ON CLASSICAL ELECTROMAGNETIC FIELDS

I X.

OPTICAL PULSE PROPAGATION
THE ELECTROMAGNETIC NONLINEAR SCHRODINGER EQUATION:

We begin our discussion of optical pulse propagations® with a derivation of the nonlinear
Schradinger (NLS) equation. To that end, we recall Equations|[ VII-23] and [ VII-23]
from the early lecture set entitled Nonlinear Optics| -- i.e.

N? E(F w) - N(N E(F,w)) +(w2/czeo) &(w) <E(F,w)=-mw? PM)(Fw)  [1X-1]
N fe(w) (T, w) =- N #M)(F,w) [1X-2]

In this treatment we will confine our attention to wave propagationin uniform, isotr opic
optical materials-- viz., glassfibers. For such materials, we can write

BUL(F W) = e (W) E(F,w) [1X-3]
where e, (F,w) = %eo ¢l E(F,vv)|2 and, thus, Equation [ 1X-1] simplifiesto
R E(F.w) +(k /eo) [e(w) +ey, (Fw)] E(F,w)= 0 [1X-4]

where k,=wj/c.%

To proceed, postulate that this nonlinear Helmholtz equation can be treated by separation

of variables methods. In particular, we are looking for atime-localized solution (a

35 An excellent reference on this subject is Govind P. Agrawal’s Nonlinear Fiber Optics, Academic Press (1989)

ISBN 0-12-045140-9.

1

36 |n this simplification, we have taken N E(F,W)Z - [e(w)- eNL(F,W)]_ E(F,W) <N eNL(F,W) » 0.
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pulse) with arelatively narrow frequency spectrum (or “group” of frequencies centered on

afrequency w,,. Thus, we assume a seoaration of variables solution

E(T.w) = Fx.y) (ZW w,) exp(- ibg 2) [1X-5]
where b, isawave or propagation number to be associated with w,, and, thus, Equation

[ 1X-4] becomes

1°F ﬂzz [ b]FE;G-'-I:T(?_IZ) —+|:b2 bgﬂ égF:O [ 1X-6]

—s +

T Ty

where k= k \/[e(w) +e (FW)] /e, . Inthelinear problem B2 would be the “ separation

constant,” but in this case we will need a bit more elaboration. Nevertheless, we shall
assume that we can find a set of functions F(x, y) and values b? that satisfy the equation

W-i_ﬂ_yz +[k2- BZ] F=0 [IX-7a]
2Q e —
so that % imar%+[52- b2l G=0 [1X-7b]

To use perturbation theory, we first reduce Equation [ IX-7a] to a solvable linear problem
by writing
2
ko[e(w+eNLrW]/e—[ w)+D n( )] K

»[n +2n(w) Dn W] k? [1x-8a]

b =[b+Db]2»b2+2b Db [1X-8b]
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eNL(r’ ) 3 CE(x)xx( |E

2 .
2n(w) 8 n( | Thus, to first order we need to solve

where Dn (W) =
the linear equation

TF, ﬂz

e +[n*5- b*| F=0. [1X-9]

which taken together with appropriate boundary conditions defines the linear eigenvalue
problem for propagation in the medium where the functions F are the eigenfunctions and
the values b arethe eigenfunctions. Inthe previous lecture set -- i.e., VIII. Guided Waves
in Planar Structures -- we found a set of eigenfunctions and eigenval ues appropriate to the
dielectric-dab guidewave propagation

5=

G
Following an earlier discussion, we now presume that % < 2b°“1'1|1_z‘ -- i.e., wetake
theslowly vary amplitude or paraxial approximation -- so that Equation [ 1X-7b ]
reduces to
-i 2b, —+[b b2l G=0 [ 1X-10a]
where b?- b2 »b?*- b2 +2b Db and, thus,
-iZJctr‘[%—CZ;+[b2-b§tr G+2bDb G=0 [ 1X-10b]

For equation [ 1X-7a] to be completely satisfied in first order, we must have
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_nk @D |F(x,y)| dx dy
b @F (x.y)| dxdy

_3K > @IF (x.y)| dxdy
2 Q@lF (x,

8b XXXX )l dxdy [ 1X-11]

G(zw w

Since we are assuming that propagating pulse has arelatively narrow frequency spectrum,

it isreasonable to use a Taylor expansion around w,, for b (W) - Viz.

b(w)»bm+(w-wcﬂ)bl+51|( w,) b +;(w We) byt [IX-12]

¢ W)
where b, = .

W=W,

Near the dispersion minimum in glassfibers(i.e. | » 1.3- 1.6nm ) we may, to very
good approximation, stop with the quadratic term and write

u
bz- bitr» 2bctr[b bctr _ZbCIréW Wctr b + 1(W w ) b28 [IX'lB]
In this approximation, Equation [ 1X-10 ] becomes
1G . 1 2. U= ib ~
E+Ig )b 5 (W) by Gt b—rDbGZO. [1X-14a]
If wetake
_ b b= 3k (9 (‘ﬂF(X’Y)r dxdy
g_ b_ D - Cxxxx PN 2 [ IX-15]
(ﬂF(x,y)| dxdy
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Equation [ 1X-10] inthe frequency domain reducesto

1G

€ 1 2. U= . 1212 =
EH éw- Wc)bl+5!(w- w,) bZHG:- i g|G| G . [ 1X-14b]

which impliesthe following time domain equation for the pulse envelope:

1G6(z, t 1G(z,t) i, TG(z,1) a - = 2

'ﬁz )+bl .ﬁt ) —Zb2 %+—2 G(z,t)=-i g|G(z,t)| G(z.t) [1X-16]
The last term on the left hand side has been added to incorporate the effects of various
possible loss mechanisms.

Next we transform into a coordinate system which moves with the “group” -- what might
be caled the surfer's coordinates of the pulse -- i.e, {t,.Z}P {t} where

t=t- ty- by(z- z)and V= z- 7= z- b;*t,. In term of these surfer's coordinates,
Equation [ IX-16 ] becomes3’

1G(Vit) _ a - i TPG(Vt) . ., 2
1(TV ). > G(V,t)+—2b2#- i g|G(vit)| G(vit) [1X-17]
Obviously, if we omit all of the terms on the right hand side of this equation so that
G(V, t
&ﬂ\/): 0, we would have the ided dtuation wherein a pulse of any shape
propagates forever without changing shape at a velocity v,= b,* --the group
37 Since
Tazn=Tevy M, Tgynt_Tz T e (-ve
PRI PO 0% [FVNIRS N Ta |
0 qz,1) = WG(V,t) T G(Vit) 0 WG(\/,t) (O)+11t G(vit) (1)
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velocity. In treating the less-than-ideal situation, we will initially neglect the effects of the
loss (first) term and confine our attention to the competing effects of the dispersion
(second) and nonlinear (third) term . We cast the lossless version of Equation [ 1X-16]
into a normalized, standard form by introducing

7T G (V’t) Vv |b2| /5 t
, —_' Z— e , I:
u( ) “30 Lo VDt2 2Dt

where Dt isthewidth of the pulseand R, isits peak power.

Thus, we, at last, obtain the standard form of the nonlinear Schrodinger (NLS)
equation

u(z,T Z,T 2
i Enz ). sgn(b,) T2)+ N*|u(z,T) u(z,T)=0 [1X-18]
where N?=1L,/L, =gP,Dt?/|b,|.

PUL SE SOLUTIONS OF LINEAR SCHRODINGER EQUATION

If in Equation [ 1X-10] weset G(z,t) b U(z,t) and neglect the loss and nonlinear terms,
we seethat U(z t) satisfies the following differential equation:

Al z,t)+v'1lu(z,t):ib ﬂ—ZU(z,t) [1X-19]
1z ¢ Mt Mt?
2
For minimal dispersion -- viz. if b:%%\,\g\,) »0 -- Equation [ 1X-19 ]
becomes
1 a1
—U(z,t) +v."—U(z,t)=0 IX-20
b CUAS A [1X-20]
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which is the basic wave equation for minimally dispersive media with the general

solution
U(z t) =U(z- v, t) [1X-21]
é G
where v, = éw U isthegroup velocity of the pulse.
’ é dw w=w :

When limitationtofir st order disper sion is an adequate approximation, Equation
[ 1X-19] expressed in surfer’ s coordinates becomes
T l

b U(Vit) +i ﬂ—VU(\/,t):O [1X-22]

where b=Db,/2.

Amazingly, this pulse dispersion equation is the, so called, parabolic
equation that we saw earlier in connection with beam propagation -- viz.
the paraxial wave propagation equation.

Solution of Pulse Dispersion Equation
For convenience, we restate here Equation [ 1X-22} the first-order pulse dispersion
equation -- viz.

blZU(Vt)+i1U(Vt):0
W v

Let uswrite a Fourier transform for this modulation in terms of "surfer time" --i.e.
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+¥

WV,t)= QU(Viw) exp(iw t) dw [ 1X-23a]

-¥

where

UVw) = — 2 (V t) exp(- iwt) dt - [ 1X-23b]

-¥

Thus, the pulse dispersion equation reducesto an ordinary differential equation -- viz.

i d_d\/ U(Vw) = bw? U(V,w) [ 1X-24]

for the Fourier transform and thus we have the ssmple solution
UV,w) = U(ow) exp( i bw’ \& [1X-25]

Thus, we see that the dispersion changes the phase of each spectral component
of the pulse by an amount that depends on the frequency and the propagated
distance. The genera solution may be written as

U(Vt) (OW) exp{ (wt- b w? \a] dw [ 1X-26a]

where

uo,w)= — = OU(0,t- t) expl-iw(t- t)] d(t- t) - [1X-26b]

-¥

L et us suppose that we have a"chirped’ Gaussianat V=0 --i.e.

R. Victor Jones, March 2, 2000



ON CLASSICAL ELECTROMAGNETIC FIELDS

oy - iC - t,0Y ]
uo,t to)—expe &2 oot @H [ 1X-27a]
so that
_ to e tow’
u(o,w) 2 L- 1C) expg 20 10) [I1X-27b]

where C >0 characterizes an "up-chirp" and C<0 a"down-chirp" pulse.

A Gaussian pulse with a frequency " down-chirp”

Inverting the transform, we see that

PAGE 83

R. Victor Jones, March 2, 2000



ON CLASSICAL ELECTROMAGNETIC FIELDS

U(Vt) = g o Lie)”
/T @t2+i2b\1- iC)H pA 2[t;+i2bV(1- |C)])|$
or rationalizing
i u
é t2 o 1 t2 f
U(Vt) = - 9 ,exp 2
(1) ga+i2b(- IC)H . e@ bCVo 2bvo'2“¥
o2t} ofdt—— + = G
{ & ty @ e ts zab
i u
. 2bV .
| ¥ (1+CZ)H i
T expi—— ° 7Y
T2 By 2bCVo &, 2bVo |
{ &e t 7] e Ub

Hence, the pulse width broadening factor at agiven position z is given by

Qe+ =% +G—=
e Ly,g éL,o

by

QA+
t, etgz

@ 2] 2bCVo aezva
e t: g

Jae CVo &V6

where L, =t2/2b.
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"up-chirp"

"down-chirp”

C=0

"zero-chirp"

PULSE BROADEMING FACTOR
£

0.5 1 1.5 b
RELATIVE DISTAMCE {z/Lg)

The spatial evolution of the pulse width of chirped Gaussian pulse

2
(For "normal dispersion" --i.e. b >0)
Tw’

Pulse Solutions of “Negligible Dispersion” Nonlinear Schr 6édinger Equation

If group velocity dispersion can be neglected, Equation [ 1X-17 ] reducesto

1G(V, t - = 2
#:-%G(\/,t)- |g|G(V,t)| G(V.t) [1X-30]

and if we take G(V,t) P U (V,t) /P, exp(- aV/2) we obtain

U (Vit)

= L ee(-av|uvy) U (Vit) [1X-31]
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where the characteristic nonlinear length isgivenby L, = (gR) . A solutionto this
equation isreadily obtain in the form

U (Vit) =U (0,t) exp|i F y (Vit)] [1X-32a]

here Fu(Vt)=-[1- exp(-aV)| [a LZNL]'l exp(-aV| U (0,t) [ -
=" [Veff/LNL] | U (O’t) |

and V= [1- exp(- a\/)] a’ [ 1X-32¢]

Thisinteresting result show that so called “ self-phase modulation” or SPM givesriseto an
intensity dependent phase shifted or chirped pulse which remains constant
in shape asit propagates. The instantaneous optical frequency shift is given by
2
_IF (V1) Ut

dw (t) = === e/ L] = [IV-33]

Note that the pul se spectrum is “red-shifted” on the leading edge of a pulse and “blue-
shifted” on thetrailing edge of the pulse. If we suppose the initial pulse to be a super-
Gaussian of mth-order --i.e.,

U,.(0t)=expgs C— IV-34
(01) P o U | !
-- then the instantaneous optical frequency shift would be given by
B s@" et & € @t &mU
dw (t) = T 2EE 262 g, 2 [1V-35]
eL,, oeDt geDt g & eDto ;5
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Super-Gaussian Envelope Shapes SPM Induced Frequency Chirp
A Brief Discussion of Solitons
We return briefly to Equation [ IX-18] -- the standard form of the nonlinear
Schrédinger (NLS) equation --i.e,,
 Tu(Z,T Pu(z, T 2
'%' son(b,) %* N*lu(zT)u(z,T)=0  [IX-18]
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G (Vit
where u(z,T) = \/(3) Z:levltl;zzl, T:\/_ZDL,[ and N*= L,/Ly = gP, Dt /| b, .
0 D

In soliton analysis the most common form of NL S equation is the following:

T (z,T) +‘|12U(ZZ,T)
12 T

+u(zT)[u(zT)=0 [1X-36]

gDt ?

where U (Z,T) =N u(Z,T)p G(Vt) TR
2

If N3 1thefollowing fundamental soliton will propagate undistorted for an arbitrary
distance:

U (Z,T) = sech(T) exp(i Z/2) [ 1X-37]

If N3 2 the following second-order soliton will propagate undistorted for an
arbitrary distance:

_ 4[cosh(3T)+3exp(i 47) cosh(T)]
~ [cosh(4 T) +4 cosh(2T) +3 cog(4 2)

u(z.T)

] exp(i Z/2) [1X-37]

U (5 7 - 18[cos*(3T) + 9cosn’(T) + 6 cos(4 2) cosh(3T) cosh(T)]
| ( ' )| - [cosh(4 T)+4cosh(2T)+3COS(4 Z)]2

[1X-37]
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TWO SOLITON COLLISION ILLUSTRATIONS

The following are time-lapsed illustration of the propagation and collision of two
solitons -- plot hereis

3+4cosh(2x - 8t) +cosh(4x - 64t)

ux =12 [3cosh(x - 28t) +cosh(3x - E}Gt)]2

gt gt a
time = -1.00 time = -1.00 time = -0.25
& Gt &
— — ——-
) gt )

.Jk.kz; .Jk.kz; .Jf
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