Deflection of Beams

The deformation of a beam is usually expressed in terms of its deflection from its
original unloaded position. The deflection is measured from the original neutral
surface of the beam to the neutral surface of the deformed beam. The configuration

assumed by the deformed neutral surface is known as the elastic curve of the beam.
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Numerous methods are available for the determination of beam deflections.

These methods include:

Double-integration method
Area-moment method
Strain-energy method (Castigliano's Theorem)

Conjugate-beam method
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Method of superposition

Of these methods, the first two are the ones that are commonly used.
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double integration method

The double integration method is a powerful tool in solving deflection and slope
of a beam at any point because we will be able to get the equation of the elastic

curve.

In calculus, the radius of curvature of a curve y = f(x) is given by
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In the derivation of flexure formula, the radius of curvature of a beam is given as:
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Deflection of beams is so small, such that the slope of the elastic curve dy/dx is
very small, and squaring this expression the value becomes practically negligible,

hence:
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If El is constant, the equation may be written as:

Ely" =M

where x and y are the coordinates shown in the figure of the elastic curve of the
beam under load, y is the deflection of the beam at any distance x. E is the modulus
of elasticity of the beam, | represent the moment of inertia about the neutral axis,
and M represents the bending moment at a distance x from the end of the beam.

The product El is called the flexural rigidity of the beam.

The first integration y' yields the slope of the elastic curve and the second
integration y gives the deflection of the beam at any distance x. The resulting
solution must contain two constants of integration since EI y" = M is of second
order. These two constants must be evaluated from known conditions concerning
the slope deflection at certain points of the beam. For instance, in the case of a
simply supported beam with rigid supports, at x = 0 and x = L, the deflection y = 0,
and in locating the point of maximum deflection, we simply set the slope of the

elastic curve y' to zero.
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Example 1
Determine the maximum deflection & in a simply supported beam of length L

carrying a concentrated load P at midspan.

Solution
) 4
P
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Ry =P/2 R, = P/2
L L >

E@y" = %P,r — Plx — %L}
Ely = %P.TE — %P{u: — %L}E +

Ely=3iPzs® —iP(x— %L}B + Oy + O

1z G

Atx =0,y =0, therefore, C2=0

Atx=L,y=0
0=ZPL*—iP(L- 1Ly +C\L

12 1]

0=L1PL%— j—SPLS + ' L

C, =—LpPrL?
Thus,
1 3 1 1 3 1 3.



Maximum deflection will occur at x =% L (midspan)
Elyyper = &= PL* —0— L PL?

_PI3
mazx = ARE]

The negative sign indicates that the deflection is below the undeformed neutral

axis.

Therefore,

PL?
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Example 2

Determine the maximum deflection ¢ in a simply supported beam of length L

carrying a uniformly distributed load of intensity w, applied over its entire length.

Solution
From the figure B = .
EIy" = sw,Lr — w,x(iz) ‘ ‘ - e ‘ ‘

- I
Ely" = jw,Lx — Jw,z’ ”V‘”‘” yyvyyyvyyvreyy
Ely = qw,Le* — 2w,a® + C, _ .4
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Atx =0,y =0, therefore C2=0

Atx=L,y=0
0= %u'“.ﬂ4 - iu‘aL'} + C L

), =— %w,, L?

Therefore,

Ely= %tt'“ La® — ﬁu‘,,n:" — ﬁu',, Lir
Maximum deflection will occur at x =% L (midspan)
ElYimar = L“‘nL(%L]S - _,L“Lo(%{‘]* - ﬁtt.{}Lz[éL]
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Example 3

Determine the maximum value of Ely for the cantilever beam loaded as shown

in the figure. Take the origin at the wall.

Solution
Ely"=—-Pa+ Pr— Plr—a)
Ely = —Pax + ;Pr® — 1Pz —a)® + C)

Ely = —%P(L.’Ifz + %F"n:3 — %P{.r —a)d 4+ Ciz+ Oy

-
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V=P

Atx =0,y =0, therefore C1=0
Atx =0,y =0, therefore C2=0
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Therefore,
Ely = —2Pax® + 2Px® — 2P{x —a)®

The maximum value of El y is at x = L (free end)

ElYmar = —3Pal® + 1PL? — 1 P(L — a)®

ETypar = —1Pal? + LPL? — LP(L? — 3L2%a + 3La® — a®)

El Y = —%FwLE + éPLS - éP’L3 + %PLEEI - %FL(TZ + éPﬂZ
ET yypar = —%FLHE + éPuS

ET Y = —%FLHE + éPﬂS

ElYyar = —2Pa*(3L — a) answer

Example 4
Compute the value of EI 6 at midspan for the beam loaded as shown. If E =10
GPa, what value of (1) is required to limit the midspan deflection to 1/360 of the

span?

300 M/m
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Solution
Y My, =0
4R, = 300(2)(3)

R, = 450N

Y My =0
AR, = 300(2)(1)

R, = 150N

EIy" = 4502 — 1(300)2® + 1(300) (x — 2)°
ETy" = 4502 — 1502 + 150{x — 2
Ely = 225x% — 502° + 50{x — 2}* + C|

Ely="7z" —125z* +125{(x -2 + CLx + C,
Atx =0,y =0, therefore C2=0
Atx=4m,y=0

0= 75(4%) — 12.5(4%) + 12.5(4 — 2)* + 4,4

) = —450N - m?

Therefore,
ETy=75a —12.52* 4 12.5(x — 2)* — 450

300 N/m




At x =2 m (midspan)
ET Ypidapan = T5(27) — 12.5(2%) + 12.5(2 — 2)* — 450(2)

EI Ynidapaon = —500N - m?

ETI ti1r.lerJ‘.-s;|'.:r.rﬂ = 500N - m*

Maximum midspan deflection

arr.l.\i:i'.upan — ﬁ-[" = ﬁ(.ij = ggin
— 100

arr.l.\i:{.ujmn = 5 1nm

Thus,

100001 (32 = 500(10007)

4

I = 4500000 mm*

I =45 10°mm? answer

Example 5

Determine the value of Ely midway between the supports for the beam loaded as

shown.
200 N/m
M = 1800 N-m
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Solution

X >

200 N/m

| |

o Lo, AY- G5 AR AR 4D A0 Ab 8N
O |

YMp, =10 <
GR, + 200(4)(0) = 1800 M = 1800 N-m
F o,

== 1—=

R, =300N \:’L,
< .

2m 2m

Ry =300 N

SMpy =0
6]y + 1800 = 200(4)(6)

R, = 500N

EIy" = 3002 — 1800 (& — 2)° + 500 (r — 6) — L(200) {x — 4)?
ETy" = 3002 — 1800 (x — 2" 4+ 500 (x — 6} — 100 (o — 4)*

' A2 o e 2100 ) 443
Ely = 15027 — 1800 {x — 2 + 250 {x — 6% — 190 (5 _ 4)® | ¢,

3

Ely=>50z" —900 (2w -2+ 28 (0 —6)" — L {z —4)* + Cra + C;

Atx =0,y =0, therefore C2=0
Atx=6m,y=0

0 =50(63) - 900(42) - (25/3)(24) + 6C1
C1 =5600/9 N-m3

Therefore,
Ely =50 —900 (x—2)° 4+ 28 (r—6)° — 22 (x —4)* + 220y
Atx=3m

ETy =50(3%) —900(1%) + 2220(3)

— G950 3
Ely="3"N-m answer
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Example 6

Compute the midspan value of EI 6 for the beam loaded shown.

600 N/m
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Compute the value of El y at the right end of the overhanging beam shown.

1000 Ib

|

400 |b/ft
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