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[1l. THE PARAXIAL WAVE EQUATION -- PROPAGATION OF GAUSSIAN
BEAMSIN UNIFORM MEDIA
DERIVATION OF PARAXIAL WAVE EQUATION:
In point-to-point communication, we may think of the electromagnetic field as propagating
in akind of "searchlight” mode -- i.e. abeam of finite width that propagates in some
particular direction. In analyzing this mode of wave propagation, we make use of an
important solution to the so cal paraxial approximation of the eectromagnetic wave
equation (or, more precisely, the paraxia approximation of the Helmholz equation).

To that end, we first derive the paraxial approximation and then examine the free-space
Gaussian Beam solution(s). We start with the homogeneous Helmholz equation for
the vector potentia in the form -- see Equation [ 1-13a]

NZ A(F,w) +w?” m e(w) A(F,w) =N°

>

(Fw)+k2A(Fw)=0  [1I-1]

We are looking for awave propagating in, say, the z-direction, so we write a particular
component of the potential in the form

A, (F.w) =Y (F.w) exp(- ikz) [111-2]
The function Y (F,W) represents a spatiad modulation or "masking" of a plane wave

propagating in the z-direction. The z-direction is obviously special and it is useful to
appropriately parse the differential operators. For the gr ad operator we may write

grad | }=R{ b=R{ oo b3

where, for example,
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K { }=>?ﬂlx{ b4y b [111-4]

so that

NA, (F,w) =gﬁt Y (Fw)+2— Y (Fw)- ik z Y(T,w)gexp(- ik 2) [111-5]

For the L aplacian operator we may write

. . . iéy . . ~ \u N
NZA_ (Fw)=N2Y(F,w) exp(-ik 2)+— i ~— Y (F,w)- ik Y (F,w) . exp(- ikz)y 11-6
(o) =N (P expl- ik 2+ T Y () Y (Pl K2y [111-6]
where, for example,
~ 1 1?
N7 =— +— 11-7
t{ bo b } (1171
Therefore,
KA, (F.w) =‘?|<12Y(F,w)+'”—2 Y (F.w)- 2ik 1 Y (F,w)- K Y(F,W)Li‘exp(- ikz) [111-8]
: g 12° 12 o
and the parsed Helmholz equation (without approximation) becomes
NZ v (F,w)- 2ile(F,w)+ﬂ—2Y(F,w):O [111-9]
t 1z ﬂZZ
Theparaxial approximation is precisely defined by the condition
2iklv(f,w)>>'”—zv(r,w) [111-10]
1z P4
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which means that the longitudinal variation in the modulation function, Y (F,w), changes

very littlein the wavelength associated with beam -- i.e. 2p/k. In this approximation, we
neglect the third term and obtain the equation

NG I _ i l Id =
NZY(Fw)- 2ik ‘ﬂzY(r’W) 0

[111-11]

which iscalled the par axial approximation of the wave equation.1>

SOLUTIONS OF THE PARAXIAL WAVE EQUATION
The Gaussian beam

To inform or motivate our next step, we consider the paraxia approximation of a
known solution of the Helmholz equation -- i.e. aspherical wave

® [T Z4y?0 _ € ik (X +y°)u
. expe- ikz . [1+ = exp(-ikz)expe————(
exp(-ikr) _exp(-|k X2+y2+zz)_ pg 7 g Pl ) pé 22 H

r \/x2+y2+22 = Ty » . [ 111-12]
Z. |1+

ZZ

Reflecting on the "quadratic” form of this approximate expression, it is reasonable to

look for an axialy symmetric solution of the paraxial wave equation in the following
form--i.e. aGaussian beam:

Yo(r.zw) = A exp-i P(2)] expg- ;l;r(;lé [111-13]

15 Obvious the paraxial equation has the same mathematical form as the Schrédinger equation and, thus, all that is
know about solutions of that equation may be directly applied to understand issues in light propagation (or visa
versa).
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where r? =x*+y®.

We test our conjecture by substituting the Gaussian beam function -- i.e. Equation
[ 111-13] -- into the paraxial wave equation -- i.e. Equation [ 111-11] -- to wit

. ol @ jkrzad g . é ikr2ul
exp[-i P(2)| N? i exp ¢ - 2ik — jexp|-iP(2)|exps ——,y=0. [Illl-14
pl-i P(2)] g 2, 2T p[-iP(2)] expg 2004, [111-14]

Executing the indicated operations, we obtain

_ € ikr2ul 2k Kz €. q ikr2 q W ]
exp[-lP(z)]expg 2q(z)6% @ Ta@T 2|k8 IﬂZP(Z)-I_WﬂZQ(Z)%_O [ 111-15a]
or smplifying
T 2ik | Krrd, Tl i

Hence, for an arbitrary r thisequation is separable into two parts-- viz.

Kr®i, 1 0. T (=
W%l_ﬂ_zq(z)%_o —p ﬂ—zq(z)—l [ 111-15¢c]
and
2kﬂizp(z)+% =0 —p ﬂizp(z):(;Tiz) [ 111-15d ]
which are satisfied by the ssmple solutions
a(2 = z+q, [111-16a]

PAGE 25

R. Victor Jones, February 7, 2000



ON CLASSICAL ELECTROMAGNETIC FIELDS PAGE 26

and

1 -
ﬂzP(z)— T a

:-iﬂlz|n[z+qo] —» P(@=-ilnz+q]. [lll-16b]

On comparison with the paraxial approximation of a spherical wave -- i.e Equation
[ 111-12] -- we may write g(2) in terms of aradius of curvature R(2) and a width

w(2) -- viz.
1 1 1 .
90 z+a R kW@ Lin-27]

To standardize the constants of integration we assume a plane wavefront at an
arbitrary reference point z= 0 --i.e. wetake R(0)° ¥ . Thus,

L

R(O):O [ 111-18a]

_ikw*(0) _ipw?(0)

and o > I

=i L, [111-18b]

where L. = kw?’(0)/2=p w(0)/I  isthecritical Gaussian beam scaling parameter
which is cdled varioudy the Fresnel length, the diffraction length, or the
confocal parameter. Intermsof this parameter, Equation [ I11-17 ] may be written

1 1 -i2 1 _z-iL

a(z) R(z)+sz(z) Cz+il 2P+

[111-19]

Equating real and imaginary parts, we obtain

1z R S |
R(z Z+L% kw’(2) Z+L2
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or, finally, in standardized form

R(2=z[1+L2/Z]

W (2) =w? (0)[1+27/F] [111-20]

where L. = pw’(0)/I

Now since Equation [ 111-16b ] may be written
P(2=-ilnz+q)=-iIfz+iL]=-i {|n[z2+ Lﬁ] +i tan'l[LF/z]}I [111-16b' ]
we may write

_expl-itan![Le/z]]  expl-itant[L/7]]
N TN T

exp[-i P(2)]

to obtain the usual, officially approved form of the Gaussian Beam

Yo(r,zw) = A exp[-i P(2)] expg- %r(:);
w(o) 1. 6 ikrtu & prg LA
= A el exp|-i tan ' Le/7]] g 2R(z)BeXp€- T
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The following kind of picture is sometimes found to be helpful in understanding the
propagation of a Gaussian Beam (the bold curve depicts the spatial variation of the
beam width and the light curve the beam curvature at particular pointsin space):

47
Wiz
i)
L L L L L L L L -F.-I L L L L L L L E
-4 Lz L 2 S ' — 1) ' 2 ' z. ' 4 L
4+
fﬁﬁﬂ:W{2}= A
z et )

Higher order Hermite-Gaussian beams
In order to study the propagation of higher order beams, we substitute the following
trial solution:

Yiuo(r,z,w) =F(x,y,2) Ys(r,zw)
_aXo Yo [11-22]

éwggéwgexp[- i F(@)] Ys(r.zw)

into the paraxial wave equation -- viz. Equation [ 111-11] -- and obtain
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F(x, y,2N? Yg(r,zw) Z[N F(x Y, 2) YG(r,z,W)]+YG(r,z,w)l(lt2 F(xy,2)

| = éz&

[111-23]
-2ik Y 4(r, zZw)

. i _
- F(x.y,2) - 2ik F(x,y, Z)ﬂzYG(r ,ZW) =0

=

Since the sum of the first and fifth terms already satisfies the paraxial wave equation,
Equation [ 111-23] reducesto

fe 2kedw Wu f¢ ge 2ked_vv_v_vu g¢ sz_: [111-24]

f gdz fo g gdz qH g

From Equations|[ I11-19] and [ 111-20 ] we see that

dwwwaw-iZO' i2

dz q__R_(,?R kwg kw

so that the reduced equation -- i.e. Equation [ 111-24 ] -- becomes

L 9—“”-4v—-2sz—: [111-25]
f 0 g g

where x = x/w and V=y/w.

A Hermite polynomial of order n'6 hasthe following differential equation:

d2

d -
el ()-ZtEHn(t)+2an(t)—O. [111-26]

16 The Hermite polynomials have the generator H . (t ) = (- 1" exp(t 2) g0 exp(-t 2) .
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With the simple change in variables t =J2x =42 x/w and s =J2V=J2 y/w
Equation [ 111-25] may be written

1 éd*f dfu 1 éd°g dgu , dF
- -2t — +— & -2s—_ - 2kw"—=0 [1-27
f &dt? dt§ g&s? ds H dz [ ]
o : : &g &6 :
Thus, it is apparent that we can write the functions féwﬂ and géwﬂ as Hermite

polynomials -- viz.

X _ _ %23 X0 X _ _y ®5 Y0
féwﬂ_Hn(t)_Hné‘/_z Wﬂ and gév\/g_Hm(S)_Hmé‘/§ Wg

if we require that 2kw2(3j—'::-2(n+ m). Hence

dF _ (n+m) (n+m) L,

dz ~  kw? 2[ L2 + 22]

or F(2) =-(n+m)atan(z/L;).

Finally we may write a general solution for the paraxial equation as

- _m WO &5 Xo,, &5 Yo
Vi 2w = S 2 e a2 g

w(z)

’ exp[i [n+ m+1] tan (7 LF)]

111-28
€ ikr?u r2u [ ]

4 é U
“PE 2R TE WDt

R. Victor Jones, February 7, 2000



PAGE 31

ON CLASSICAL ELECTROMAGNETIC FIELDS

A GALLERY OF HERMITE-GAUSSIAN FIELD DISTRIBUTIONS

[0, 1] Hermite-Gaussian

[0, O] Hermite-Gaussian
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[1, 1] Hermite-Gaussian
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GAUSSIAN BEAM TRANSFORMATION MATRICES
What we have shown above is that a given Hermite-Gaussian beam is essentidly
completely specified or defined by the complex function g(z). In propagating through an

optical system, the beams are transformed by various optical components. The amazing
fact is that the transformation produced by a given component follows a
simple ABCD transformation law -- viz.

_Aq,+B [111-29]
Cq, +D

4.

where A, B, C, D are the matrix elements found in our analysis of
geometric optics!!

To "prove" this, we argue by example. For example, the transformation through a
uniform dielectric region is given by

q,=q,+L

sothat {A=1; B=L; C=0; D=1} and thetransformation through athin lensis given
by

lll
q, d, f

so that }TAzl; B=0, C=- %

; DZlg.

Further " justification” of thistransformation law may be found in terms of the so called
"r/r ¢ argument”-- viz
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aripin ot spherical
wawe associated

with given input ray

] General linear Fiis =

optical systemf:, ‘EE'?-H_‘_
: , arigir ot spherical
wawe associated with

gitsen output ray

From geometric optics and, in particular, Equation [ 11-11 ], we may write

LUt— in in -
rg, I‘ﬂﬁ"+Bﬂ(é:Cr +D
or Dz, =(ADz, +B)(CDz,+D)"

which isidentical to transformation equation [ 111-29 ] if we interpret q(2) asthe wave
opticsgeneraizationof Dz=r/r (.
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