=m vA.vA/2;
T2=M vB.vB/2;
T=T1+T2;
(*External forces*)
FA={-k ql[t],m g,0};
FB={0,M g,0};
(*Generalized forces*)
Q1=FA.D[rA,ql[t]]+FB.D[rB,ql[t]];
02=FA.D[rA,q2[t]]+FB.D[rB,q2[t]];
(*Lagrange's Equations*)
eql=D[D[T,ql'[t],t]]1-D[T,ql[t]]1-Q1;
eq2=D[D[T,q2'[t],t]]1-D[T,q2[t]]1-Q2;
(*Small oscilations¥*)
rule={Sin[q2[t]]->q2[t],
Cos[q2[t]]->1};
(*input data*)
rulel={m->1.,M->1.,L->1.,
k->1.,g->10.};
equationl=eql/.rule/.rulel;
equation2=eq2/.rule/.rulel;
sol=NDSolve|[
{equationl==0,equation2==0,
ql[0]==.1,q2[0]==.1,
ql'[0]==0.,q2'[0]==0.},
{q1,q92},{t,0.,1.}1;
Plot[Evaluate[ql[t]]/.sol,
{t,0.,1.}, PlotRange->All,
AxesLabel->{"t[s]","ql[m]"}];
Plot[Evaluate[q2[t]]/.sol,
{t,0.,1.}, PlotRange->All,
AxesLabel->{"t[s]","q2[0]"}]

ql[m]
0.18
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g2[o]
0.1

0.075

0.025

-0.025
-0.05
-0.075

- Graphics -
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(*Lagrange's equations - example 2 *)
Apply [Clear,Names["Global *"]];

Off[General::spelll];
Off[General::spell];

(*position analysis¥*)

ml=m2=m;

L1=L2=L;
rA={L1*Sin[ql[t]],L1*Cos[ql[t]],0};
rCl={L1*Sin[ql[t]]/2.,L1*Cos[ql[t]]/2.,0};
rB=rA+{L2*Sin[q2[t]],L2*Cos[q2[t]],0};
rC2=rA+{L2*Sin[q2[t]]/2.,L2*Cos[q2[t]]/2.,0};
(*velocity analysis¥*)

VA=D[rA,t];

vC1l=D[rCl,t];

vB=D[rB,t];

vC2=D[rC2,t];

wl={0,0,-ql'[t]};

w2={0,0,-q2'[t]};

JC1l=m1*L1"°2/12.;

JC2=m2*L2"2/12.;

Tl=ml vCl.vCl1l/2.+JCl1l wl.wl/2.
T2=m2 vC2.vC2/2.+JC2 w2.w2/2.

.
4
.
4

(*T1 can be calculated as T1=J0 wl.wl/2.
where JO0=ml1*L1%2/3 *)

Simplify[T1];

Simplify[T2];

T=T1+T2;

Simplify[T];
(*external forces*)

FC1={0,ml g,0};

FC2={0,m2 g,0};
(*generalized forces*)

Q1=FC1.D[rCl,ql[t]]+FC2.D[rC2,ql[t]];

02=FC1.D[rCl,q2[t]]+FC2.D[rC2,q2[t]];
(*Lagrange's equations*)

eql=D[D[T,ql'[t],t]]-D[T,ql[t]]-0Q1;

eq2=D[D[T,q2'[t],t]]-D[T,q2[t]]-Q2;
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(*input data*)
inp={ml->1.,L1->1.,m2->1.,L2->1.,g->10.};
equationl=eql/.inp;

equation2=eq2/.inp;

sol=NDSolve[ {equationl==0,equation2==0,
ql[0]==.1,92[0]==.1,q91'[0]==0.,q92'[0]==0.},
{ql,92},{t,0.,40.},MaxSteps->2000];

Plot[Evaluate[ql[t]]/.sol,{t,0.,40.}]
Plot[Evaluate[g2[t]]/.sol,{t,0.,40.}]

e LML

-0.1

-Graphics-

T

-0.15

-Graphics-
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(*Lagrange' s equations of motion - example 3 =)
Apply[Clear, Names["Global *"]1];
Off[General::spell];

(*Input datax)

data= {L1 .100, L2 .470, L3 .047, AC .280, h .01,
h3 .025,d .005,d3 .008, ro 7850,g 9.807, MO 1., w0 4.

ml =roxLlxh=xd;

m2 =roxL2xh=xd;

m3a =roxL3xh3xd3;

m3b=roxL3xhxd;

m3 = m3a - m3b;

ICl=ml1/12% (L1"2+h"2);

IC2=m2/12% (L2"2+h"2);

IC3=m3a/12% (L372+h372) -m3b/12% (L3"2+h"2);

(*Position,velocity and acceleration vectorsx)

xB = L1 * Cos[theta[t]];

yB =Ll xSin[theta[t]];

rB = {xB, yB, 0};

rCl=rB/2.;

vCl=D[rCl, t];

xC = AC;

yc=0;

rC = {xC, yC, 0};

theta2 = ArcTan[ (yB-yC) / (xB-xC)];
rC2 = {xB + L2 *x Cos[theta2] /2., yB+ L2 xSin[theta2] /2., 0};
vC2 =D[rC2, t];

rC3 = rC;

vC3 = {0, 0, 0};

(*Angular velocities*)

omega = {0, 0, theta'[t]};

omega2 = Simplify[{0, O, D[theta2, t]}];
omega3 = omegaz2;

(*Kinetic energyx)

Tl =mlxvCl.vCl/2. + ICl xomega.omega/2.;

T2 =m2 *xvC2.vC2 /2. + IC2 xomega2.omega2/ 2.;
T3 =m3 xvC3.vC3 /2. + IC3 xomega3.omega3/2.;
T = Expand[T1 + T2 + T3] ;

(*Left hand side of the Lagrange equationsx)
LHS =D[D[T, theta'[t]], t] -D[T, theta[t]];
(*Right hand side of the Lagrange equation (generalized forces) )
Gl={0, -mlg, 0};

G2 = {0, -m2g, 0};
G3 ={0, -m3g, 0};
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Mm = {0, O, MO (1. - theta'[t] /w0)};
RHS =
D[rCl, theta[t]] .Gl +D[rC2, theta[t]].G2 +D[rC3, theta[t]].G3 + D[omega, theta'[t]].Mm;
(*Solution of the Lagrange equationx)
eqnLHS = LHS /. data /. {theta'[t] w[t], theta''[t] w'[t]};

eqnRHS = RHS /. data /. {theta'[t] w[t], theta''[t] w'[t]};

solution = NDSolve[{eqnLHS eqnRHS, theta'[t] w[t], theta[0] N[Pi]/6, w[O] O},
{theta[t], w[t]}, {t, 0, 5}];

Plot[Evaluate[theta[t] /. solution], {t, 0, 5}, AxesLabel {"t[s]", "theta[rad]"}];
Plot[Evaluate[w[t] /. solution] *30/N[Pi], {t, O, 5},

AxesLabel ({"t[s]", "n[rpm]"}, PlotRange {All, {20, 50}}];
Plot[Evaluate[w[t] /. solution] *30/N[Pi], {t, O, .05},

AxesLabel {"t[s]", "n[rpm]"}, PlotRange {All, {0, 50}}];

theta[rad]
20

15

10

n[rpm]
50

45
40
35
30

25
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n[rpm]

40

30

20

10
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"Lagrange's equations of motion - example 4
Apply [Clear,Names["Global *"]];
Off[General::spell]

Off[General::spelll]

"kinematics"

"transformation matrix from RF1l to RFO"

R10 = {{1,0,0},
{0,Cos[ql[t]],Sin[ql[t]]},
{0,-Sin[ql[t]],Cos[ql[t]]}};

MatrixForm[R10]

"transformation matrix from RF2 to RF1l"

R21={{Cos[q2[t]],0,-Sin[q2[t]]},
{olllo}l
{sin[q2[t]],0,Cos[q2[t]]}};

MatrixForm[R21]

"angular velocity of link 1 in RFO

expressed in terms of RF1 {il,jl1,k1}"

wl0 = {D[ql[t],t],0,0}

"angular velocity of link 2 in RFO
expressed in terms of RF1 {il,j1,k1l}"
w201 = {D[ql[t],t],D[g2[t],t],0}

"angular velocity of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}"
w202=w201.Transpose[R21]

"angular velocity of link 2 in RFO
expressed in terms of RFO {i0,jO,kO}"
w200=w201.R10

"position vector of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,k1}"
rCl={L1,0,0}

"linear velocity of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,k1}"
vCl =D[rCl,t]+Cross[wl0,xCl]

"position vector of mass center C2 of link 2
in RFO expressed in terms of RF2 {i2,j2,k2}"
rCc2={L2,0,0}.Transpose[R21]

"position vector of mass center C2 of link 2
in RFO expressed in terms of RFO {iO0,jO,kO}"
rC20={L2,0,0}.R10

"linear velocity of mass center C2 of link 2
expressed in terms of RF2 {i2,j2,k2}"
vC2 =D[rC2,t]+Cross[w202,rC2]

"position vector of mass center C3 of link 3
expressed in terms of RF2 {i2,j2,k2}"
rC3=rC2+{0,0,q3[t]}

"linear velocity of mass center C3 of link 3
expressed in terms of RF2 {i2,j2,k2}"

vC3 =Expand[D[rC3,t]+Cross[w202,rC3]];
Simplify[vC3]

"position vector of mass center C3 of link 3
expressed in terms of RFO {iO,joO,k0}"
rC30=((rC2+{0,0,q3[t]}).R21).R10

in

in

in

in

RFO

RFO

RFO

RFO
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vC30=D[rC30,t];
Expand[vC3.vC3,Trig->True]==Simplify[vC30.vC30];

"position vector of mass center of rigid body RB
in RFO expressed in terms of RF2 {i2,j2,k2}"
rCR=rC3+{0,0,L/2}

"linear velocity of mass center of rigid body RB
in RFO expressed in terms of RF2 {i2,j2,k2}"
vCR =Expand[D[rCR,t]+Cross[w202,rCR]];

Simplify[rCR];
Simplify[VvCR]

"

position vector of mass center CR of rigid body RB in RFO
expressed in terms of RFO {iO,jO,k0} "
rCRO=(rCR.R21) .R10

vCRO=D[rCRO,t];
Expand[VvCR.VCR,Trig->True]==Simplify[vCRO.VCRO];

"inertia matrix associated to link 1
expressed in terms of RF1 {il,jl,kl}
I1={{11x%,0,0},{0,11y,0},{0,0,I12}};
MatrixForm[I1l]

"inertia matrix associated to bar 2
expressed in terms of RF2 {i2,j2,k2}
I2x=I2z=m2 1°2/12;

I2y=0;
I2={{12%,0,0},{0,12y,0},{0,0,I22}};
MatrixForm[I2]

"inertia matrix associated to slider 2'
expressed in terms of RF2 {i2,j2,k2}"
I12s={{128x,0,0},{0,12Sy,0},{0,0,125z}};
MatrixForm[I2S]

"inertia matrix associated to bar 3
expressed in terms of RF2 {i2,j2,k2}
I3x=I3y=m3 L"2/12;

I3z=0;
I3={{13%,0,0},{0,13y,0},{0,0,132}};
MatrixForm[I3]

"

" kinetic energy
" kinetic energy of link 1 "
Tl=ml vCl.vCl/2+ wl0.I1.wl0/2

" kinetic energy of link 2 "
T2=m2 vC2.vC2/2+ w202.I2.w202/2;
Simplify[T2]

" kinetic energy of slider 2' "
T2S=m2 vC2.vC2/2+ w202.I12S5.w202/2
" kinetic energy of link 3 "
T3=m3 vC3.vC3/2+ w202.I13.w202/2;
Simplify[T3]

" kinetic energy of RB "
TR=Simplify[mR vCR.VCR/2,Trig->True]
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" "

total kinetic energy
Simplify[T1+T2+T2S+T3+TR]
T=Expand[T1+T2+T2S+T3+TR];
" gravitational force that acts on link 1 at C1
in RFO expressed in terms of RFO {i0,jO,k0} or in
in terms of RF1 {il,j1,k1l} "

Gl={ -ml1 g, O, O }

" gravitational force that acts on bar 2 and
slider 2' at C2 in RFO expressed in terms of
RFO {i0,j0,k0} or RF1 {il,j1,k1} "

G2={ -(m2+m2Ss) g, 0, O }

(* gravitational force that acts on bar 2 and
slider 2' at C2 in RFO expressed in terms of
RF2 {i2,j2,k2} *)

G22={ -(m2+m2S) g, 0, O }.Transpose[R21l];

"

gravitational force that acts on link 3 at C3
in RFO expressed in terms of RFO {i0,jO,k0} "
G3={ -m3 g, 0 ,0 }

(* gravitational force that acts on link 3 at C3
in RFO expressed in terms of RF2 {i2,j2,k2} *)
G32={ -m3 g, 0 ,0 }.Transpose[R21];

" gravitational force that acts on link 3 at CR
in RFO expressed in terms of RFO {i0,jO,k0} "
GR={ -mR g, O, 0 }

(* gravitational force that acts on link 3 at C3
in RFO expressed in terms of RF2 {i2,j2,k2} *)
GR2={ -mR g, 0, 0 }.Transpose[R21];

"generalized active force Qi=)Fj.d(rj)/d(qi): 01, 02, Q3"

01=D[rC1l,ql[t]].Gl+D[rC20,ql[t]].G2+
D[rC30,ql[t]].G3+D[rCRO,ql[t]].GR;

02=D[rC1,q2[t]].G1l+D[rC20,q2[t]].G2+
D[rC30,q2[t]].G3+D[rCRO,q2[t]] .GR;

93=D[rC1,q3[t]].Gl+D[rC20,q3[t]].G2+
D[rC30,q3[t]].G3+D[rCRO,q3[t]].GR;

Simplify[Q1]
Simplify[Q2]
Simplify[Q3]

(*generalized active force¥)

"generalized active force Qi=)Fj.d(vj)/d(qi'): 01, 02, Q3"

F1=D[vCl,ql'[t]].G1l+
D[vC2,ql'[t]].G22+
D[vC3,ql'[t]].G32+
D[VCR,ql'[t]].GR2;

F2=D[vCl,q2'[t]].Gl +
D[vC2,q2'[t]].G22+
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D[vC3,q2'[t]].G32+
D[VCR,q2'[t]].GR2;

F3=D[vCl,q3'[t]].Gl +
D[vC2,q3'[t]].G22+
D[vC3,q3'[t]].G32+
D[VCR,q3'[t]].GR2;

Expand[Ql]==Expand[F1l];
Expand[Q2]==Expand[F2];
Expand[Q3]==Expand[F3];

Simplify[F1]
Simplify[F2]
Simplify[F3]

" n

Lagrange's eom
Leql=D[D[T,ql'[t]],t]-D[T,ql[t]]-Q1==0;
Leq2=D[D[T,q2'[t]],t]-D[T,q2[t]]-Q2==0;
Leq3=D[D[T,q3'[t]],t]-D[T,q3[t]]-Q2==0;
Simplify[Leql]
Simplify[Leq2]
Simplify[Leq3]

Lagrange's equations of motion - example 4
kinematics

transformation matrix from RF1 to RFO0

1 0 0
0 Cos[ql[t]] sSin[ql[t]]
0 -Sin[gl[t]] Cos[gl[t]]

transformation matrix from RF2 to RF1

Cos[g2[t]] O -Sin[q2[t]]
0 1 0
Sin[g2[t]] 0 Cos[g2[t]]

angular velocity of link 1 in RFO0 expressed in terms of RF1 {il,jl,kl}

{ql [t], 0, O}

angular velocity of link 2 in RF0 expressed in terms of RF1 {il,jl,kl}
{ql [t], g2 [t], O}

angular velocity of link 2 in RFO0 expressed in terms of RF2 {i2,j2,k2}

{Cos[qg2[t]] gl [t], g2 [t], Sin[q2[t]] ql [t]}

angular velocity of link 2 in RFO0 expressed in terms of RFO {i0,jo0,k0}

{gl [t], Cos[ql[t]] g2 [t], Sin[ql[t]]q2 [t]}
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position vector of mass center C1l
of link 1 in RFO0 expressed in terms of RF1 {il,jl,kl}

(L1, 0, 0}

linear velocity of mass center Cl
of 1link 1 in RFO0 expressed in terms of RF1 {il,jl,kl}

{0, 0, 0}

position vector of mass center C2
of link 2 in RFO0 expressed in terms of RF2 {i2,j2,k2}

{L2 Cos[q2[t]], 0, L2Sin[q2[t]]}

position vector of mass center C2
of link 2 in RFO0 expressed in terms of RFO0 {i0,3j0,k0}

{2, 0, 0}

linear velocity of mass center C2 of link 2 in RFO0 expressed in terms of RF2 {i2,j2,k2}
{0, 0, 0}

position vector of mass center C3 of link 3 in RF0 expressed in terms of RF2 {i2,j2,k2}
{L2Cos[q2[t]], 0, g3[t] +L2Sin[q2[t]]}

linear velocity of mass center C3 of link 3 in RFO0 expressed in terms of RF2 {i2,j2,k2}
{a3[t] g2 [t], -Cos[q2[t]] g3[t] gl [t], g3 [t]}

position vector of mass center C3 of link 3 in RF0 expressed in terms of RFO {i0,jO0,k0}

{L2 Cos[qZ[t]]z-FSin[qZ[t}} (g3[t] +L2Sin[g2[t]]),
-Sin[qgl[t]] (-L2Cos[qg2[t]] Sin[g2[t]] +Cos[g2[t]] (g3[t] +L2Sin[g2[t]])),
Cos[ql[t]] (-L2Cos[g2[t]] Sin[g2[t]] +Cos[qg2[t]] (g3[t] +L2Sin[qg2[t]]))}

position vector of mass center of
rigid body RB in RF0 expressed in terms of RF2 {i2,j2,k2}

L iq3[t] +12sin(q2[t]]}

{L2Cos[q2[t]], O, )

linear velocity of mass center of
rigid body RB in RF0 expressed in terms of RF2 {i2,j2,k2}

[} (L+2q3[t]) a2 [t], -, Cos[q2[t]] (L+2q3(t]) ql [t], g3 [t])

position vector of mass center CR of
rigid body RB in RF0 expressed in terms of RFO {i0,j0,k0}

{L2Cos[qg2[t]]? +sin[q2[t]] ( 124

-Sin[ql[t]] (-L2Cos[q2[t]] Sin[qg2[t]] +Cos[q2[t]] (Tz‘

+q3[t] +L28in[q2[t]]),
+q3[t] +L2Sin[q2[t]])),

Cos[ql[t]] (-L2Cos[qg2[t]] Sin[q2[t]] +Cos[q2[t]] (L

, ta3[t] + L2 sin[q2[t]]))}
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inertia matrix associated to link 1 expressed in terms of RF1 {il,jl,kl}

Tlx 0 0
0 Ily O
0 0 Ilz

inertia matrix associated to bar 2 expressed in terms of RF2 {i2,j2,k2}

12 m2
2 0
0 0 0
12 m2
0 0 12
inertia matrix associated to slider 2' expressed in terms of RF2 {i2,j2,k2}
I2Sx 0 0
0 I2Sy 0
0 0 I2Sz

inertia matrix associated to bar 3 expressed in terms of RF2 {i2,j2,k2}

2
L° m3
12 0 0

0 L2 m3 0
0 0 0

kinetic energy
kinetic energy of link 1

; Ilxqgl [t]?

kinetic energy of link 2

1 2 2
24 1°“m2 gl [t]

kinetic energy of slider 2'

; (I28xCos[g2[t]]® gl [t]® +I2SzSin[qg2[t]]%® gl [t]® +I2Syq2 [t]?)
kinetic energy of link 3

1
24

2 2

m3 (Cos[q2[t]]® (L? +12qg3[t]?) ql [t]® + (L2 +12q3[t]?) g2 [t]? +12q3 [t]?)

kinetic energy of RB

5 TR (Cos[q2[t]]? (L+2q3[t])?ql [t]®+ (L+2q3[t])? q2 [£]® +4q3 [£]?)

total kinetic energy

1

24
((12I1x+ (12I28x+1?°m2+L2 (m3+3mR)) Cos[g2[t]]? +12LmRCos[g2[t]]? gq3[t] + 12 (m3 + mR)
Cos[q2[t]]?q3[t]? +12128zSin[q2[t]]® +1?m2sSin[q2[t]]?) ql [t]® +

(1212Sy +L? (m3 +3mR) + 12LmRqg3[t] + 12 (m3 +mR) q3[t]?) g2 [t]® + 12 (m3 +mR) g3 [t]?)
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gravitational force that acts on link 1 at Cl in RFO
expressed in terms of RFO {i0,j0,k0} or in in terms of RF1 {il,jl,kl}

{-gml, 0, 0}

gravitational force that acts on bar 2 and slider 2' at
C2 in RFO0 expressed in terms of RFO {i0,j0,k0} or RF1 {il,jl1,kl}

{-g (m2 +m2S), 0, 0}

gravitational force that acts on
link 3 at C3 in RF0 expressed in terms of RFO {i0,jo0,k0}

{-gm3, 0, 0}

gravitational force that acts on
link 3 at CR in RF0 expressed in terms of RFO {i0,jo0,k0}

{-gmR, 0, 0}

generalized active force Qi=)Fj. (rj)/ (gi): Q1l, Q2, Q3

0

—; gCos[g2[t]] (LmR+2 (m3+mR) gq3[t])

-g (m3 +mR) Sin[q2[t]]

generalized active force Qi=)Fj. (vj)/ (gi'): Q1, 02, Q3

0

—; gCos[g2[t]] (LmR+2 (m3+mR) gq3[t])

-g (m3 +mR) Sin[q2[t]]

Lagrange's eom

(12 I1x+ (1212Sx+1°m2 + L% (m3 + 3mR)) Cos[qg2[t]]* +12LmRCos[q2[t]]? g3 [t] +
2 (m3 +mR) Cos[q2[t]]?q3[t]? +121I2SzSin[q2[t]]? +1*m2Sin[q2[t]]®) gl [t]

2Cos[g2[t]] gl [t] ((12I2Sx-12I2Sz+L°m3 +3L°mR+ 12LmRqg3[t] +12 (m3 +mR) q3[t]?)
Sin[q2[t]] g2 [t] - 6Cos[g2[t]] (LmR+2 (m3 +mR) q3[t]) g3 [t])

(1212Sx-12128z+L?* (m3+3mR)) Sin[2qg2[t]] gl [t ]2+
4 (m3 +mR) q3[t]* (Cos[q2[t]] Sin[q2[t]] ql [t]®+q2 [t]) +
24 g3[t] (gm3 Cos[g2[t]] +ngCos[q [ }]+
LmRCos[g2[t]] Sin[g2[t]] gl [t } 2 (m3+mR) g2 [t] g3 [t] +LmRg2 [t]) +
2 (6gLmRCos[g2[t]] +12LmRg2 [t }q3 [£] + (121I2Sy+L? (m3+3mR)) g2 [t]) 0

gLmMRCos[g2[t]] +2 (m3 +mR) g3 [t] LmR (Cos[q2[t]]®ql [t]°+qg2 [t]®

2 (m3+mR) g3[t] (-gCos[q2[t]] +Cos[q2[t]]®ql [t]® +q2 [t]?)

) +



Program5.nb

(* Example 5*%*)

"LAGRANGE 's equations of motion - 3 DOF Robot "
Apply [Clear,Names["Global *"]];
Off[General::spell];

Off[General::spelll];

"transformation matrix from RF1l to RFO: R10="
R10 = {{1,0,0},
{0,Cos[ql[t]],Sin[ql[t]]},
{0,-Sin[ql[t]],Cos[ql[t]]}};
MatrixForm[R10]

"transformation matrix from RF2 to RF1l: R21="
R21={{Cos[q2[t]],0,-Sin[q2[t]]},

{olllo}l

{sin[q2[t]],0,Cos[q2[t]]1}};
MatrixForm[R21]

"angular velocity of link 1 in RFO expressed in terms of RF1l {il,jl,kl}: wlO0="
wl0 = {D[ql[t],t],0,0}

"angular velocity of link 2 in RFO
expressed in terms of RF1 {il,jl,kl}: w201="
w201 = {D[ql[t],t],D[4a2[t],t],0}

"angular velocity of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: w20="
w20=w201l.Transpose[R21]

"angular acceleration of link 1 in RFO
expressed in terms of RF1 {il,jl,kl}: alO="
al0=D[w1l0,t]

"angular acceleration of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: a20="
a20=D[w20,t]

"position vector of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: rcCl="
rc1={0,0,L1}

"linear velocity of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: vCl="
vCl =D[rCl,t]+Cross[wl0,rCl]

"linear velocity of joint B in RFO
expressed in terms of RF1 {il,jl,kl}: vB="
vB =D[{0,0, 2 L1},t]+Cross[wl0,{0,0,2 L1}]

"position vector of mass center C2 of link 2
in RFO expressed in terms of RF2 {i2,j2,k2}: rc2="
rCc2={0,0,2 Ll1}.Transpose[R21]+{0,0,L2}

"linear velocity of mass center C2 of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: vC2="
vC2 =D[rC2,t]+Cross[w20,rC2]

"position vector of mass center C3 of link 3 in RFO
expressed in terms of RF2 {i2,j2,k2}: rcC3="
rC3=rC2+{0,0,q3[t]}

"linear velocity of €32 of link 2
expressed in terms of RF2 {i2,j2,k2}
C32 of link 2 is superposed with C3 of link 3: vC32="
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vC32 =vC2+Cross[w20,{0,0,q3[t]}]

"linear velocity of mass center C3 of link 3 in RFO
expressed in terms of RF2 {i2,j2,k2}: vC3="
vC3 =D[rC3,t]+Cross[w20,rC3]

(* another way of computing vC3 is: *)
vC3'=vC32+D[{0,0,q93[t]},t];
(*vC3-vC3'={0,0,0};*)

"linear acceleration of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: acCl="
aCl =D[vCl,t]+Cross[wl0,VvCl]

"linear acceleration of mass center C2 of link 2
in RFO expressed in terms of RF2 {i2,j2,k2}: acC2="
aC2 =D[vC2,t]+Cross[w20,VvC2]

"linear acceleration of mass center C3 of link 3
in RFO expressed in terms of RF2 {i2,j2,k2}: acC3="
aC3 =D[vC3,t]+Cross[w20,VvC3]

"gravitational force that acts on link 1 at Cl

in RFO expressed in terms of RF1 {il,jl,kl}: Gl="
Gl={ -ml g ,0 , 0}

"gravitational force that acts on link 2 at C2

in RFO expressed in terms of RF2 {i2,j2,k2}: G2="
G2={ -m2 g ,0 , O }.Transpose[R21]

"gravitational force that acts on link 3 at C3

in RFO expressed in terms of RF2 {i2,j2,k2}: G3="
G3={ -m3 g ,0 , O }.Transpose[R21]

"contact torque of 0 that acts on link 1 in RFO expressed in terms of RF1l {il,jl,kl}:
TO1l="
TO01={T01x,TOly,TO1lz}

"contact torque of link 1 that acts on link 2 in RFO expressed in \
terms of RF2 {i2,j2,k2}: T12="
T12={T12x,T12y,T12x}

"contact force of link 2 that acts on link 3 at C3 in RFO expressed \
in terms of RF2 {i2,j2,k2}: F23="
F23={F23x,F23y,F23z}

"generalized active force Q1="
01=D[wl0,ql'[t]].TO1l+
D[vCl,ql'[t]].Gl+
D[wlO,ql'[t]].Transpose[R21].(-T12)+
D[w20,ql'[t]].T12+
D[vC2,ql'[t]].G2+
D[vC32,ql'[t]].(-F23)+
D[vC3,ql'[t]].G3+
D[vC3,ql'[t]].F23

"generalized active force Q2="
02=D[wl0,q2'[t]].TO1l+
D[vCl,q2'[t]].Gl+
D[wl0,q2'[t]].Transpose[R21].(-T12)+
D[w20,q2'[t]].T12+
D[vC2,q2'[t]].G2+
D[vC32,q2'[t]].(-F23)+
D[vC3,q2'[t]].G3+
D[vC3,q2'[t]].F23

"generalized active force Q3="
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03=D[wl0,q3'[t]].TO1l+
D[vCl,q3'[t]].G1l+
D[wl0,q3'[t]].Transpose[R21].(-T12)+
D[w20,q3'[t]].T12+
D[vC2,q3'[t]].G2+
D[vC32,q3'[t]].(-F23)+
D[vC3,q3'[t]].G3+
D[vC3,q3'[t]].F23

(* inertia dyadics *)

"central inertia dyadic for link 1
expressed in terms of RF1 {il,jl,kl}: I1="
11={{ml1(2 L1)"2/12,0,0},{0,m1(2 L1)~2/12,0},{0,0,0}}

"central inertia dyadic for link 2
expressed in terms of RF2 {i2,j2,k2}: 12="
12={{m2(2 L2)"2/12,0,0},{0,m2(2 L2)"2/12,0},{0,0,0}}

"central inertia torque for link 3
expressed in terms of RF2 {i2,j2,k2}: I3=
I3={{13%,0,0},{0,13y,0},{0,0,132}}

n

"kinetic energy of link 1: T1="
Tl=ml vCl.vC1/2+wl0.I1.w1l0/2
"kinetic energy of link 2: T2="
T2=m2 vC2.vC2/2+w20.I2.w20/2;
T2=Simplify[T2]

"kinetic energy of link 3: T3="
T3=m3 vC3.vC3/2+w20.I3.w20/2;
T2=Simplify[T2]

"total kinetic energy: T="
T=Expand[T1+T2+T3];

Simplify[T]

LHS1=D[D[T,ql'[t]],t]-D[T,ql[t]];
LHS2=D[D[T,q2'[t]],t]-D[T,q2[t]];
LHS3=D[D[T,q3"'[t]],t]-D[T,q3[t]];

Lagrl=LHS1-0Q1;
Lagr2=LHS2-02;
Lagr3=LHS3-03;

"First Lagrange's equation of motion"
"D[D[T,ql1'[t]],t]-D[T,ql[t]]=01"
Simplify[Lagrl]

"Second Lagrange's equation of motion"
"D[D[T,q2'[t]],t]-D[T,q2[t]]=0Q2"
Simplify[Lagr2]

"Third Lagrange's equation of motion"
"D[D[T,q3'[t]],t]1-D[T,q3[t]]=0Q3"
Simplify[Lagr3]

"numerical data"
indata={L1-0.4,.L2-0.7,LB-0.8,
I3x-55,I3y-»4,I32-1,
ml-90,m2-»60,m3-40,9-9.81,
b01-5450,g01-5300,
b12-200,g12-300,
b23-5150,g923-50,
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qlref-N[Pi/3],q2ref-»N[Pi/3],q3ref-0.25}
"control"
control={
TO0lx-»>-b01 gl'[t]-g0l(ql[t]-qlref),
Tl12y--bl2 g2'[t]-gl2(g2[t]-g2ref)+g (m2 L2+m3 (L2+q3[t])) Cos[q2[t]],
F23z-5-b23 q3'[t]-g23(g3[t]-q3ref)+g m3 Sin[q2[t]]
}/.indata
(*Lagrange's equations of motion%)
lageq={
(Lagrl/.indata)=:0, (Lagr2/.indata)=:0, (Lagr3/.indata)=:=0,
ql'[0]=0.,92"'[0]=0.,93"'[0]==0.,
ql[0]==N[Pi/18],92[0]==N[Pi/6],93[0]==0.1};
(*numerical simulation of Lagrange's eom¥*)

lagrange=NDSolve[lageq/.control, {ql,q2,q3},{t,0,15}]

Plot[Evaluate[qgl[t]/.lagrange],{t,0,15},PlotRange-»{All,All},
AxesLabel-»{"t[s]","ql[rad]"}]

Plot[Evaluate[g2[t]/.lagrange],{t,0,15},PlotRange»{All,All},
AxesLabel-»{"t[s]","q2[rad]"}]

Plot[Evaluate[qg3[t]/.lagrange],{t,0,15},PlotRange»{All,All},
AxesLabel-»>{"t[s]","q3[m]"}]

LAGRANGE's equations of motion - 3 DOF Robot
transformation matrix from RF1 to RFO0: R10=

1 0 0
0 Cos[gl[t]] Sin[gl[t]]
0 -Sin[gl[t]] Cos[gl[t]]

transformation matrix from RF2 to RF1l: R21-=

Cos[g2[t]] 0 -Sin[g2[t]]

0 1 0

Sin[g2[t]] 0 Cos[g2[t]]
angular velocity of link 1 in RF0 expressed in terms of RF1 {il,jl,kl}: wlO-=
{ql"[t], 0, O}
angular velocity of link 2 in RF0 expressed in terms of RF1 {il,jl,k1l}: w201-=
{ql’ [t], 92" [t], O}
angular velocity of link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: w20-=
{Cos[q2[t]] ql’[t], g2'[t], Sin[q2[t]] ql'[t]}
angular acceleration of link 1 in RF0 expressed in terms of RF1 {il,jl,kl}: ol0=
{ql” [t], 0, 0}

angular acceleration of link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: o20=
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{-Sinfq2[t]] ql’[t] g2 [t] +Cos[q2[t]] ql” [t],
q2”[t], Cos[q2[t]] ql’[t] g2"[t] +Sin[q2[t]] ql"[t]}

position vector of mass center C1l of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: rCl=

{0, 0, L1}

linear velocity of mass center Cl of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: vCl=

{0, -L1ql'[t], O}
linear velocity of joint B in RF0 expressed in terms of RF1 {il,jl,kl}: vB=
{0, -2L1ql [t], O}

position vector of mass center C2 of
link 2 in RFO expressed in terms of RF2 {i2,j2,k2}: rC2=

(-2L1S8in[q2[t]], 0, L2 + 2Ll Cos[q2[t]]}

linear velocity of mass center C2 of
link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: vC2=

(L2q2' [t], -L2Cos[qg2[t]] gl [t] ~2LlCos[q2[t]]®ql [t] -2Ll1Sin[q2[t]]2ql [t], O}

position vector of mass center C3 of
link 3 in RF0 expressed in terms of RF2 {i2,j2,k2}: rC3=

(-2L1S8in[q2[t]], 0, L2 + 2Ll Cos[q2[t]] +q3[t]}

linear velocity of C32 of link 2 expressed in terms of
RF2 {i2,j2,k2} €32 of link 2 is superposed with C3 of link 3: vC32=

-L2Cos[g2[t]] gl [t] -

{L2q2'[t] +q3[t] q2' (tl,
"[t] -Cos[qg2[t]] g3[t] ql'[t] -2L1Sin[q2[t]]* ql [t], 0}

2LlCos[q2[t}] ql

linear velocity of mass center C3 of
link 3 in RFO0 expressed in terms of RF2 {i2,j2,k2}: vC3=

-L2Cos[g2[t]] gl [t] -

{L2q2'[t] +q3[t] q2' (tl,
"[t] -Cos[qg2[t]] g3[t] ql'[t] -2L1Sin[q2[t]]* gl [t], a3 [t]}

2LlCos[q2[t}] ql

linear acceleration of mass center Cl of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: aCl=

{0, -L1ql”[t], -Llql’[t]?}

linear acceleration of mass center C2 of
link 2 in RFO expressed in terms of RF2 {i2,j2,k2}: aC2=

{L2Cos[qg2[t }]Sl [q2[t]] ql'[t]® +2L1Cos[q2[t]]? Sin[q2[t]] ql [t]® +
2L18Sin[q2[t]]® gl [t]? +L2g2” [t], 2L2Sin[g2[t]] gl [t] g2’ [t] -L2Cos[qg2[t]] ql”[t] -
2L1Cos[q2[t]]? gql” [t }-2Llsln[q2[ t]]1%ql”[t], -L2Cos[q2[t]]%ql’ [t]® -
2L1Cos[q2[t]]° gl [t]® -2L1Cos[g2[t]] Sin[g2[t]]?ql’ [t]? -L2q2 [t]?}
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linear acceleration of mass center C3 of
link 3 in RFO expressed in terms of RF2 {i2,j2,k2}: aC3=

{L2Cos[g2([t]] Sin[qg2[t]] ql’[t]® +2 L1 Cos[qg2[t]]® Sin[q2[t]] gl [t]° +
Cos[q2[t]] g3[t] Sin[g2[t]] ql [t]? +2LlsSin[qg2[t]]® ql’ [t]? +
292 [t] g3 [t] +L2q2” [t] +g3[t] g2”[t], 2L2Sin[q2[t]] g1’ [t] g2’ [t] +
293[t] Sin[q2[t]] ql'[t] g2'[t] -2Cos[qg2[t]] q1'[t] g3'[t] -L2Cos[q2[t]] ql” [t] -
2L1Cos[q2[t]]?gl” [t] -Cos[g2[t]] g3[t] ql”[t] -2L1Sin[q2[t]]*ql”[t],

L2 Cos[q2[t]]%ql [t]®-2LlcCos[qa2[t]]® gl [t]®-Cos[q2[t]]?g3[t] ql [t]®-
2L1Cos[qg2[t]] Sin[q2[t]]%ql [t]? -L2qg2' [t]® -g3[t] g2 [t]? +qg3" [t]}

gravitational force that acts on link
1 at Cl in RF0 expressed in terms of RF1 {il,jl,kl}: Gl=

{-gml, 0, 0}

gravitational force that acts on link
2 at C2 in RFO expressed in terms of RF2 {i2,3j2,k2}: G2=

{-gm2Cos[qg2[t]], 0, ~-gm2Sin[q2[t]]}

gravitational force that acts on link
3 at C3 in RFO0 expressed in terms of RF2 {i2,3j2,k2}: G3=

{-gm3Cos[qg2[t]], 0, ~-gm3Sin[q2[t]]}

contact torque of 0 that acts on link
1 in RF0 expressed in terms of RF1 {il,jl,kl}: TO1l-=

{T01x, TOly, TOlz}

contact torque of link 1 that acts on
link 2 in RFO0 expressed in terms of RF2 {i2,j2,k2}: Tl2=

(T12x, T12y, T12x)}

contact force of link 2 that acts on link
3 at C3 in RFO expressed in terms of RF2 {i2,j2,k2}: F23=

{F23x, F23y, F23z}

generalized active force Ql=

TO1lx

generalized active force Q2=

Tl2y-gL2m2Cos[qg2[t]] -gm3Cos[qg2[t]] (L2+qg3[t])

generalized active force Q3=

F23z-gm3 Sin[g2[t]]

central inertia dyadic for link 1 expressed in terms of RF1 {il,jl,kl1l}: Il=

2 2
[(P5™ 0,0}, {0, B5™, 0}, (0, 0, 0}

3
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central inertia dyadic for link 2 expressed in terms of RF2 {i2,j2,k2}: I2=

122 m2
==

122 m2

0,0}, {0, =55

, 0}, {0, 0,0}}

central inertia torque for link 3 expressed in terms of RF2 {i2,j2,k2}: I3=
{{13%, 0, 0}, {0, I3y, 0}, {0, O, I3z}}

kinetic energy of link 1: Tl-=

2
3

L1’ml gl [t]?

kinetic energy of link 2: T2-=

% m2 ((6L1% +T.2% + 6 L1L2Cos[q2[t]] +L2% Cos[2g2[t]]) ql’[t]? +2L.22 g2' [t]?)
kinetic energy of link 3: T3=

1

5 m2 ((6L1% +L2%° + 6 L1 L2 Cos[g2[t]] +L2% Cos[2qg2[t]]) gl [t]® +2L2% q2' [t]?)

total kinetic energy: T-=

|-

1

N

((3I3x+3I32+8L1°ml +24L1°m2+4L2°m2+24L1°m3+3L2°m3+24L1L2 (m2+m3) Cos[q2[t]] +
3I3xCos[2q2[t]}—-3I3zCos[2q2[t]}4—4L22m2Cos[2q2[t]}4—3L22m3Cos[2q2[t]}+
12m3Cos[q2[t]] (2L1+L2Cos[g2[t]]) g3[t] + 6m3 Cos[q2[t]]% g3 [t]?) ql’ [t]® +

2 (3I3y+TL2% (4m2+3m3) +6L2m3g3[t] +3m3g3[t]?) q2' [t]®+6m3 g3 [t]°)

First Lagrange's equation of motion
D[D[T,ql'[t]],t]-D[T,ql[t]]=01

% (-6 TO1x-2ql’ [t] (2 (6 L1L2 (m2+m3) + (3I3x-3I3z+L2% (4m2+3m3)) Cos[qg2[t]] +
6m3 (L1+L2Cos[g2[t]]) q3[t] +3m3Cos[q2[t]] g3[t]?) Sin[g2[t]] q2'[t] -
6m3Cos[q2[t]] (2L1+L2Cos[qg2[t]] +Cos[a2[t]] g3[t]) a3’ [t]) +
(3I3x+3I32+8L1°ml +24L1°m2+4L2°m2+24L1°m3+3L22m3+
24L1L2 (m2+m3) Cos[g2[t]] +3I3xCos[2qg2[t]] -
31I3zCos[2qg2[t]] +4L2°m2Cos[2q2[t]] +3L2*°m3 Cos[2q2[t]] +
12m3 Cos[qg2[t]] (2Ll +L2Cos[g2[t]]) g3[t] + 6m3 Cos[q2[t]]% g3[t]?) ql”[t])

Second Lagrange's equation of motion
D[D[T,q2'[t]],t]-D[T,g2[t]]=02

-Tl2y +gL2m2Cos[g2[t]] +gL2m3Cos|[qg2[t]] +

% (6L1L2 (m2+m3) + (3I3x-3I3z+L2% (4m2+3m3)) Cos[q2[t]]) Sin[qg2[t]] ql’ [t]® +
2L2m3 g2 [t] g3’ [t] + I3y g2’ [t] + 212 m g2’ [t] +L2°m3 q2” [t] +

3
m3 q3[t]? (Cos[qg2[t]] Sin[q2[t]] ql’ [t]® +q2" [t]) +
m3 g3 [t] (gCos[g2[t]] +2 (L1 +L2Cos[q2[t]]) Sin[qg2[t]] gl [t]? +2q2 [t] g3’ [t] +2L2q2” [t])

Third Lagrange's equation of motion
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D[D[T,g3"'[t]],t]-D[T,q3[t]]=03

-F23z+gm3Sin[g2[t]] -m3Cos[g2[t]] (2L1+L2Cos[g2[t]] +Cos[g2[t]] g3[t]) ql’ [t]2 -
m3 (L2 +q3[t]) g2’ [t}2 +m3g3” [t]

numerical data

{L1-0.4,12-0.7, LB-» 0.8, I3x—>5, I3y >4, I3z—->1, ml - 90,
m2 - 60, m3 - 40, g—»9.81, b01 - 450, g01 - 300, b12 - 200, gl2 - 300,
b23 - 150, g23 - 50, glref - 1.0472, g2ref - 1.0472, gq3ref - 0.25}

control

{TO1lx - -300 (-1.0472 +ql[t]) - 450 gl  [t],

T12y - -300 (-1.0472 +g2[t]) +9.81Cos[g2[t]] (42.+40 (0.7 +9g3[t])) -200qg2’[t],
F23z - -50 (-0.25 +q3[t]) +392.4 Sin[q2[t]] - 150 g3’ [t]}

{{dl » InterpolatingFunction[{{0., 15.}}, <>],

g2 -» InterpolatingFunction[{{0., 15.}}, <>],
g3 -» InterpolatingFunction[{{0., 15.}}, <>]}}

gl[rad]

- Graphics -

g2 [rad]

- Graphics -
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q3 [m]
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- Graphics -
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