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VIII. GUIDED WAVES IN PLANAR STRUCTURES

CHARACTERISTICS OF PLANE WAVE SOLUTIONS:
For the record, let us restate the frequency domain, macroscopic Maxwell's equations which are
valid in the high frequency or optical regime for alinear, local, isotropic medium -- viz.

N’ E(F,W): ﬁl'e’l(F,W) f)(F,W):- iWé(F,W):- imeI:|(F,W) [ VIII-1a]

N B(Fw) =m, K" H(Fw)=m, I(Fw)+iwm,e(F w)<E(Fw) Vil 16
=m, J(F w) +iwm, D(Fw)

N e(f w) E(rw)= R (rw) =r (f w) [VIII-1c]

N B(rw)=m, R H(Fw)=0 [VII-1d]

Further, in regions free of explicit sour ces of current and charge we may write

R~ E(Fw) =- i wmgH(F w) [ VIII-2a]
N7 H (7 ) = e (7 w) € (Fw) [VIII- 2b]
N #(fw) E(fw)=0 [VII-2c]
NoH(fw)=0 [VIII-2d]

where eeﬁ(F,W) 0 e (F ,W) -is (F,W)/W. In this set of lecturesit isour intention to explore in
some depth plane wave propagation within a uniform medium -- i.e. eeff(F,W) © ey (W) . Tothat

end we consider a plane wave solution in the form
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E(7 W)= E(w) expl- i Txk) = E(w) exd- i (xk,+yk +zk)]  [VIlI-3]

which may pictorially represented as

o

z

Therefore

[ VIII- 4a]

[VII-4b]

and the Maxwell's equations formulated in Equation [V111-2 ] become
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-i k" E(Tw) =- i wmgH(F w) [VIII-5a]
-i k" H(Fw) =i we(w) E(F,w) [VIlI-5b]
-ik>E(fw)=0 [VII-5c]
-ikH(Fw) =0 [VIII-5d]

Operate through on both sides of Equation [ V111~ 5a] with the operator "k * " we obtain
k" [k E(F.w)]=wm, k” A(F.w) [VIII-6a]
Using the "bac-cab” rule®® and Equation [ V11I- 5b] this becomes
k[kE(Fw)]- [kk] E(F w)=-w’m e (W) E(Fw)  [VIII-6b]
or finally
[Kk] E(Fw)=w”me, W) E(F.w) P K=w’m,e,(w) [ViII-6c]
Substituting these results into Equation [ V111- 5a] we obtain
A7 w) = (wmy) & [k E(F.w)| = JewW)/m, [k E(Fw)]  [vin-7]

so that thewave impedance is given by

hw) =|E(F w)|/|F(F )| = Jmy/ex (W) - [VIlI-11]
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Thus, the complete expression for an electromagnetic plane wave propagating in adirection
k inauniform medium is given by

E(?,t)=E(w)exp[-j(?xR- wt)] [VIII- 9a]
H (T, t)=[h(W)]'1[lA<’ E(?,W)] [VIII-9b]

ELECTROMAGNETIC INTERFACIAL CONTINUITY CONDITIONS:

The previous section gives acompl ete plane wave solution within a particular uniform,
linear, isotropic medium. The key remaining problem is to find how that solution may be
extended into a second uniform, linear, isotropic medium. The conditions for extending
the solution across an interface between two materials are give by consideration of the
appropriate integral forms of Maxwell's equations -- viz.

OR(F. ) xdl =- % QR(7. t) xdA [ VIII-10a]

Q\j:I(F,t)wf:@(F,t)m,&+%d\j)(ﬂt)xd,& [VIII-10b]

Applying these equations to the small thought loop that spans the interfacial surface, as

illustrated below
"Thoughttbop
Medium 1 -t /Df
_4—
[€1rS1:m] Interface
I ——
/ t  Medium 2
DL [€2:S2) M]

itisseenthat Equation [ VIII- 10a] yields
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G5 (1) xdi b {E,(F,0)- E(F, 0} € DL P O [VII-11]

unless I_5>(F, t) ispathologically large over theloop. Similarly, it is seen that Equation [
VIII- 10b] yields

ey (7. 0)>dl b {F,(F,1)- F,(F, 0} ¥ oLp o [VIII-12]
unless J(F, t) and/or D(F, t) arepathologically large over the loop.

In words and in general, the tangential component of the electric
field strength E(T,t) and the magnetic field strength H(F,t) are

continuous across an interfacial surface between two materials
unless the electric current density J(7,t), the magnetic flux

density B(F,t), or the electric flux density D(F,t) are
pathologically large near that interfacial surface.
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THE FRESNEL EQUATIONS:
Consider then a plane wave incident on aplanar interfacial surface.

The Spatial Configuration:3t

FL&ME OF 1M CIDEM CE

R i il b ol : &
|\ P

PL&RE OF INTERF & CE

The Mathematical Representation of Fields:
In abstract vector form, the incident field is given by32

Emc:{éiAnc_ hllzinc, F';IHC} exp(- i kllA(inCXF)
i = {I:Ihnc +h-11 ki - Ei,\nc} exp(- iklR‘mxf)

[ VIII-13a]

31 Note: In this figure we have taken the plane of reflection to be identical to the plane of incidence. While

assumed here for simplicity, this important identity is establish in the analysis below.

32 A note on notation: The subscripts * and || refer to the polariztion of the electricfield taken with respect to the
plane of incidence. The  field components are also called transverse electric or TE components and the ||

field components are called transver se magnetic or TM components.
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thereflected field is given by

—

E={EX- h,k™ A} exp(- i k, k'3

. R [ VIII- 14a]
A= {A+h k™" E} exp(- ik, k"3)
and the transmitted field is given by
Etran { tran h ktran ljlhran} exp(-|k2 Rtrarsqj)
[ VIII-15a]

= ek £ (- i, K7%)

In coordinate form these equations become:
EiHC:{EL“Cy- h,[- cosq,, X+sing,,, 2]’ [H'”Cy]} exp[ ik, ( xcosqmc+zanmc)]

HmC—{H'“Cy+h [ cosq;,. X+sing;. z] [E'”°y]} exp[ ik, ( XCOSqmc’fZS”qmc)]

E 9_ hl[COSqref)?-'-Sinqref ’z] [Hrefy]} eXp[ Ikl Xcosqref-'-zanref)]

m
3
1

—r— ——

Hrefy'l'h [COS:]ref X+anref Z] [ErefY]} exp[ Ikl Xcogqref+zanref)]

Era= {E”ary h,[- cosq,., X +sing,,, 2]’ [H a'y]} exp[- ik, (- xcosqtran+zsinqtrar)]

Or expanding out the cross-products:
EmC {Emcy +(h 1 H;rc) [Cosqinc Z+ Sinqinc )2]} exp [_ I kl(- XCOSQ;, + ZSinqinc)]

H'™ = { |”nc9 (h_ll EiAnc) [COSQinc ’2+Sinqinc )A(]} exp[- | kl(- XCOKinc +ZSinqu)]

H tren { 19 +h [ coS X+ SiNG, 2] [E”ary]} exp[ ik, xcosqtran+zsinqtran)]

[VIII-13b]
[VIII-14b]
[VIII-15b]
[ VIII-13c]
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ref = {EI\Efy+ h Href [ Cosqref 2+Sinqref 5\(]} exp[' ikl(xcog:]ref +ZSinqref)]
[VIII-14c]
{ 5 () com v ) o1 o 2500, )
{ "afy+ h H"a”) [ oS0 2+ SiNQ, 2]} exp [ ik, (- XCOSOy a0+ zsinq”a”)]
[ VIII-15¢]

Htran {Htrary (h Etran) [Cogqtranz_i_antranx]} eXp[ I k Xcosqtra”-i_zgnqtra“)]

Applying any kind of continuity conditions at the interface requires that

Qo = i Law of Sinus [ VIlI-16a]
k, Sing,.,= k, sing,. Law of Snell [VII-16b]

Applying, in particular, the continuity conditions discussed in the previous section -- viz.
[Ei]mg:[éf]mg and [Fli]tang:[ﬁf]mg [VIII-17]

at theinterface, requiresthat
EInC + Eref Etran
VIll- 18
h;LlCOS:]inC [El‘nC - E’r‘ef] = h2 Cosqtran[EE‘ran] [ ]

and that .
Hmc Href — Htran

h, cosq;,. [H}"C H“Ef] h cosqnan[HHa” [Vill-19]

These two sets of equationsyield the Fresnel Reflection Equations -- viz.

A1
E éh)cosq,, - h! , C0sq,,,U
inc_

Ex  &hi‘cosq,, +hy, coszqtranu

[ VIII- 20a]
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and
; p \
lele — 311COSqinc B hZCOSqtranu

L = , [ VIHI-21a]
H|| 8hlcosqinc +h ZCOSqtranH
Since h;"sing;, =h7;sing,,,
Efr\ef - Cogqinc Sir]c"tran_ Cosqtrans.nqinc — Sin(qtran_ qinc) [V|||_ 20b]
Ean Cogqinc Sinqtran-i- COg:]tranSinqinc Sin (qtran+qinc)
and
lelef - Cogqinc Sir]qinc - COsqtfanSinqt“"n: tan(qinc _ qtrar) [ VIII- 21b]

Hirc Cominc s nqinC + Cog']tranSinqtran tan (qinc +qtrar)

These eguations taken together with first equations from Equations|[ VII1- 18] and
[ VIII- 19] yield the Fresnel Transmission Equations -- viz

E;[\ran: 2c:OSQinc S-nqtran [ VIlI- 22]
g cos(y, Sinqtran+ cosq"anSinCImc

and
Hhra”_ ZCOSqu Sinqinc [ VIII- 23]

inc — . .
H|| COSC]inc Slnc]inc + COSC]tranantran
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FAMOUS FRESNEL REFLECTION CURVES ( Np/n,=hy/n,=[e,/e,;=15)
Hy'

P
1]
0.z / 1

\\E‘am (fmctonof m/z)
0.6
0.4
0.2
0 0.z 0.4 0.6 0.2 1
B, i(fracton of m/2)
The minimum (zero) in Hf'/H™ occurs at the Brewster angle where
tan (g ™) b ¥ [ VIII- 24a]
or Chaan = P/ 2= Q™™ [ VIII-24b]
or (from Snell's equation)
tandee = hy/h, =n,/n,= fe, /e . [ VIII- 24c]
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Total Internal Reflection
Reconsider Equation [ VIII- 15¢ ] and use Snell's law to write the exponential factorsin
the form

crit

When sing,. >k,/k =n,/n,° singi., E™, the solution in medium 2, is

attenuated!

incident
beam

(T e

Reconsideration of Equation [ VIII- 20a] and [ VIII- 21a] shows that the magnitude of

crit

the reflection coefficients are one when sing,,, > sing,,, --Vviz.

} . \I ~ - \-.-
e Sosa,, - i JSwan (k)Y 1 Sfsnta, - (k)
e — € - — 2u=eXp|-|2tan R )
= écog:]inc all \/S'n Uinc - (kz/ki) a { g COine Eb

and

E"= (£ +(h, Hi") 0002+ 5l K]} exp[ix iE= 'S0, | exp[- i Ksina,] [VilI- 25]

[ VIII- 26a]
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7

H"”af - 2cog:linc B J \/(K/kz)zs-nzqinc B 13: exr}_ J Ztanlg (kllkZ)ZSinzqinc- 1",'Iy

.
H™  gcosa,, + j\flk/k) snPa, - 10 g OOl b

[VIII-26b]

PARALLEL PLATE WAVEGUIDE:
Consider the propagation of a plane wave between two parallel perfectly conducting planes.

o

i
{\
[ k]

avd

Perspective view Side view

-

-~
Z

M
N

Combining Equations[ VIII- 13c] and [ VIII- 14c], the eectric field strength of the TE
wave in the region between the plates may be written

ref

E.= 9[EL”° exp(ix K, cosqmc)+ E. exp(- ix Kk cosqmc)] exp(-i zk sing,) [VIII-27]

At x =0 thefield parallel to the surface of a perfect conductor must be zero so that
E = - EX° and, therefore,

E,=yE™ [exp(ix K, cosqmc)- exp(— i xklcosqinc)] exp(- iz k sing,)
i . [VII-28]
=y 2i E™ sin (xklcosqmc) exp(- i zb)
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where b= K, sing,,.. At the upper surface--i.e. x =d -- thefield paralld to the surface of
aperfect conductor must also be zero so that

dk,cosg,.=np wheren=1,2.3,... [VII-29]

and, therefore,

bre, = k Sing,, = /K- K cos'q,,, = \/k (np/d)’ wheren=1,2,3,... [VII1-30]

which is the dispersion relationship for TE waves in a parallel plate
waveguide with "cutoff" frequencies at

1
cutoff_(np/d)(/_l) wheren=1,2,3,... [VIII-31]
o oL, o '3"-:|3

Czob ' I
3 5 5

= asf ! :

5 . :
woLnf :
-H-\'E\. 1

-

i d

a 10 15 Z0

Again combining Equations[ VIII- 13c] and [ VIII- 14c ], the electric field strength of the
TM wave in the region between the plates may be written
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ref

= “z(hl cosqim){H:l”C exp(i xklcosqmc)- H, exp(- i xklcosqmc)} exp( i zklsinqinc)

+%(h, singl,.) { M exp(ix k, cosg, )+ Hi exf- ix k, cosa,, )} exg(- iz k, sina, [Vin-32]

At x =0 thefield parallel to the surface of a perfect conductor must be zero so that
HI" = H,° and, therefore,

E,=2z2iH" (hlcosqmc) sin(x k, cosqmc) exp(- iz b)

+& 2 Hf* (hlsinqmc) cos(x k, cosqmc) exp(- iz b) LViN-33]

where b= K, sing;,.. At the upper surface-- i.e. x =d -- again the field parallel to the

surface of a perfect conductor must also be zero so that

dk,cosq,.=np wheren= 0,1,2,3,... [ VIII-34]

and, therefore,

by, = K sing;, = \/kl k? cos’q,,, = \/k np/d wheren=0,1,2,3,... [ VIII-35]

which is the dispersion relationship for TM waves in a parallel plate
waveguide.
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o i o p u:-ti|3 o 3

ar

ol

Note that the TMy mode is a bona fide mode of propagation which does not
have a " cutoff" frequency!

DIELECTRIC SLAB WAVEGUIDE:
Consider the propagation of waves "trap in" or "guided by" adielectric dab of thickness d.
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Initsfull generality thisis moderately complicated problem, but arather simple ray optics
model of the propagation is sufficient to yield dispersion relationships for the various
possible modes of propagation. To obtain such relationships, consider the total internal
reflection of a sequence of plane waves asillustrated below.

In order for the multiplely reflected wave to be sel f-consistence the following, relatively
obvious, phase condition must hold:33

Df ., +Df ,,+ 2k dcosg,. =m2p where m=0,1,2,3,... [VIII-36]

where Df ,_, and Df ,_, are, respectively, the phase shifts associated with the reflections
at the upper and lower dielectric boundaries.

For TE-modes of propagation Equation [ VIII- 26a ] gives the phase shift at the
boundary (called in the trade the TE Goos-Hanchen shift) and Equation [ VIII- 36 ]
becomes

33 Thisequation is adirect generalization of Equations[ V-29] and [ V-34 ] which figured in our analysis of
parallel plane waveguides.
R. Victor Jones, February 29, 2000
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Join® B, (£ /&)’ . Join?8, - (& /)’

cosB cosB

b deoosl, = mHtan”

[ VIII- 37a]

) Yy Yt
épdg 2 2 _ -1?\/n'ncl:l -1? n'nsl:l
Y “{Ni- N"=mp+tan E— 2u+tan E——=1 [ VIII-37b]
e|0ﬂ "’nf_nl’:l "’nf_nl’:l

where sing;. © b/k; =n/n, (n isthe effective index of the propagation mode). For the

or

symmetric case (i.e., n.° n,), the self-consistence relationship for the TE modesisgiven by

\/sinzq - (n /n )2 .
int sf N _tan?nf Kk, d cosq,,

_pPU
cosq;,, g 2 2E|

[VIII-38]

where k,=wj/c= 2p/l ,. Thisisatranscendental equation in the single variable cosg, .-

Its solutions yield the allowed bounce angles, (qmc) ., of possible modes and, hence, the
allowed propagation constants since b= k; sing,,. Theleft and right sides of this equation
crit

may be plot asafunction of cosg,, with n, k,d=n, 2p (d/1 ;) and Snd; = ny/n; as

a parameters. The intersections of such curves yield the allowed bounce angles as
illustrated below
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10 10
= =
= =
4 4
2 2
1 0.1 0.z 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
CO5 By Cos By,
LHS and RHS of Equation [ VIII- 38] LHS and RHS of Equation [ VIII- 38]
for n, (d/1 ;)= 0.5 and cosg™ = 0.5 for n, (d/1 ,)=1.0 and cosq™ = 0.5

1 0.1 0.2 0.3 0.4 0.5 1 0.1 0.2 0.3 0.4 0.5
Co5 By, CO5 By,
LHS and RHS of Equation [ VIII- 38] LHS and RHS of Equation [ VIII- 38]
for n, (d/1 ,)=1.5 and cosq’ = 0.5 for n, (d/1 ;)= 2.0 and cosg™ = 0.5
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1974, Kogelnik and Ramaswamy 3* developed a convenient formalism for treating slab-
waveguide problems. First they introduced three new waveguide parameter -- viz.

The normalized frequency/dab thickness parameter ~ V© kod\/nf- n’ [ VII1-39a]

The normalized waveguide index parameter be (nz- nf)/(nf2 nzs) [VIII-390]
. . 2 2 2 2

The normalized waveguide asymmetry parameter  a® (ns- nc)/(nf - ns) [ VIII-39c]

They then showed that Equation [ VI11-37b ] could be written

VVI- b=mp+tan* [b/(1- b) +tan* [(a+b)/(1- b) [VI1-39c]

which can be used to generate the following family of curves:

34 H.Kogelnik and V. Ramaswamy, Appl. Opt. 13, 1857 (1974). ~ Vicr 3 - 25, 2000
. Victor Jones, February ,
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It isalso useful to differentiate Equation [ V111-39c ] to obtain

%:2(1- b)[\/jﬁ)+\/]m1_l [VI11-40]
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