Kinetic theory

m Overview:
= Distribution functions

= Basic equations:
= Boltzmann
= Vlasov
= Fokker-Planck

= Collisions:
= Neutral meets neutral
» Neutral meets charge
» Charge meets charge

= Pre-requisites:

= Nnone
= Thermal motion of the particles is considered
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Phase space and distribution function

Point in phase space:
é = (q1,2,93;p1,P2,P3) = (¢, D)

Velocity in phase space:

C_":@: dgi dgp dgs dpr dpe dps\ _ (dq dp
dit dt’ dt’ dt’ dt’ dt’ dt dt’ dt

Phase space density and particle density in 3D space: space:

n(@,1) = ] 1(@,5,8) 4%
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g(v)
Maxwell distribution |..

~ exp(—v?)

= Kinetic energy in a volume element:

m, . o\ [ m(T—@)2f(F, U, t)dv 0 Uth 2um  3vim
<E(’“‘”) >‘ 2 [ (7, 0,t)dv (a)
: L J(ve
= Fluctuating kinetic energy & pressure: (Tf )
P 2 /m,,
.= (300 e /
= Maxwell distribution: /
—2vtn —VUth 0 Uth Vg
L m o \° m(v — 1)> (b)
f(7,5:1) ”’\/(mBT) eXp{_ 2T } F(os)
= Thermal speed: e
2kpT
Uth =
m

s Speed instead of velocity: = ;
f/ (7 U, t) dQ, v? dv = (4n f (7, |v|, t)v?) dv = g(F,v) dv (c)
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Other distribution functions

s Bi-Maxwellian

1. = () e oo { - f i —ui)")
T N 27!']4:]3 TJ_\/jT” *P QkBTH *P k‘BTJ_
= Allows for the consideration of different speeds parallel and

perpendicular to the field:
2m v — u|| > = %kBTHs and <%m(’UJ_ - uJ_)2> = kT

l A A
\ //h \

isotropic anisotropic drifting Maxwellian loss cone

= Kappa-distribution: high energetic tail as power law in E:

T P o PO Gl
HOE =N\ 2nksT o
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Distribution function and measured
quantities

m Differential flux: number of particles in the energy band from E to
E+AE, coming from the direction Q within a solid angle AQ2, going
through a surface dA perpendicular to Q2 within a time interval dt:

J(E,Q,7t)dAdQ dt dE

=  Omnidirectional intensity:

1 - "
Jomni(B,7,t) = —— / J(B,Q, 7, 1) dS

= Relation between differential intensity and phase space density:

i 2

J(B, 0, 7,1) = — {7, ,1)
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Basic equations

= The equation of motion in phase space described the evolution
of a particle ensemble:

= Boltzmann equation: most general form, yields the Maxwell-
distribution

= Vlasov equation: forces are electromagnetic only

= Fokker-Planck equation: considers also collisions between the
particles

m Basic concept: equation of continuity in phase space
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Boltzmann equation

Equation of continuity in phase space:

Vs (fO) =0 o L yv.@p+v.-@n=o

Force independent of velocity = collisionless Boltzmann equation

%+’J-Vrf—l—&‘-vvf:0 or —+?7-Vf+—-—v:0

d o
Or for short: d—{ =0 , the medium in phase space can be

regarded as an incompressible fluid.

y ) R ) A
Collisions added: —-+4-Vf+—. == (a)

Reduced Boltzmann equation: changes in f due to collisions are

small: of
it =g
( ot >coll
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Vlasov equation

= Insert Lorentz force into Boltzmann’s equation:

of . UxB of
=L 2\ E
8t+ -Vf+ ( + - ) 81) =0

= Problem: Boltzmann applies to forces which are independent of
velocity;

= Lorentz contains velocity explicitly.

= but: we are looking at the gradient of the acceleration in velocity
space, that is ca_x/ov_x=0

= Jeans theorem: kinetic theory and orbit theory are equivalent:

M oo F 0u Of dyi _
Z(at—l—v VY — ) Za%dt_

7
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Fokker-Planck equation I

Problem: collisions are not a deterministic but a stochastic process:

= Probability distribution function for the change in velocity during a time
interval At

= Multiplying with phase speed density f(t-At) yields phase speed density
f(t)

F(F.5.t) = / F7. 5 — At — At) $(F — AT, AT) d(AT)

Limitation to small angel scattering = Taylor expansion

o AGAT  9°
F(7,5,t) = / [f(F,ﬁ,t—At)w(ﬁ,Aﬁ)—Aﬁ- (éf;)]d(Aﬁ)Jr / { —— O ag? d(A7)

Normalization of probabilities (some scattering always takes place)
allows simplification

O/ (A7) | 1 0
ov 2 0U0v

© (f(ATAD))

f(r,v,t) = f(r,0,t—At) —

with (AT) = / YATA(AT) and (ATATD) = / VATAT d(AD)
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Fokker-Planck equation 11

H Acceleration: friction allows
. CO”ISIOnS (See above) for the acceleration of slow
- - - - partices on the expense of
ﬁ — f(’r, Y, t) _ f(r, v, b — At) the faster ones and vice
ot ) .ol At versa

s Insert into Fokker-Planck:

of . 1 9 3}
(35) A= g (A + § oz QU (A7AD)
('3f Di_ffusi_on in veloci_ty space:
or (E) At=—V,-(D-Vy-f) widening of the distribution
coll

= Evolution of a supra-thermal particle population

V1

i3 s

Monoenergetic beam evolves
into an isotropic ring;

¢ Evolution slow if the number of

\ \ tl
\/ B 'UTI collisions with large changes in
angle is small!!!
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Collisions

Required to establish a maxwellian

In Fokker-Planck’s equation consequences of individual collisions

are assumed to be small

In a plasma collisions occur between
= Two neutrals

= Neutral and charged particle (identical with collision between two
neutrals)

= Two charges particles

Conseqguence: Gyro-center shifted
to a different line of force
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Mean free path (neutrals)

= Definition mean free path A from
the distribution of path length L
between two subsequent collision:

3

= Reduction of a particle beam
passing matter with particle
number density n and scattering
Cross section o

1

NgO

N(z) = N, exp(—onsz) = N, exp(—z/)\) A=

= Time between two collisions and collision frequency:
) 1

T= ) = Ve = Nso (V)
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Coulomb collisions

Scattering of a charge in the Coulomb field

Cross section for scattering by more than 90°

2 et
T>900 = Mo = e 24

corresponding to a collision frequency:

net

Vei,>90° =NoV = ——5 3
167mm2v3

Plasma: ratio between scattering by small and large angles described by

the Coulomb logarithm A:

09/05/2005

)\% - Tgoo < /\12) ~ 9 2 47T A3 . . A2
P} -~ 2 ~ —Tn D —_—
TQOQ Tgoo ZTZF 3
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Summary

Interactions in a plasma are stochastic, therefore description by
a distribution function

formally: phase space density, Liouville”s theorem

Evolution of phase space density can be described by

Boltzmann equation (most general equation)

» Contains the Maxwell distribution
= The medium in phase space can be treated like an incompressible fluid

= Vlasov equation: electromagnetic forces
= Fokker-Planck equation: collisions
= Collisions:

Important parameter: mean free path
In a plasma most collisions lead to deflections by small angles only.

Reason: Debye screening.
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