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Sequences and Series

Sequences of Numbers

A sequence of numbers is a function whose domain is the set of positive integers.

Example

0, 1, 2, . . . n-1, . . .forasequence whose defining ruleis a, =n—1
I 1 1 : : 1

L, — —, . . . —, . . . forasequence whose defining ruleis a, = —
2 3 n n

The index n is the domain of the sequence. While the numbers in the range of the
sequence are called the terms of the sequence, and the number a, being called the n"-
term, or the term with index n .

_n+l

Example a,=—— then the terms are
n
1" term 2" term 3 term n"  term
3 4 n+1
a, =2, aZZE’ a3=§, C anZT,

and we use the notation {an} as the sequence a, .

Example
Find the first five terms of the following:

2n-1 1—(=1)’ e
(a){3n+2}’ (b){ n’ } (){( Y (2n—1)!}

Solution
(a) l) Ea ia la 2 (b) 29 Oa R 03 i
5 8 11 14 17 125
—x3 .xs —x7 X9
(c) Xy T Ty T oo T
3! 5! 7! 9!
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Example
Find the n"-term of the following:
I 2 3 In2 In3 In4 1 2 3
(a) Oa N A o (b) 09 = ’ = ’ = > (C) 03 e e T o
2 3 4 2 3 4 4 9 16
2> 2t 2
(d) 29 1: 3_2 D ? ’ 5_2
Solution
n—1 Inn n—1 !
(@a,=——, (b)a,=—-, ©a,=—, (da,=—
n n n n

Convergence of Sequences

The fact that {an} converges to L is written as

lima, =L or a, >L as n—>ow

n—

and we call the limit of the sequence {an}. If no such limit exists, we say that {an}

diverges.

From that we can say that

1) lima, =L (Conv.)

2) lima, = (Div.)

3) li 4 Di
ima, = .
n—w L2 ( IV)

Also, if A=lima, and B =limb, both exist and are finite, then

n—0 n—>0

i) lim{a, +b }=A+B

n—0

i) lim{ka, } = kA

n—o0
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iii) lim{a, -b,} = 4- B

n—>0

: A
iv) hm{ﬂ} = 3 provided B # 0 and b, is never 0

n—w | b
Example
Test the convergence of the following:
1 ;
(a) {;} ) 1+ (=D}, (0) i}, (d) Wn+1—-+/n},

3n’ —5n 3n? —4n 2n—-3 ! 2n’ —4n®
h
© {5n2+2n+6}’ (D{ 2n-1 } (® {(3;1—7) } (){3n7+n2—10}’
OPES 0] {ln”}
5n e"

Solution
(a) lim(lj =0 (Conv.)
n—»0 n
. , 0 n odd
() Lim(l + (=1)")= 1+ lim(~1)" ={ (Div.)
n—® n— 2 n even
(¢) lim(n* )= o0 (Div.)

n—>0

o i1 )=t (G e il

=lim !

n»w(m+f) ot

=0 (Conv.)
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3n* 5n
2 _ T
@ lim| " =" | _fim 2" |
n—o\ Sp° +2n+6 n—o §§7 A%Q ji
n® n* n
3n®  4n

G) lim hl—nn):lim(l/—nn):hm( lnj=l=0
e e\ e o\ 1. 0

Example

Prove the following limits

Inn

n—»o0 n Nn—»0 n—0

() lim _):O’ ) lim(&/n)=1, () lim(x"")

[x

n—0 n n—»0

(d) lim 1+f) —e¢*  (any x), (e) lim

n

n!

|

1

0
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(Conv.)

(Div.)

(Conv.)

(Conv.)

(Div.)

(Conv.)

(x>0),

(any x)
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Solution
. (In . (1/ 0
(a) hm(—nj = llm(—n) =—=0
1
(b)Leta, =n"" then Ina, =Inn""=—Inn—0,
n
So, limn"" =™ — ¢’ =1
1
(¢ Leta, =x"",then Ina,=Inx""=—-Inx—0,
n
So, limx"" =" — ¢’ =1
x n
(d) Let a, = (1 +— | , then
n
Ina, = 11r1(1+z = n.ln(l+f)
n n
( 1
. X . Inll+x/n .
So, hmn.ln(1+—j=hm¥= m L+x/n
n— n n—0 1/n n—0
—lim— " =x,
oo+ x/n
x " na X
Thus, (l—i-—) =a =e"" >e
n

o) G HE -
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Exercises on Sequences

Find the values of a,, a,, a,and a, for the following sequences

1-n 1 (—1)”+1
1 a = 2 a =— 3 —
) 4 n’ ) n! ), 2n—1
2" 2" —1
49 a,=2+(-1)" 5 a = 6) a =
) ( ) ) n 2}’l+1 n 2}1

Find a formula for the n" term of the following sequences

1) L-LL-L1L... 2) —-LL-L1—1,.... 3 1,—4,9,-16,25,...

9 L1 L1 5 0381504, 6 —3-2-101,.
4°9" 16725

7 15913.17,.. 8 2.6,10,1418,.. 9 1,010,

Which of the following sequences converge and which diverge?

1) a,=2+(0.1)" Ans. Converges, 2
2) a,= L=2n Ans. Converges, —1
1+2n
4
3) a,= 14 o 5 Ans. Converges, —5
n +8n
2
49 a, :n—2n+1 Ans. Diverges
n—1
5) a,=1+(-1)" Ans. Diverges
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(n+1j( 1)
6 a,=|——|1--
2n n

n+l
S E)
2n—1
n+l1
.(72 1)
9) a,=sin| —+—
2 n
sin n
10) a, =
n
1 a ="
n 2}1
12) nzln(n+1)
n
13) a,=8""

14) a = (1+Zj
n

15) a,=%10n

1/n
3
16) a,6 = —j
n
Inn
17) a, = T
n
18) a =3/4"n

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.
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Converges, —
2
Converges, 0
Converges, 2
Converges, 1

Converges, 0
Converges, 0

Converges, 0
Converges, 1
Converges, e’
Converges, 1

Converges, 1

Diverges

Converges, 4
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n!
10°

1/(Inn)
21) a = (lj
n
2) a - (371 +1j
3n—1

. 1/n
23) a,= al , x>0
2n+1
B 3}’[ X6}’l
27" xn!

25) a, =tanh(n)

20) a, =

N}

24) a

260) a = sin —

27) a,=tan"'(n)

' 1
28) a,=|-| +
(?J V2!

200
29) (ln n)

300 a =n—+n*—n

31) a =lj.ldx

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.
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Diverges

Converges, e
Converges, e
Converges, x (x>0)

Converges, 0
Converges, 1

Converges,

RN N —

Converges,

Converges, 0

Converges, 0

Converges,

N | —

Converges, 0



