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Chapter 1

SECTION 2

L (a) (V2-D-il-2))=2—-i-i—~2=-2i;

6+2Y=(—-18):
VT &y VT 1,0,

1

(c) (3,1)(3,—1)@,‘} (10, 0)( ,I‘J 2,1).

Lll|'-‘

2. (a) Re(iz)=Reli(x+iy)]=Re(-y+ix)=—-y=—Imz;

(b) 1Im(iz) =Im{i(x +iy)]=Im(-y+ix)=x=Rez.

3. (+2=(0+2)+2)=0+2) 1+(1+2)z=1-1+2)+z(1+2)

=1+z+z+2=1+2z+7".

4. If z=1+ithen 2 —27+2=(12i)? =2(1£i)+2=+2i-2F2i+2=0.

S. To prove that multiplication is commutative, write

22y = (X, ) (X5, ¥,) = (X%, = Y1 Y5 V%, + X1Y,)

—ar v o v 8o oas Y S oae MW s Y = o
T AL T 02X J2A T ARN) T AA Yo N AL ) ) T L4
6. (a) To verify the associative law for addition, write

(Z,+2) + 23 =[(x, 3) + (5, )1+ (x5, ¥3) = (x, + x5, Y + y,) + (%3, 3)
=((x +x)+ x5, (0 + 7))+ y3) = (x (%, +X3), (3, + 3)
=(x,y) + (3 + x5, ¥, + y3) = (%, 3) + (x5, 3,) + (X3, ¥3)]
=z, +(z, + z3).



(b) To verify the distributive law, write

2z +2) = (6, Y, ) + (2, )] = (2, )% + x5, 3+ 3y)
= (XX, + X%, = Yy, = Y¥,s YA, + Y%, + 1y, + x,)
= (xx; = yy, + X%, = ¥y, yx; + Xy, + yx, + x,)
= (xx; = Yy Y%, + xy;) + (0x, = yy,, yX, + Xy,)
=(x, )X, y,) + (%, ¥)(%,,,) = 22, + 22,.

9. (-Dz=(-L0)x,y)=(—x,—y)=-2Z.

11. The problem here is to solve the equation z*> +z+1=0 for z = (x,y) by writing

(xy)(x, y) +(x,y) +(1,0) = (0,0).
Since
(x* =y* +x+1,2xy+ y)=(0,0),
it follows that
¥~y +x+1=0 and 2xy+y=0.

By writing the second of these equations as (2x+ 1)y =0, we see that either 2x+1=0 or

y=0. If y=0, the first equation becomes x>+x+1=0, which has no real roots
(according to the quadratic formula). Hence 2x+1=0, or x=—1/2. In that case, the first

equation reveals that y* = 3/4, or y=++/3/2. Thus

v 1 \/J§\]
= =|—=,+t—|.
¢=(%)) [ 2°7 2
SECTION 3
L (@ 1+21.+2—:t=(1+21.)(3+4t‘)+(2—.1)(—§t)=—5+101+—5—101=_g;
3-4i 50 (3-4DB+4i)  (5)(=50) 25 25 5
5i 5i 5i i

(b) , . — = . —= - =—=
1-D2-D3-i) (A-3))3-i) -10i 2

(c) (1=d*=[A-DA-D] =(=2i)" =-4.

1 z z2
2. —_— = ===z {7z #£0).
1/z z' z 1 (z=0)



3. (15, X252y) = 3l2,(232)]1 = 21[(2,23)2, 1 = 21[(232,)2,)] = 2,[25(2,24)] = (2,23 )(2,24)-

) 1 1 1Y 1 1
¢ (Z_j(z_ =Z‘[_]Z{"]=zlzz(— —|=zn|— =22 (5#0,7,#0).
z3 )\ 24 ) 2 2 3 )M\ 2, 22, ) 42

J w (o)) (s ) (B)era(a]aah eozeo
JACYACY RN

HR \, 2}\ Zg ¥4 \Zz ZZ/ 22

SECTION 4

2 .
1. (a) z =2i, Zz='§—l

47

4]
\ +z,

4

q

(b) 5= (_ '\/3’ 1), LH = (\/5,0)




(c) z,=(31), z,=(L4)

L3+2,

(d) zy=x+iy, z,=x -1y

OR ’ZH'Zz *
' z

2. Inequalities (3), Sec. 4, are
Rez<IRezl<lzl and Imz<IImzl £zl

These are obvious if we write them as

xSIxIS\/x2+y2 and ySIyIS\/x2+y2.

4. In order to verify the inequality v2 1zl >IRez!+ImzI, we rewrite it in the following ways:

NV24/x2 + ¥ 2 1xl+ 1y,
2(x* + y*) 21xl + 21yl + 1yl?,
IxI* = 2l xliyl + 1y 2 0,
(ixi—iyl)* 2 0.
This last form of the inequality to be verified is obviously true since the left-hand side is a
perfect square.



5. (a) Rewrite Iz—1+il=1as [z—(1—i|=1. This is the circle centered at 1—i with radius 1.

Tt ie chnawn halAaw
A1 13 O1IVU VY LI UvIUYY

"/

N

6. (a) Write lz—4il+lz+4il=10 as |z - 4il+lz—(—4i)l=10 to see that this is the locus of all
points z such that the sum of the distances from z to 4i and ~4i is a constant. Such a
curve is an ellipse with foci 4.

Xy 0 _ 11 I . o 11 [ rd AN IR & RS LA PR PR W | IR N 5
Write iz —1i=lz+il as Iz —1i=lz— (=)l to see that this is the locus of all points z such
that the distance from z to 1 is always the same as the distance to —i. The curve is,
then, the perpendicular bisector of the line segment from 1 to —i.

,-..\
[l
h S

SECTION 5

(b) iz=iz=-iZ;

() Q+if=(2+i) =@ =4-4i+i=4-4i-1=3-4i

_
'8
-

2. (a) Rewrite Re(Z—i)=2 as Re[x+i(-y—1)]=2, or x=2. This is the vertical line
through the point z =2, shown below.




3.

.. . i .
= 2. This is the circle centered at = with
i 4

[\_)I&A.

(b) Rewrite 127+il=4 as 2z +£|=4, or o
|

R | ~

|
radius 2, shown below.

1N
2

i/2

——

—

Write z, = x, +iy, and z, = x, +iy,. Then

=5 =(x+iy)— (x5 +iy,)=(x =)+ iy, — y,)

=(x —X%)—in-y)=(x—-iy)—(x,—-iy,)=% -3,
and

(@) 25,5 =022)%=02%=(22)5%=0,2%;

() T=C =22 =aa=(7z)(77)=zziz=2".

@ [2)-Z -,
\ <243 ) i3 44

(b) 4 | Iz _ iz,
22| 15255l 12,1z

In this problem, we shall use the inequalities (see Sec. 4)
IRezI<Izl and |z, + 2, + 25| <|g,|+|z| +zs)-
Specifically, when 1zI<1,

[Re(2+7+2°) <12+ 2+ I<2+IZ +12' 1 = 2+12l+12P <2+ 1+ 1 =4,



9. First write z! —4z% +3=(z* —1)(z* =3). Then observe that when Izl= 2,

10.

ok
-

and

122 = 12 |11l = |1z ~1| =14 - 1I=3

122 - 312 IZ°1-3l| =|1zF -3|=14 - 3I=1.

4
Iz" -4z

Consequently, when z lies on the circle |zi=2,

A

1 ._ 1 1
2 -472+3] 1z2*-472+317 3

(a) Provethat zisreal & 7=1z.

-~
S~
~—

—_

-

(&) Suppose that z =z, so that x—iy=x+iy. This means that i2y=0, or y=0.
Thus z=x+i0=x, or z is real.
(=) Suppose that z isreal, so that z=x+i0. Then Z=x—-i0=x+i0=z.

Prova that
A AV W L

Fa ) Cursmamrnon nt TE
&) 2UppusC lat ¢ =

- AY

< J )
only if either x=0 or y=0, or possibly x=y=0. Thus z is either real or pure
imaginary.

»
™

(=) Suppose that z is either real or pure imaginary. If z is real, so that z = x, then
7° = x* =z%. If z is pure imaginary, so that z =iy, then z° = (—iy)’ = (iy)* = 2°.

This is known when n =2 (Sec. 5). Assuming now that it is true when n =m, we may
write

y+z+t g, v 2, =+ et ) F 2,

=(g+z++z,)+Z,,

=g+t 4L, )+ 7,

= Zl +22+.”+Zm +Zm+l'



(b) In the same way, we can show that
(n=2,3,...).

ZIZZ”'Zn = Z] Zz"'zn

This is true when n =2 (Sec. 5). Assuming that it is true when n = m, we write

U2 ZnZat = (220 2 )2 =525 2) Ty
= (2122 o Zm )Zm+l = Z122 o ZmZmH .

+Z .
enable us to write |z—2z,!=R as

13. The identities (Sec. 5) zZ =IzI* and Rez =
(Z - Z())(Z - Z()) = st

1z — 2Re(2z, ) + Iz, = R.

2 , the hyperbola x*> —y® =1 can be written in the following

14. Since x=ﬂ and y=Z -
2 2i

ways:
(z+Z) _(z=Z) _,
\v2 ) (a2 ) 7
2H2Z+7 2 -22+7
4 4 ’
27° + 277 1
4 — Ly
+z7=2
SECTION 8
1. (a) Since
i
ar. = argi —arg(-2 - 2i),
B
i . R/ 1 hY 2 - .
one value of arg - ——| —— |, or —. Consequently, the principal value is
=2 =21, 2 4 4
§£—27:‘:, or —-——”.
4

(b) Since
arg(\/3 —i)® = 6arg(v/3 —i),



one value of arg(«/§ - i)6 is 6( ——‘9, or —7x. So the principal value is —~7+ 27, or 7.
v

AN

4. The solution 8= & of the equation le”® —11=2 in the interval 0 <0< 27 is geometrically
evident if we recall that ¢” lies on the circle 1zl=1 and that le” — 1| is the distance between
the points ¢ and 1. See the figure below.

o
=

(
\

7. Here z=re® is any nonzero complex number and 7 a negative integer (n=-1,-2,...).
Also, m=-n=1,2,.... By writing

(zm)— _(rm cmB)-l 1( mo)
I’
and
(Z-l)m =rlei(—e)_|m (1Y PUSLD) iei(-me)
P R VY r" ’

we see that (z")' =(z")". Thus the definition z" =(z')™ can also be written as

zn - (Zm)—l

it follows that lz,1=lz,1.
Suppose, on the other hand, that we know only that iz |=Iz,|. We may write
z, =r,exp(if,) and z, =r exp(if,).

If we introduce the numbers

¢ =r exp(i 6, -|2~92) and c,= exp(i o -6, ),

we find that

FAT

! ;V2J= r,exp(if,) =z,

4
U

2

<

/.8 +6)\ (.
ce, =r exle L.Z2 Jexpk:



10

and

G, =1, exp(i d ; %, )exp(—i d ; % ) =rexp, =z,.

That is,

If S=1+z+27%+---+Zz", then

S—zS=(+z+2"++2")—(z+ 2+ ++" ) =1-"",

n+l

Hence S = 1-

] , provided z #1. That is,
-2z

1+z+7°++7" =

Puiting z =" (0 < 8 <27) in this identity, we have

o e o - gin+D8
1+ +e'"+ 4" = .
1-¢*

Now the real part of the left-hand side here is evidently

1+cos0@+cos20+---+cosn@;

1-expli(n+1)0] *Xp

1—exp(i0)

exp

/’ﬂ/“l‘\
(SEES Y[ SRR
N | N’
]
[}
>
=
]
NSRS
N
|
o
>4
.=
 ———
py
N
)
N |+
f—y
p
S
| R

(z#1).



10.

11

which becomes

(2n+16 isin 2n+1)0

6 .. 0
COS— —isin ——cos
2 2

—2i sing
2

2n+ )6} [ 0 (2n+1)9]
sin— + sin—— COS———CO§S——
"2 2 2 2

2sin~€
2

The real part of this is clearly

Gy 2n+ D8
2

ZSin—e—
2

B |

and we arrive at Lagrange's trigonometric identity:

sin (2n+1)6

1+cosG+c0529+---+cosnB=l+———29— (0<0<2m).
2sin—

We know from de Moivre's formula that

(cos @ +isin @)® = cos30 +isin 30,
or
cos’ 8+ 3cos’® B(isin 0) + 3cos O(isin 0)* + (isin 0)* = cos 360 + isin 36.

That is,
s> @sin 6 —sin’ 6) = cos 36 +isin36.

By equating real parts and then imaginary parts here, we arrive at the desired trigonometric
identities:

(a) cos30 =cos’ @ —3cosBsin’@; (b) sin3@ =3cos” Osin B —sin’ 6.
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SECTION 10

1. (a)

(b)

ro N1

Since 2i = Zexpli(g + 2k7rJJ (k=0,%1,%2,...), the desired roots are
w1/2 |
(2i)"* =42 exp[z(z + kn‘)]

ix (.. m) (1 i) ,
o =V2e ’4=«/§(cosz+zsmzj=\/§L—E+TEJ=1+I
and
¢ =( \2e™M)e'™ = —co =—(1+1),

c, being the principal root. These are sketched below.

/ .
\

)7
A g

Observe that 1—+/3i = 2cxp|:i(—§ + 2k7t)} (k=0,£1,%£2,...). Hence

(1=3i)"2 = ﬁexp[i(—% + kﬂ)]

The principal root is
¢, =Te ™ = 3 cos ® —isin® )=z B 1) VB-i
o e 6/ 2 2) W27

and the other root is

Cl =(_\/§e—ikf6)ei7t =_C0 —

These roots are shown below.

(k=0,1).

(k=0,1).
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2. (a) Since —16 =16expli(x+2kn)] (k =0,£1,%2,...), the needed roots are

The principal root is

c, =2e™* = 2{cos£ + isin—(q 2(--,1~_— -IF\ =2(1+1).
- \ 4 4) W2 ~2)

The other three roots are

¢ =(2e™*)e™? = ci =V2(1+D)i ==+2(1-1i),

c, = (2"™*)e™? = ¢, (—i) = V2(1+ iX=i) =2(1-i).

The four roots are shown below.
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The others are
¢, = (2e™)e™? = ¢\i =1+ /3,
¢, =(2e7™%)e™ = —¢y = —(\3 - ),
¢, = (2678 = ¢, (=i) = —(1+ V/30).

These roots are aii shown beiow.

(&)

y

G

\ /]
3. (a) By writing —1=lexpli(r+2km)] (k=0,£1,%£2,...), we see that

el

L\ 3 /]
The principal root is
. T .. 7w 1+4/3i
¢, = €™’ =cos=+isin—= .
3 3 2
The other two roots are
¢, =e"=-1
and
: 2m i no.. 7w 1-+3i
c, =" = e*e™™? = cos = —isin—= :
3 3 2

All three roots are shown below.

(k=0,1,2).
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(b) Since 8 =8expli(0+2knm)] (k=0,%1,12,...), the desired roots of 8 are

km
8" =2 exp(:T) (k=0,1,2,3,4,5),
the principal one being
¢, =2.

The others are

= V2™ = \/E(cos§+isin§)= \/5(%+ V3 iJ: 1+ 3

2 N
o _ 1 43 1-+/3i
- \/—2' inl3 m‘___\/i( E__ E)_l =—A2| ———f|=~— s
c,=(v2e""")e cos3 tsm3( ) «/_2 21 2
¢, =2e" =—4/2,
c4=(ﬁein/3)eiﬂ=_cl=—l-*;[g§l,
and
c5=(w/r2—ei2”/3)em=—C2=1:/3/—§i-
2

All six roots are shown below.

AR
e N Q.
WA\

Cy

The three cube roots of the number z, = —4+/2 +4+/2i = 8exp(i-34£) are evidently

(20)1/3 =2 exp[i(% + zgz)J (k=0,1,2).

In particular,

{ ™\ —
¢y = 2expLi§J =201 +).
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A § 9205 VS ppn I BV T - . I -~ -1+V§i [ VO ST RS [ U R
wili e aid of ine numoer W; = —————, WC ODlain ine otner two 1oots.

2

¢ = e, =E(L+ )( 1+\[”z) —(\/§+li/-%(\/§—1)i’

V3 V3 - 1) V3i) (VB-1D-(3+Di
[( +1)+( 1)]( 1+23]( D-(V3+Di

2

2
C, =05 =(cy5)0; =

V&

5. (a) Let a denote any fixed real number. In order to find the two square roots of a+i in
exponential form, we write

A=la+il=va’+1 and o=Arga+i).

a+i= Aexpli(c + 2km)] (k=0,£1,£2,..),

we see that

(a+i)? =+vA exp[i(% + kn)] (k =0,1).
That is, the desired square roots are

JAe™? and VAe™?e™ = —Ae™?,

(b) Since a+i lies above the real axis, we know that 0 <&@ < w. Thus 0 < % < g, and this

tells us that cosL J> 0 and smL J> 0. Since coso = —01, it follows that
A
CUS 2 V 2 »\/-ivl - A \/—2—’\/-A-
and
o ’l—cosa 1 a +JA-a
SIN = = 4 - = /7:1/ I >~
2 | 2 Vi ViNA
Consequently,
: VA+a VA a
+VAe™? = iﬂ(cosgﬂsm a) +/A
) Vv A

(\/A a+1\/A a).
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6. The four roots of the equation z*+4 =0 are the four fourth roots of the number —4. To
find those roots, we write —4 = 4exp[i(x +2km)] (k=0,11,+2,...). Then

(_4)1/4 — \/Eexp[i(-;:— + L;E)} — ﬁemmeﬂmm (k = 0, 1,2,3).
To be specific,

co=\/5ei"’4=«/_(cosz+151n”) w/—( )—1+i,

2zt «F
¢ =ce™? =(+Di=—1+i,
c, =ce” = (1+i)(~1)=~1—i,
e, =ce™ =(1+i)(=i)=1-i.

This enables us to write

' +4=(z-¢)(z-¢)(z-¢)(z-¢)
=[z-¢)(z-c))I"[(z—¢,) (z—¢,)]
(z+D=ilz+ D +il-[(z—D—il(z—D+i]
=[z+1)’+1]-(z—1)* +1]
=(2*+2z+2) (2" -2z +2).

7. Let c be any nth root of unity other than unity itself. With the aid of the identity (see
Exercise 9, Sec. 8),

o~
™~
*
f—

b./

we find that

9. Observe first that

(Z!,,,,,)_!_r@r;ex i(0+2km)]™" _ 1 e C0-2km) 1 bl 0) ., i(=2km)
A S /i R R
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and
( -1 )l/m 1 l(—e + 2k.7'[) 1 i(—@) l(2k”)
) ’ V 7 ) m (/I T om ) m ’

where £ =0,1,2,...,m—1. Since the set

pmﬂ'@_ (L=0172 m— 1)
wap UV T Wy gy yrre = iy
m
is the same as the set
[(2km
exp i« ) (k=0,1,2,....m-1),
m

but in reverse order, we find that (zV")™" = (z™)"™.

SECTION 11
1. (a) Writelz-2+ils1 as Iz—-(2-1i)ls1 to see that this is the set of points inside and on the
circle centered at the point 2 — i with radius 1. It is not a domain.

(b) Write 127+ 31> 4 as > 2 to see that the set in question consists of all points

-

exterior to the circle with center at —3/2 and radius 2. It is a domain.
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(c) Write Imz>1 as y>1 to see that this is the half plane consisting of all points lying
above the horizontal line y =1. It is a domain.

(d) The set Imz =1 is simply the horizontal line y=1. It is not a domain.

“

(e¢) Theset 0<argz< -} (z #0) is indicated below. It is not a domain.

(f) The set Iz—4I21zl can be written in the form (x —4)® +y®> > x? + y*, which reduces to
x < 2. This set, which is indicated below, is not a domain. The set is also geometrically
evident since it consists of all points z such that the distance between z and 4 is greater
than or equal to the distance between z and the origin.
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4. (a) The closure of the set — <argz < m (z = 0) is the entire plane.

(b) We first write the set IRezl<lzl as lxl<+/x®+y*, or x*<x®+y* But this last

inequality is the same as y* >0, or |y> 0. Hence the closure of the set |Re zl<|zl is the
entire plane.

1 z Z x-1i 1 1 . X 1

(c) Since —=—§:——£‘—= > yz , the set Re(—\ < — can be written as ———=<—, or
z zZ ld° x"+y \z/ x“+y" 2

(x? —2x)+v = 0. Finally, by completing the square, we arrive at the inequality

(x = 1)* + y* = 1%, which describes the circle, together with its exterior, that is centered

s — 1 with rading 1 Tha nlagura
a L= 3 VVll.ll 1auiud 1.

Q nf thic gat iq itgalf
4 1w VIUDULLV UL D OVl 1D 1LWvil,.
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(d) Since 7> =(x+iy)* =x* —y2 +i2xy, the set Re(z?)>0 can be written as y* < x*, or
Iyl<lxl. The closure of this set consists of the lines y=+x together with the shaded
region shown below.

Since every polygonal line joining z, and z, must contain at least one point that is not in S, it
is clear that § is not connected.

We are given that a set S contains each of its accumulation points. The problem here is to
show that S must be closed. We do this by contradiction. We let z, be a boundary point of §

and suppose that it is not a point in S. The fact that z, is a boundary point means that every

ncigbhnrhnnd of contains at least one point in §; and, since z, is not in S, we see that

ARS NS A AANS NS "l s A 7’ WA AAGCIBARRLS BB AW iMise waRw NFBAiAe Adad WS LS 2R RS AFAAAW W AANS Y ARA W VY W e VARWE
<0 r ’ 4 0

every deleted neighborhood of S must contain at least one point in S. Thus z, is an
accumulation point of S, and it follows that z, is a point in S. But this contradicts the fact
that z, is not in S. We may conclude, then, that each boundary point z, must be in S. That
is, S is closed.
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Chapter 2

SECTION 12

1. (a) The function f(z)= is defined everywhere in the finite plane except at the

22 +1

points z==i, where 22+1=0.
(b) The function f (z)=Arg[ —1— ] is defined throughout the entire finite plane except for the

\</
point z=0.

(c) The function f(z)=—z--_: is defined everywhere in the finite plane except for the
Z+2Z

imaginary axis. This is because the equation z+7Z =0 is the same as x=0.

f Fy mi Fa it rsy N 1 bl 1 ¥ o 1 1 * a1 ’~r My 1 . _ 4 .. al_ _
(d) The function f(z)= — is defined everywhere in the finite plane except on the
1-1zl
. 2
circle 1z1=1, where 1-1zI°=0.
) +Z -z )
3. Using x= and y= , write
=] J L
2 2i

f@=x"—y" =2y+i(2x—2xy)

—\2 =2 — =
=("'+4Z) M IR P S C a3
2 —_2 2 -2
SEIEAN P )
2 2

f(z)=(§) =(x+'?’) (2#0),
Z x—iy

where z=x+1iy. Observe that if z=(x,0), then

and if z=(0,y),
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But if z=(x,x),
2
x) [
) \

This shows that f(z) has value 1 at all nonzero points on the real and imaginary axes but
value —1 at all nonzero points on the line y=x. Thus the limit of f(z) as z tends to 0

cannot exist.

4 2
10. (a) To show that lim ( zl) =4, we use statement (2), Sec. 17, and write
120 (7—

2

(Y

Z =hm

720 (1
(l 1) Z)
Z

4.

=00, we refer to statement (1), Sec. 17, and write

(b) To establish the limit lim
i (z— 1)

lim =lim (z—-1)’=0.
-1 1/(2_1)3 -l

’+1
=oo, we apply statement (3), Sec. 17, and write

(c) To verify that m

e 7]

11. In this problem, we consider the function

az+b (ad—bc#0).

cz+d

T(z)=
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o dod

(a) Suppose that c=0. Statement (3), Sec. 17, tells us that Iim 7(z)= oo since

c+dr r
LT L4 ¢

=(.

im ———= =
0 T(l/z) 0a+bz a

Yo d ] C

(b) Suppose that ¢#0. Statement (2), Sec. 17, reveals that limT(z)=2 since

) {i\ . a+bz a
hmTL—J=hm _2
=0 \z) =0c+dz

Also, we know from statement (1), Sec. 16, that lim/ T(z)=0o since

z~dfc

im ——= im X%,
e T(z) -dcaz+b

SECTION 20

1. (a) If f(z)=37"-2z+4, then

f’(z)=—‘-i—(3z2—2z+4)=3—d—z2—Ziz+i4=3(22)—2(1)+0=6z.—2.

dz dz dz dz

(b) If f(z)=(1-4z>)%, then
(2 =3(1—4z2)2di(1—422)=3(1—4z2)2 (-8z)=—24z(l—4z2)2.
Z

d d
2z+D)—(z-D—-G@-D—Qz+1) . . . A n
z dz _(Qz+hD-(z=D2__ 3

’ 7)= _ .
e (2z+1)° (2z+1)? (2z+1)?
1+z%)*
@ 1 fy="2) (220, then
F4
221(1+22)4_(1+22)4i22
Frg)=—92 dz__2'40+2°)'(220)—-(1+2")'22
(%) (z%)?

3

_22(1+27)'[42° - (1+2°)) _2(1+2°)° 32’ -1)
z' z’ '
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3. If w=1/z (z#0), then

Aw=f(z+Az)- f(2)= ! —1 4z
Z+Az z (z+Az)z

Hence
.‘_ilv_ = km é_‘f. lim ___—1 _iz_
dz 20 A7 A0(z+A7)z 2

f(@)-flz, ) f(z)

f'(z,)= lim
Z—)Zo Z z() Z—)Z0 z — ZO
Similarly,
, . 8(2)—glz) (2)
g'(z,)= lim © = Jim £
277, Z—Z.O D 72—Z
Thus

_ im f(2)/(z—2))
llm&___ﬁmf(z)/(z Zo) ey f(z ).
=z g(2) 0% g(2)/(z~z,) lmg(z)/(z—2, ) g "(z,)

ZZO

NTVANT ALY A

SECITIUN 23

1. (a) f(R)=7=x—-i. So u=x,v=—y.
Inasmuch as ux=vy=>1=—1, the Cauchy-Riemann equations are not satisfied
anywhere.
(b)) f@D=z-7=x+iy)—(x—iy)=0+i2y. So u=0,v=2y.

Since u_= v, = 0=2, the Cauchy-Riemann equations are not satisfied anywhere.
(c) f(z)=2x+ixy’. Here u=2x,v=xy’.

u =v =2=2xy=>xy=1.

u =-v, =0=—y"=y=0.

Substituting y=0 into xy=1, we have O0=1. Thus the Cauchy-Riemann equations do
not hold anywhere.

(d) f(z)=e’e?=e*(cosy—isiny)=e*cosy—ie*siny. So u=e*cosy, v=—e"siny.
ux=vy=>e"oosy=—e"cosy=>2e"cosy=0=>cosy=0. Thus
T
y=>+nm (n=0,21%2,..).

u==v, =—e'siny=e'siny=2e¢ siny=0=>siny=0. Hence
y=nn (n=0,£1,12,...).
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Since these are two different sets of values of y, the Cauchy-Riemann equations cannot

‘\n nnf;nnarl nntv!tv‘-\nrn
UL DALIdILIVU dily WiitiL.

3 () f@=s=siaEfo X i T g
a PY==—==== = +i . So
z 27z IzPF x4y x'+y’
U=— and v= - Y >
x‘+y x'+y
Since
2 2
1 L =v and uy = —2iy-—: - (vIavieM
[ 4 4 hE ANE 144 v \f‘f |J Vvl’

x=(x2+y2)2='y * yz(xz_’_yz)z— x

f(2) exists when z#0. Moreover, when z#0,

oy =xt 2y xP-i2xy—y
J )= T = T s 2, .2\2
(x*+y)" (x"+y) (x"+y7)
_ - @ @ _ 1

@+ @ @@
(b) f(z)=x*+iy*. Hence u=x*andv=)>. Now
x=vy=>2x=2y=>y=x and uy=—vx:>0=0.
So f’(z) exists only when y=x, and we find that
fix+ix)=u (x,0)+w (x,x)=2x+i0=2x,
(c) f@)=zlmz=(x+iy)y=xy+iy’. Here u=xyandv=y>. We observe that
ux=vy=>y=2y=>y=0 and uy=—vx=>x=0.
Hence f'(z) exists only when z=0. In fact,

fI(O) = ux (O’O)+ivx (0,0) =04+i0=0.

4
\d RN

v

4, (a) f(z)=i=(%cos40\+i(—%sin46\) (z#0). Since
J

™~

s

u v

4 .
ru =——cos40=v_and u =——sn40=-rv ,
r r4 2] (2] r4 r



f1s analytic in its domain of definition. Furthermore,

) , 4
f'(Z)=e"0(uf+ivr)=e"o(—-—soos49+if5—sin40)
r r

= —ie"e(cos40-—i sin40)=——e e
r r’
—4 4 4

5 i58 (.n,io\i -
L A LA J ~

(b) f(z)=\/:ei9'2=\/;cosg+i\/;sin2 (r>0,a<0<a+2x). Since
2 2

‘-V—J
u v

Jr 8 Jr. 6
ru = 5 cos—2—=v9 and u =- 5 sm5=—rvr,
f1s analytic in its domain of definition. Moreover,

f'(z)=e'“’(ur+ivr)=e""’(—1 cosd4i L smg-]
or 2 20 2
{ @ 8) 1

2\/— Lcos +lSlIlJ2\/—

1
2J;e'0'2 2f(z)

(c) f(@)= 53‘9 cos(lnr)+ ie”’sin(nr) (r>0,0<60<2m). Since

v
u v

—19 812

ru =—e’sininr)=v, and wu,=-e’cos(nr)=-rv,

fis analytic in its domain of definition. Also,

f'(Z)=€_m(u,+ivr)=e“'[ e sm(]nr) e cos(lnr)]

r r

=——[e cos(Inr) + ie” sm(lnr)-l—lf(z)

5. When f(z)=x+i(1-y)’, we have u=x’andv=(1-y)’. Observe that

X

u =vy=>3x2=—3(1—y)2=>x2+(1—y)2=0 and u =-v =0=0.

27
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70

Evidently, then, the Cauchy-Riemann equations are satisfied only when x=0 and y=1.
That is, they hold only when z = i. Hence the expression

pro s L2222
J()=u +w =3x"+10=3x
is valid only when z = i, in which case we see that f'(i)=0.

Here u and v denote the real and imaginary components of the function f defined by means
of the equations

f(z)={

Zz2/z when z#0,
0 when z=0.

Now

when z#0, and the following calculations show that

u (0,0)= vy(0,0) and u (0,0)=-v (0,0):

w(0+Ax,0)—u(0.0) . Ax

u (0,0)= lim - — = lim —=1,
Ar—0 Ax A0 Ay
0,0+Ay)—u(0,0)0 . O

4 (0,0)= fim =409 _ o O o,
Ay—0 Ay Ay—0 Ay

» (0,0)= Im V0+An0)-v0.0) . 0
Ar—0 Ax A0 Ax

,0+Ay)—-v(0, )

v (0,0)= fim 2O VO0 _ LAy,

y Ay-30 Ay 40 Ay

Equations (2), Sec. 23, are

u cos@+u smf=u ,
X y r

~y rsin@+u rcos@=u_.
x ¥ 2]
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Solving these simultaneous linear equations for u_and u, we find that

sin@ ) cos@
u =u cos@-u — and u =u snb@+u .
x r [ r y r 6 r

Likewise,

cosf

sin@ )
v =v cos@—v —— and v =v sin@+v
x r [ r y r [ r

Assume now that the Cauchy-Riemann equations in polar form,
ru =v,, u,=-rv,

are satisfied at Z,- It follows that

) cos@ sinf sin @
u =u sSn@+u =y ——vy c0s@=~| v cos@—v, — |=—v .
y r %] r 2] r r r 2] r x

9. (a) Write f(z)=u(r,0)+a(r,0). Then recall the polar form

rur=v9, ua=—rvr

of the Cauchy-Riemann equations, which enables us to rewrite the expression (Sec. 23)
fz)=e"(u +iv)
for the derivative of fat a point z =(r,,6,) in the following way:

o 1 i —i —i
’ — 0 —., _° _— . - .
f(zo)—e [rvo rue) — (u,+v,) - (u,+,).
0
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(b} Consider now the function

f(z)=l= lm =1e_i(9 =l(cose_isin9)= Cose_lgn_e.
zZ re* r r r r
With
u(r,e) =£.£0' and v(r,9)=—§m—9,
r r

the final expression for f’(z,) in part (a) tells us that

, —i| sin@  cosO 1| cos@—isin
b4 r r 2 r
1{ —iﬂ\ i 1\ 1
| o] |2
m (el s e e
when z#0.
10. (a) We consider a function F(x,y), where
x=Z+E and y=ﬂ.
2 2i

Formal application of the chain rule for multivariable functions yields

oF _JFox oFody oF(1) JFf 11 1/dF .oF
07 oxdz dydz dx\2) oyl 2i) 2l dx dy)

(b) Now define the operator

o0 _19,,9)

—=—| —+i— |,

0z 2ldx dy)
suggested by part (@), and formally apply it to a function f(z)=u(x,y)+iv(x,y):
é‘f.-—l if..i.l_a_‘i —lé‘i.}.iéi
dz 2\odx dy) 20x 2dy

4

=§(”x+ivx)+é(“y+ivy)=

[(“x“’y)”("x*'“y)J'

If the Cauchy-Riemann equations u=V,U ==V  are satisfied, this tells us that

B |

ve/=_n
ofjoz=0.
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SECTION 25

1.

(a) f(z)=3x+y+i(3y—x) is entire since
u v

u =3=v and u =l=—v .
x y y

X

\'g

(b) f(z)=snxcoshy+icosxsinhy is entire since
u =cosxcoshy=v and u =sinxsinhy=-v .
x Y ¥ X
Ve oy g Ly . .
(c) f(2)=e’sinx—ie” cosx=¢7’sinx+i(—e™” cosx) is entire since

——— ——

u v

u =e”’cosx=v and u =—eVsinx=-v.
x y y x
(d) f(z)=(z>—2)e"e™ is entire since it is the product of the entire functions

g(z)=z>-2 and h(z)=e e =e *(cosy—isiny)=e " cos y+i(—e *sin y).

The function g is entire since it is a polynomial, and % is entire since

ux=——e"’cosy=vy and uy=—e"‘siny=—v.

X

(a) f(z)=xy+iy is nowhere analytic since
- &

u=v =y=1 and u=-v, =x=0,
which means that the Cauchy-Riemann equations hold only at the point z=(0,1)=i.

(c) f(z)=e"e"=¢’(cosx+isinx)=¢’ cosx+ie’sinx is nowhere analytic since

—
u v

— 1 = Yo o 0V I v — Y o1 Y o P N

U =y =>—e’'snx=e’ snx=2"snx=0=2sinx=0

X y
and

U =-v = e’ cosx=—e" cosx =>2¢’ cosx=0=>cosx=0.
More precisely, the roots of the equation snx=0 are nx (n=0,+1,%2,..), and

cosnt=(—1)"#0. Consequently, the Cauchy-Riemann equations are not satisfied
anywhere.

Suppose that a function f(z)=u(x,y)+im(x,y) is analytic and real-valued in a domain D.
Since f(z) is real-valued, it has the form f(z) =u(x,y)+i0. The Cauchy-Riemann equations
U =V U ==V thus become “,=0’“y=0; and this means that u(x,y)=a, where a is a

(real) constant. (See the proof of the theorem in Sec. 24.) Evidently, then, f(z)=a. That is,
f 1s constant in D.
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SECTION 26

1. (a) It is straightforward to show that u_+ u = 0 when u(x,y)=2x(1-y). To find a

harmonic conjugate v(x,y), we start with u_(x,y)=2-2y. Now
U =v = = 2-2y=3v(x,y) =2y~ y* +¢(x).
Then
==V =>— 2x=—¢'(X) ¢ (x)=2x=¢(x)=x"+c.
Consequently, A
W(x,y)=2y=y +(x*+c)=x"—y*+2y+c.
(b) Tt is straightforward to show that u_+u_=0 when u(x,y)=2x~ x’+3xy°. To find a

harmonic conjugate v(x,y), we start with u_(x,y)=2-3x’+3y’. Now

U =v = =2-3x2 43y 2 v(x,y) =2y-3x"y+ ¥’ +P(x).

U ==v, =6xy=6xy—¢'(x)=> ¢ (x)=0=¢(x)=c.
W(x,y)=2y-3x*y+y’ +c.
(c} It is straightforward to show that un+uw=0 when u(x,y)=sinhxsiny. To find a

harmonic conjugate v(x,y), we start with u_(x,y)=coshxsiny. Now

u =v =>v_ =coshxsiny= v(x,y)=—coshxcosy+@(x).
x y y N 7/ T N7

Then
u,=-v, = sinhxcos y=sinhxcos y—¢’(x) = ¢’(x)=0= ¢(x)=c.

Consequently,
v(x,y)=—coshxcos y+c.

(d) 1t is straightforward to show that un+uw=0 when u(x,y)= 2y To find a
- X +y
harmonic conjugate v(x,y), we start with u (x,y)=—%. Now
’ (x"+y°)
2xy b
U=y =y = =v(x,y)= > 2+¢(x).

X ¥y y— (x2+y2)2 x+y
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Then
x’—y? »-y .
u=-v = — —— =0 (x)=2¢'(x)=0=2¢(x)=c.
y (x2+y2)2 (x2+y2)2
Consequently,
x
v(x,y)=——>+c.
X +y

2. Suppose that v and V are harmonic conjugates of « in a domain D. This means that
u=v, u=-v and u =V, u ==V,
y X X y y X
If w=v-V, then,

w=y —-V==—u+u =0 and w =v -V =u —u =0.
rx x y oy y 'y 'y x x

Hence w(x,y)=c, where c is a (real) constant (compare the proof of the theorem in Sec. 24).
That is, v(x,y)-V(x,y)=c.
3. Suppose that u and v are harmonic conjugates of each other in a domain D. Then
u=v, u=-v and v =u, v=-u.
¥ y x X y y

X X

It follows readily from these equations that

ux=0, uy=0 and vx=0, vy=0.

5. The Cauchy-Riemann equations in polar coordinates are

re =v, and U,==rv.

Now

mo=v,=m +u=v,
and

U ==V DU, =—1V .
Thus

and, since v, =V, we have
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1 1 1
U =—rv =V =—u =V =—u ——U
9 ;0 20 e
and
TU =V, =DV =
Since u,_ =u __, then

2 — — -_— =
rv 4w +vo=u—m, —u +m 0.

If u(r,0)=Inr, then

| it

1
rzu”+rur+u99 ( —2W+r( W+0 0.

r

ﬁ

This tells us that the function u=Inr is harmonic in the domain r>0,0<8<2xr. Now it

. . o 1
follows from the Cauchy-Riemann equation ru =v, and the derivative ¥ =— that v =1;
r

thus v(r,8)=0+¢(r), where ¢(r) is at present an arbitrary differentiable function of r. The

~ PRURLY @ PSRy T einaiin egiuation i = P N Y —_ -/ {2\ : Al N n,l
UtllCl \./aublly"l\lCl idllil cquatluu uo =—-r V lll i1 UCbUlllCB U;-I([I \7). a y YT )= U, aliu

we see that ¢(r)=c, where ¢ is an arbltrar (real) constant. Hence v(r,0)=0+c is a
harmonic conjugate of u(r,0)=1Inr.
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Chapter 3

2

(a) exp(2+3mi)=e’exp(+3mi)=—e’, since exp(+3mi)=—1.

2+rmi 1 i n ..
(b) exp 2 [exo J{exo—)—\/-(mszﬂsmz}

—f( J \/ (1+i).

(c) exp(z+mi)=(expz)(expmi)=—expz, since expmi=—1.

First write
exp(z)=exp(x—iy)=e'e ¥ =e*cosy—ie*siny,
where z=x+1iy. This tells us that exp(z)=u(x,y)+#(x,y), where
u(x,y)=e*cosy and v(x,y)=—e"siny.

Suppose that the Cauchy-Riemann equations u_= v, and u =-v_are satisfied at some point

z=x+iy. It is easy to see that, for the functions u and v here, these equations become cos

y =0 and sin y = 0. But there is no value of y satisfying this pair of equations. We may
conclude that, since the Cauchy-Riemann equations fail to be satisfied anywhere, the function
€xp(Z) is not analytic anywhere.

The function exp(zz) is entire since it is a composition of the entire functions z” and expz;

and the chain rule for derivatives tells us that

iexp(zz\=exp{z |4 2> =2zexp {72\
dz VTR T A

l 2 \ . . LR
Alternatively, one can show that exp(zz ) is entire by writing

exp(z2) = exp[(x + iy)z] = exp(x2 - yz)exp(i2xy)
= exp(x2 - yz)cos(ny) + ie:xp(x2 - yz)sin(ny)

v
u 14

U, —2xexp(x -y )cos(2xy) 2yexp(x2 yz)sin(ny)=vy

2

u,==2y exp(x2 - )cos (2xy) - erxp(x 2)sin(2xy) =-v,.
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Furthermore,

iexp{zz)= u +iv = 2(,1c+iy)|—exp(x2 - yz)cos(Z)qy)+iexp(x2 - yz)sin(Zx_y)]
dz 7 T Tx L \ ] \ / J

=2z exp(z2 )

We first write

and

Then, since

it follows that
|exp(2z +i)+exp(iz2)| <e +e”,

First write

| 24| _| .24 | 2_ V442 |_ 2 2

exp(z)|=|expl(x+&)" ]| =|exp(x” — y")+iZxy| =exp(x"— y*)
and

exp(lz )= exp(x2 +y%).

Since x’—y*<x*+y?, itis clear that exp(x’>—y*)<exp(x’+y’). Hence it follows from the
above that

Iexp(zz)i <exp(lz ).
To prove that |exp(—2z)l <1< Rez>0, write
Iexp(—2z)i = Iexp(—2x —i2 y)- =exp(—2x).

It is then clear that the statement to be proved is the same as exp(—2x) <14 x>0, which is
obvious from the graph of the exponential function in calculus.



8.

(a)

(b)

(c)

Write ¢*=—2 as e*e” =2¢". This tells us that

e"=2 and y=mw+2nm
That is,

x=In2 and y=2n+Dr
Hence

z=24+Q2n+mi

Write e =1++/3i as e*e” =2, from which we see that

e'=2 and y=-7—;—+2nn

That is,

Consequently,

Write exp(2z—1)=1 as ¢’ =1¢° and note how it follows that

e '=1 and 2y=0+2nn
Evidently, then,

x=— and y=nr

N | =

and this means that

1 .
Z=—+nmi
2

This problem is actually to find all roots of the equation

exp(iz) =exp(iz) .

To do this, set z = x + iy and rewrite the equation as

e’ =e’e".
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(n=0,+1,42,.).

(n=0,£1+2,.).

(n=0,£1,£2,.).

(n=0,+1,+2,.).

(n=0,£1,£2,.).

(n=0,£1,%2,.).

(n=0,£1,%£2,.);

(n=0,£1,%2,.).



Now, according to the statement in italics at the beginning of Sec. 8 in the text,
e?’=¢’ and -—-x=x+2nnm,
where n may have any one of the values n=0,+1,+2,... Thus
y=0 and x=nrmw (n=0,%x1,£2,..).

P, T S
11011 arc, unciciorc,

(a) Suppose that e is real. Since e’=e"cosy+tie®siny, this means that e*siny=0.
pp y

Moreover, since e” is never zero, siny=0. Consequently, y=nz (n=0,£1,£2,...); that
is, Imz=nn(n=0,x1,%2,..).

(b) On the other hand, suppose that ¢° is pure imaginary. It follows that cosy=0, or that

y=12r-+n7r(n=0,i1,i2,...). That is, Imz=-72£+mt(n=0,il,i2,...).

We start by writing

Because Re(e*)=e"cosy, it follows that

Re(e”z)zexp( Zx }cos( 2—y 1=exp( 2% 21005( 2)_7 J.

\ X +y2j \x*+yzj \x Ty ) \Xx Ty )

1/z

Since e is analytic in every domain that does not contain the origin, Theorem 1 in Sec. 25

ensures that Re(e") is harmonic in such a domain.
If f(2)=u(x,y)+i(x,y) is analytic in some domain D, then

e/ @ ="V cosv(x,y)+ie"* Y sinv(x, y).

o f(z) : [ e ot L I , - PRI - S VUYL & [N S
Since ¢’*? is a composition of functions that are analytic in D, it follows from
Sec. 26 that its component functions

U(x,y)=e""" cosv(x,y), V(x,y)=e""sinv(x,y)
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are harmonic in D. Moreover, by Theorem 2 in Sec. 25, V(x,y) is a harmonic conjugate of
U(x,y).
14. The problem here is to establish the identity
(exp2)" =exp(nz) (n=0,£1,£2,.).

(a) To show that it is true when n=0,1,2,..., we use mathematical induction. It is obviously
true when n=0. Suppose that it is true when n=m, where m is any nonnegative
integer. Then

(expz)™' =(expz)” (expz) = exp(mz)expz = exp(mz +z) = exp[(m+1)z].

(b) Suppose now that n is a negative integer (n=-1,-2,...), and write m=-n=12,.... In
view of part (a),
1)1 1 1
(expz)" =( ] = == = =exp(nz).
\expz ; (expz)" exp(mz) exp(—nz)

SECTION 31

1. (a) Log(—ei)=lnl—cil+iArg(-ei)=he——i=1-=;

2 2
— o T
(b) Log(1—i)=Inl1—il+iArg(i—i)= M\/Z—Zi—EmZ—Zi

2. (a) loge=lne+i(0+2n7t)=1+2n7ri (n=0,x1,£2,..)).

T £

(b) logi= i[ll'i'lk =k4n+ )m (n=0,£1,£2,...).

(c)

—
y

of-1 +\/_z =2+ {27, L 2n: L +z(n+ﬂ_mt (n=0£1,£2, ).
! 3 ) L 3)

3. (a) Observe that

Log(1+i)* = Log(2i) = 1n2+-’25i

and
( ~ ) T
2Log(1+i)=2le/2+iZJ=h12+5i.
Thus
Log(1+i)* = 2Log(1+i).
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4. (a)

(b) On the other hand,
and

Hence

Since

we find that log(i*)=2logi when this branch of logz is taken.

(b) Now consider the branch

Hence,

S.

and

Consider the branch

log(i*)=log(~l)=Inl+ir=7i and 2logi=2L]nl+i

Log(~1+i)? =Log(—2i)=1n2—-’25i

3r.

—~—1.

2Log(—1+i)=2(1n 2+i§f—)=ln2+ .

Log(—1+i)* #2Log(-1+i).

logz=Inr+i0

( -\
T .
— |=mi,
2)

log(i*)=log(-)=Inl+ir=mi and 2logi=2(lnl+i7j=57ti.

for this particular branch, log(i®)# 2logi.

(a) The two values of i"* are ¢™* and ™. Observe that

log(e"’”)=]nl+i(§—+2nft)=(2n+z)m'

bg(e"""‘)=1n1+i(-5-’-”-+ 2n7r)=|'(2n+1)+l-|m
4 ) L 4]

Combining these two sets of values, we find that

1og(i"2)=[n+ﬂm'

(n=0,£1,%2,.)

(n=0,21,%£2,.).

(n=0,x1,£2,..).
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On the other hand,

;l—logi=j}-[h11+i(g+2n7tﬂ={n+l_17ti (n=0,t1,12,.).
2 2] 2 JI U 4)

1
Thus the set of values of log(i?) is the same as the set of values of Elogi, and we may

write
log(i"?) =-}logi.
&~
(b) Note that

log(i®)=log(-1)=In1+(rm+2nmr)i=2n+1)ri (n=0,£1,+2,.)
but that
2logi= 2[m1+{£+ 2;‘7:}} ={d4n+)mi n=0,21,12,.).
2

Evidently, then, the set of values of log(iz) is not the same as the set of values of 2logi.
That is,

log(i*) # 2logi.

in/2 __ ¢

7. To solve the equation logz=in/2, write exp(logz)=exp(ix/2), or z=e i.

10. Since In(x*+y?) is the real component of any (analytic) branch of 2logz, it is harmonic in
every domain that does not contain the origin. This can be verified directly by writing

u(x,y)=In(x"+y") and showing that u_(x,y)+ u(x,y)=0.

SECTION 32

1. Suppose that Rez >0andRez, >0. Then

z,=rexpi®, and z,=rexpi®,,
where

—£<® <£ and —£<® <£.
2 2 2 )
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The fact that —-m<© +0O_<7m enables us to write

=Logz, +Logz,.

3. We are asked to show in two different ways that

zl
log| — [=logz, —logz, (z,#0,2,#0).

z2

(.

(a) One way is to refer to the relation argL—'J=argz1 —argz, in Sec. 7 and write
Z
2

b4
+iarg(—i}= (nlz 1+iargz )—(Inlz, |+iargz,)=logz —logz,.
\%; )

2

1

-
£

<21

(b) Another way is to first show that log(l}=—logz (z#0). To do this, we write z=re”
Z

and then

Vd 1\ V4 1 . N\ 7 1\
log( — ]=log —e™® =]n[ — ]+i(—9+2n7c)=—[1nr+i(9—2n7t)]=—logz,
\ </ ) )
where n=0,%1,22,.... This enables us to use the relation
log(z z,)=logz, +logz,
and write
zZ, 1 1
log| — |=log| z,— |=logz +log| — |=logz, —logz,.
Z Z Z
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S. The problem here is to verify that

2" = exr»(llogZ] (n=-1,-2,.),
\n )

given that it is valid when n=12,... To do this, we put m=—-n, where n is a negative

integer. Then, since m is a positive integer, we may use the relations 7' =1/z and 1/e*=¢"*

to write
iin ( i/‘rn)—i [ (] l } "
27 =@ =| exp| —logz
1 1 1
= /[ p(—-log z)] = exp( —_ ogz) = exp(—logz).
m m n
SECTION 33

1. Ineach part below, n=0,%1,12,....

(@) (1+i) =explilog(1+i)]= exp{ [m 2+i[-}+2nn‘ﬂ}
L

Since n takes on all integral values, the term —2n7 here can be replaced by +2nm. Thus

A+’ =exp(—%+ 2n7r)exp(%ln21
\ 7 J  \< J

(_;_t_ + ZnﬂH = exp(—% - 2n7rJ cxp(%ln 2).

z
2

(b) (-1)"* =exp %log(—l) exp{ [Inl+i(r+ 2n7t):|} exp[(2n + 1)i].

2. (a) P.V. i =exp(logi)= exp[ (lnlﬂ;”:exp[—%).

(b) P.V. {;( 1—3i J’am—expfm]_,og{ ( 1- Vgi\}}=exp{37ti(lne

\l\)

\__/
eed

=exp(27?)exp(i3m) =—exp(27?).

(¢) P.V. (l—i)‘*i=exp[4zl.og(1—i)]=exp[4i( hv2- ,-’fﬂ e

A

L\ *J
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n

= " [cos(41In/2) + isin(41In/2)] = " [cos (2In2) + isin(2In 2)}.

Since —1+/3i=2¢", we may write

-1+ \/51')3/2 = exp[%log(—l + \/31')} = exp {3[m2 + 1(23— + 2nn)]}

2

7

= explIn(2¥*) + (3n + Dmi] = 22 exp[(3n + 7il,

where n=0,+1,12. ... Observe that if # is even, then 3n+1 is odd; and so exp[(3n+)zi]=—1.
On the other hand, if n is odd, 3n+1 is even; and this means that exp[(3n+1)7i]=1. So only

two distinct values of (—1+\[3_i)3/ ? arise. Specifically,

<
=
g
(¢
|
Q
N
o
IN
)
>
(@]
(@]
(@]
-t
[aN
-
=
[4)-]
-
Q
| #5]
[¢']
0
\o
-
-
[¢]
=]
—-.
=
g,
ko]
2
3
<
[=%]
P
[
(¢]
o
Py
N—
By
k-3
§|
[¢']
51
"=

according to Sec. 33, that value is
( 0, Y —~ (@)
{/r0 exp| i

exp —Logz =exp [~

= exp(]n q/ r )exp

S

.
(lnr +i©® )

These two expressmns are ev1dently the same.

Observe that when c=a+bi is any fixed complex number, where c#0,%1,12,.., the power

i can be written as

( r / A1)
i°=exp(c10gi)=exp{ (a+bi) Inl+i —+2n7r }
L L \ 2 74}
r /71' \ /” Y1
=exp[—bLE+2n7rJ+iaL5-+2nﬂJJ (n=0,£1,22,..).
Thus
i€ l—exp[ k—-t—.mn” (n=0,£1,12,..),

and it is clear that 1i°| is multiple-valued unless b =0, or ¢ is real. Note that the restriction
c#0,%x1,12,.. ensures that i is multiple-valued even when b = 0.



SECTION 34

1.

The desired derivatives can be found by writing

d . d(e*—e* Ifd , d _,
—sing=—| —— [=—| —e* ——e¢
dz dz 2i 2i\ dz dz
i -k
=i,(ieiz+ie“'z\=£-:e—=cosz
2 / 2

and

We know from Exercise 2(b) that

sin(z+z,) =sinzoosz2 +ooszsinz,.

Then, by setting z=z, we have
cos(z, +2,) =C08z,€0sZ, —sinz sinz,.

(a) From the identity sin’z+cos’z=1, we have

= 2 2

Sin“z COS“z 1
—+———=—_ or l+tan’z=sec’z.

cos’z cos’z cos’z

(b) Also,

sin’z cos’z 1

2

——+——=———, or l+cot’z=cx’z.
sin’z  sin’z sin’z

From the expression

sinz = sinxcosh y+ icos xsinh y,

45
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we find that

i cos z = cos® xcosh® y +sin” xsinh’ y
= cos® x(1+ sinh? y) + (1—cos’ x)sinh? y

=cos’ x +sinh’ y.

Since sinh? v is never neocative. it follows from exnressions (15) and (16) in Sec
S1nce snh™ y 1g never negative, it 1ollowg from expressions (1)) (16)

(a) lsinz P=sin*x, or Isinzl>lsinx|

and that

(b) lcoszP>cos*x, or lcosz!=>Icosxl.

In this problem we shall use the identities

Isinz *=sin® x+sinh® y, lcoszF’=cos” x+sinh®y.

+ .1

(a) Observe that
sinh? y=lsinz > —sin® x <lsinz I
and
I'sinz I>=sin” x + (cosh® y — 1) = cosh? y — (1 - sin® x)
=cosh’ y—cos’ x < cosh’ y.
...
L IIUD>
sinh® y<lsinzP<cosh®y, or Isnhyl<lsinzI<coshy

(b) On the other hand,
sinh? y=Icosz ¥ —cos® x <lcosz
and
¥ 2 2 . ./ 1.2 1\ 1.2 71 PANAN
lcosz I"=cos” x+(cosh” y—1)=cosh” y—~(1-cos” x)

= cosh’ y —sin” x < cosh’ y.
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Hence
sinh’® y <lcosz P<cosh®y, or Isinhyl<Icosz|<coshy.

11. By writing f(z) =sinZ = sin(x — iy) = sinxcosh y— i cos x sinh y, we have

F@)=ulx,y)+i(x,y),
where
u(x,y)=sinxcoshy and wv(x,y)=—cosxsinhy.

cosxcoshy=0 and sinxsinhy=0.
Since coshy is never zero, it follows from the first of these equations that cosx=0; that is,

T . .
x=;+nn’ (n=0%1+2,.). Furthermore, since sinx is nonzero for each of these values of x,

the second equation tells us that sinhy=0, or y=0. Thus the Cauchy-Riemann equations
hold only at the points

z=§+nn (n=0+1,£2,.).

Evidently, then, there is no neighborhood of any point throughout which f is analytic, and we
may conclude that sinZ is not analytic anywhere.
The function f(z) = cosZ = cos(x —iy) = cosxcosh y +isinxsinh y can be written as

F@)=ulx,y)+i(x,y),
where
u(x,y)=cosxcoshy and wv(x,y)=sinxsinhy.

If the Cauchy-Riemann equations u_=v _,u =-v_hold, then

nxcos y = ) ond

1 one v
AL A my—v i WO A Ol11kL

The first of these equations tells us that smx=0, or x=nr(n=0,%1,%+2,..). Since cosnm #0,

it follows that sinhy=0, or y=0. Consequently, the Cauchy-Riemann equations hold only
when

z=nm (n=0%1,%2,.).

So there is no neighborhood throughout which f is analytic, and this means that cosZ is
nowhere analytic.
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14. (a) Use expression (14), Sec. 34, to write

cos(iz) = cos(—y + ix) = cos ycosh x — isin ysinh x
and
cos(iZ) = cos(y + ix) = cos ycoshx —isin ysinh x.

This shows that cos(iz) = cos(i7) for all z.

h) co aynraccinn (12) Qar 24 tn write
‘U/ I \II\HIVOUI\JII \1.’/, o o/ Tg VWWJ YYLILW
sin(iz) = sin(—y + ix) = —sin ycosh x — i cos ysinh x
and
sin(iz) = sin(y + ix) = sin ycosh x + i cos ysinh x.
Evidently, then, the equation sin(iz) = sin(i7) is equivalent to the pair of equations
sinycoshx =0, cosysinhx=0.
Since coshx is never zero, the first of these equations tells us that siny=0.
Consequently, y=nr (n=0,11,£2,..)). Since cosnm=(-1)"#0, the second equation
tells us that sinhx=0, or that x=0. So we may conclude that sin(iz) = sin(i7) if and
only if z=0+mnrwr=nmi (n=0,£1,%£2,..).
15. Rewriting the equation sinz =cosh4 as sinxcoshy+icosxsinhy=cosh4, we see that we

need to solve the pair of equations

sinxcoshy =cosh4, cosxsinhy=0

for x and y. If y=0, the first equation becomes sinx = cosh4, which cannot be satisfied by
any x since sinx<1 and cosh4 >1. So y#0, and the second equation requires that cosx=0.
Thus

x=-72£+nn' (n=0+1+2,.).

Since

sin(§+n7t]=(—l)",

the first equation then becomes (—1)" cosh y = cosh4, which cannot hold when 7 is odd. If n
is even, it follows that y=+4. Finally, then, the roots of sinz =cosh4 are
/4 .
z= —2-+2n7r t4i (n=0x1,%2,.).
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16. The problem here is to find all roots of the equation cosz=2. We start by writing that
equation as cosxcoshy—isinxsinhy=2, Thus we need to solve the pair of equations

cosxcoshy=2, sinxsinhy=0

for x and y. We note that y#0 since cosx=2 if y=0, and that is impossible. So the second
in the pair of equations to be solved tells us that sinx=0, or that x=nz (n=0%1,%22,..). The

first equation then tells us that (—~1)"coshy=2; and, since coshy is always positive, n must
be even. That is, x=2nx (n=0=+1,%+2,.). But this means that coshy = 2, or y=cosh™'2.
Consequently, the roots of the given equation are
z=2nm+icosh™2 (n=0£1,%2,.).
To express cosh™2, which has two values, in a different way, we begin with

y=cosh™2,0r coshy=2. This tells us that e’ +¢* =4; and, rewriting this as
(€)Y —4(e’)+1=0,

we may apply the quadratic formula to obtain e’ =2++3, or y=]n(2i\/§). Finally, with the
observation that

m(2—£)=m[(2"/§)(2,f"/§)]=m( 1,_)=—ln(2+\/5),

L 2++v3 1 \2+v3)

we arrive at this alternative form of the roots:
2=2nm+il2+3) (n=0+1,42,.).
SECTION 35

1. To find the derivatives of sinhz and coshz, we write

d .. d(ez——e’z\ td , _ . e+e’
—sinhz=— =——(e"—e )=
dz dzk 2 J 2dz

= coshz

and

d dlie+e* ) 1d, , _,  e-e°
—coshz =— =——('+e )= =sinhz.
dz dz 2 2dz 2

3. Identity (9), Sec. 34, is sin’z+cos’z=1. Replacing z by iz here and using the identities

sin(iz) =isinhz and cos(iz) =coshz,
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we find that i®sinh®z+ cosh’z =1, or
cosh’z —sinh’z = 1.

Identity (6), Sec. 34, is cos(z, + z,) = cos z, €os z, — sin z, sinz,. Replacing z, by iz, and z,

by iz, here, we have cos[i(z, + z,)] = cos(iz,) cos(iz,) — sin(iz, )sin(iz, ). The same identities that
were used just above then lead to

cosh(z, + z,) = coshz, cosh z, +sinh z; sinh z,.

We wish to show that
Isinh xi<Icosh zI< cosh x

in two different ways.

4L

Thus icoshzi” —sinh® x = 0; and this

(a) Identity (12), Sec. 35, is icoshzi” =sinh® x +cos’ y. Tl
tells us that sinh®x <Icoshzl’, orlsinhxi<lcoshzl. On the other hand, since
lcosh zI* = (cosh® x — 1) + cos? y = cosh? x — (1 - cos® y) = cosh® x —sin’ y, we know that

Icosh zI —cosh?® x < 0. Consequently, lcosh zI” < cosh® x, or IcoshzI< cosh x.

(b) Exercise 9(b), Sec. 34, tells us that Isinh yl<lcoszI< coshy. Replacing z by iz here and
recalling that cosiz = coshz and iz = —y + ix, we obtain the desired inequalities.

(a) Observe that

i

—ele ™ —et+et e-e

\ . €T —e e‘e .
sinh(z + mi) = = = =- = —sinhz.
2 2 2 2
(b) Also,
L et g P rete™™  —et —e e’ +e
cosh(z+ m) = = = —coshz
2 2 2 2

(c¢) From parts (a) and (b), we find that

sinh(z+mi) _—sinhz _ sinhz

== = tanh z.
cosh(z+ mi) —coshz coshz

tanh(z + mi) =

The zeros of the hyperbolic tangent function

sinh z

tanhz =
coshz
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are the same as the zeros of sinhz, which are z =nni (n=0,%1,%2,...). The singularities of

~N

Vd 7: .
tanhz are the zeros of coshz, or z= LE + mth (n=0,£1,£2,...).
15. (a) Observe that, since sinhz =i can be written as sinh xcos y+icoshxsiny =i, we need to
solve the pair of equations

sinhxcosy=0

If x=0, the second of these equations becomes siny=1; and so y==+2n7

(n=0,x1,%2,...). Hence

}m’ (n=0,x1,£2,...).
7

If x # 0, the first equation requires that cosy=0, or y= —725 +nmw (n=0,£1,+2,...).

The second then becomes (—1)" coshx =1. But there is no nonzero value of x satisfying
this equation, and we have no additional roots of sinhz =1i.

. . . . 1 .
(b) Rewriting coshz =— as coshxcosy+isinhxsiny=—, we see that x and y must satisfy
2

1
2

the pair of equations

coshxcosy = % , sinhxsiny=0.

D . 1
If x =0, the second equation is satisfied and the first equation becomes cosy = 7

Z=(2ni%)m' (n=0,%142,..).

If x #0, the second equation tells us that y = nr (n=0,11,12,...). The first then

becomes (—1)" coshx = E But this equation 1n x has no solution since coshx 21 for all

x. Thus no additional roots of coshz = % are obtained.
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coshxcosy=-2, sinhxsiny=0.

If x =0, the second equation is satisfied and the first reduces to cosy=—2. Since there
is no y satisfying this equation, no roots of coshz = -2 arise.

If x#0, we find from the second equation that siny=0, or y=nz (n=0,%1,£2,...). Since
cosnm = (—1)", it follows from the first equation that (—1)" coshx = —2. But this equation can
hold only when 7 is odd, in which case x = cosh™ 2. Consequently,

z=cosh™ 2+ (2n+ ri (n=0,%£1,£2,...).

Recalling from the solution of Exercise 16, Sec. 34, that cosh™ 2 = +1In(2 + +/3), we note that
these roots can also be written as

i (n=0,11,%2,...)

T Uy s L]



Chapter 4
SECTION 38
o 1 o1 dt 1 1
2. (a) J. —-=1 dt=J —=—1|dt-2 J'—=___2 n2=———iln4;
1 1 tz 1 t
a5 rem mi6 1.. i i ,5 l
(b) J-emdt= - =;"" COS:"'ISIH:—I )z—;——-{-;’
0 L 2l o aiL S5 J ] 4

(c) Since le**l=e*, we find that

co

b—eo b e

0 0 L2
3. The problem here is to verify that

Te"""e“"“’d9= 0 when m#n,
0 2r when m=n.

To do this, we write

and the verification is complete.

4. First of all,

¥ n
M gy = _[ ¢* cosxdx+i j ¢* sinxdx.
1]

0

(=R |

But also,

Tt’;’ ax= =— +1i
: L1+ | 1+ 14 1= 2 2

)]

T .
(+i)x g, |—e(l+l)x-| _f’i’em—l_—en—l_l—l 1+e®  1+€”"

b -zt
1
_[e‘“dt=lim e"’dt=lim[e ] =1lim(1—e"”‘)=— when Re z> 0.
] . I
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Equating the real parts and then the imaginary parts of these two expressions, we find that

LAY jfe*sinx =12

0

S. (a) Suppose that w(r) is even. It is straightforward to show that u(f) and v(r) must be even.

Thus
j w(t)dt = j u(t)de+i _T v(t)dt =2ju(t)dt+ 2i jv(t)dt
e Za “a 0 0

= 2{}u(t)dt+ijv(t)dt:l = ij(t)dt.

0 0 ¢

(b) Suppose, on the other hand, that w(¢) is odd. It follows that u(f) and v(f) are odd, and so

a a a
[ wioyde = [ u(yde+i | v(t)dr=0+i0=0.
-a -a —-a
SECTION 39
1 £ ) Ctnert by 1 tir gy
Le ‘u/ Al Uy Wllllllé
-a -a ~d
I= _[ w(—t)dt = j u(~t)dt + ij w(-1)dt.
—b -b -b

La al)
1

e substitution 7=-¢ in each of these two integrais on the right then yieids

I= —iu(r)d’r— ij v(T)dt= j-u(r)dr + ij'v(r)dr = j'w(r)dr.

b a a

That is,

_Jg w(-t)dt= jw(z‘)d‘r.

(b) Start with

I= jw(t)dt = ju(t)dt+i}v(t)dt

and then make the substitution f=¢(7) in each of the integrals on the right. The result
is



8 8 8
I'= {ulg(0)}’(@)dT+i | VPO (D)dT= | Wld(T)]¢'(T)dT.

That is,

b B
[winar=wig@w (.

The slope of the line through the points (¢,a) and (B,b) inthe 7t plane is

So the equation of that line is

_b—a
-

Solving this equation for ¢, one can rewrite it as

t-a (T—-).

b—a af-ba
t= T+ ;

B-a

o
Since t=¢(7), then,

b—aT+aﬂ—ba

B-o  B-a

If Z(7)=2z[¢(7)], where z(t)=x(t)+iy(¢) and t=¢(7), then

o(1)=

Z(7)=x[p(D)}+iylP(T)].

Hence

JJJJJJJ

= {x"[o(DN+ iy’ [¢(N}¢'(T) = Z[P(D¢’ (7).
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5. If w®)=flz(#)] and f(z)=u(x,y)+i(x,y), z(t)=x(t)+iy(t), we have
w(t)=ul[x(2), y(Ol+v[x(t), y(1)].
The chain rule tells us that
f_iﬁ — l+ ’ d ﬂ — ’ 4
dt_u‘x uy an =vx'+vy,
and so
w(f)=(ux"+ “, Y)+i(v x'+ v, ).
In view of the Cauchy-Riemann equations u_= v, and U ==v, then,
w(O)=(u x'—v y)+i(v x"+u y)=(u_+ )Xx'+i’).
That is
w () ={u [x(0),yOl+¥ _[x(@, yONIX' O+ (O]= T2 (1)
when t= t,
SECTION 42
1. (a) Let C be the semicircle z=2¢” (0<8< 1), shown below
y
Cf\
2 0 2 X
Then
4 n n
[2*2 0= 1+2\dﬁ = f(1+ 2@ )2zei9d9 =2i[ (" +1)do
I T R :
B e 4
=2 —_+9] =2i(i+nm+i)=—4+2mi.
I
L [\
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This is the same as part (@), except for the limits of integration. Thus

P 2z

j-z-iidz [ +9J = 2i(—i+2M—i— ) =4+ 27i.

(c) Finally, let C denote the entire circle z=2¢® (0<6<2r). In this case,

2dz =4ri,

|‘Z+

ch

the value here being the sum of the values of the integrals in parts (@) and (b).

(a) Thearcis C:z=1+¢® (<0<2x). Then
2%

i20 127
j(z 1)dz—j(1+e*" Die“d6 =i | '2"(10—{‘3 }

< 2i

=1(ei47r —eiz”)=%(l—1)=0.

(b) Here C:z=x(0£x<2). Then

2 2
j(z l)dz—J(x )dx= [" }:0.

0
In this problem, the path C is the sum of the paths C,, C,, C,, and C, that are shown below.
1 F

y G

i 1+i

C, C,

o

o C I x
The function to be integrated around the closed path C is f(z)=ne™* e observe that
C=C +C,+C +C, and find the values of the integrals along the individual legs of the

square C.

(i) Since C,is z=x(0<x<1),

1
[ ne*'dz=n fe’”dx=e” —-1.
JCI J

0
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(ii) Since C,is z=1+iy(0<y<]),

Jc

2

1
n’e"zdz=7tj e"" " Vidy=e"ri
0

[= t_—.—a
.'.
&
a
<
il
[\
3

(iii) Since C;is z=(1-x)+i(0<x <),

(iv) Since Cyis z=i(1-y)(0<y<),
1
7 1y — ~w(l-y) . e in _
an‘e dz—n’J-e ? (—t)dy—mIe Ydy=-2.
0

Finally, then, since

Cio=x+i’(—1<x<M and C :7=x+x2(0<x<
\./1-4, A1 \ - U} JLV 3 \/2.(, D1 A \U-—J\/—l}o
Using
f(2)=1lonC, and f(z)=4y=4x onC
A haxra
C Lavoe
0 1
[ n.\,l.,=f Fede o | n.\,l.,=f1n¢;'zv2\,1v¢I‘Av3n¢;'zv2\,.rv
JCJ\.(.}u JCJ\gju TJC J K. JL\LTIJA }MTJ'TA \LT oA JUua
0

= jdx+3zj 2dx+4j 3dx+121jx5dx
—[x] +z[x ] +[x ] +21[x ] =14+i4+142i=2+3i.
3. The contour C has some parametric representation z=z(r)(a<t<b), where z(a)=z and
z(b)=zz. Then

jcdz= _Tz'(t)dt=[z(t)]: =z(b)-z(a)=2z,-z,



59

6. To integrate the branch
Z—l+i =e(-—l+i)bgz

(1zb0,0<argz <2m)

around the circle C:z=e" (0<0<27x), write

2n 2n 2
IC 7 dZ:J'Ce(—m)hgz, dz = je(—l+i)(hl+i9) 0®d0=i e_w_oeiod9=ije_9d9=i(1—e_2”).
’ ‘ .

0

8. Let C be the positively oriented circle lzl=1, with parametric representation
z=¢€"(0<0<2x), and let m and n be integers. Then

_i(m+H@ _-inb 1n
€ € aov.

But we know from Exercise 3, Sec. 38, that

Te‘”‘"e“"’"d@ _ {O when m#n,
LZ!L’ when m=n.

Consequently,

m—n 0 when m+1#n,
I "7'dz= )
2xi when m+1=n.

x=44—y*. This

9. Note that C is the right-hand half of the circle

[V
4
“
[
1
)
W
o)
3
o
<

suggests the parametric representation C:z= \‘/4— ¥’ +iy(—2<y<2), to be used here. With
that representation, we have

-2 4—y2 -2 4—y

n T .
-—-41[Sm (1) —sin” (—1):| 4':3 (—EH=4751.




60

10. (a) Since

n

J fz=2,)dz= | f(Re")Rie"do

and

[ f@)dz= j f(Re®)Rie*do,

we have

J fa=2)de=] f@)de.

(b) The results

11. (a)

—

o

j (z—2)"'dz=0(n=%1,42,..) and j 2 __oni
G 0 Gz-z,

are immediate consequences of part (a) and integrals (5) and (6) in Sec. 42.

The function f(z) is continuous on a smooth arc C, which has a parametric

representation z=z(t)(a<t<b). Exercise 1(b), Sec. 38, enables us to write

where
Z(7)=z[¢(7)] (@<t<P).

But expression (14), Sec. 38, tells us that
oD (t)=Z'(7);

and so

b B
[z 0yde= frz@nz .

Suppose that C is any contour and that f(z) is piecewise contin

halheestudh S A AN Y

j=a
8~
-
(2]

be broken up into a finite chain of smoot
identity obtained in part (a) remains valid.
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SECTION 43

1. Let C be the arc of the circle 1z}

T =2 shown below.

Without evaluating the integral, let us find an upper bound for

d
J -—Z—. To do this, we
Cz2_1

note that if z is a point on C,

|2 =121t 1-1|=[1e P 1| = 14-11=3.
Thus

1
72-1

-1 <l

1z°=1 3

1
Also, the length of C is i(475)=7r. So, taking M=— and L=r, we find that

W | m=

d
.J’CZZil_

<mr==".
3

2. The path C is as shown in the figure below. The midpoint of C is clearly the closest point on

[
Z
C to the origin. The distance of that midpoint from the origin is clearly V—, the length of C

being \/—2- .

d
“lﬁl /




1| 1

TrY . g . . o~ 1 B o 2 [ ot - P - 3
Hence 11 z 1s any point on C, IZIZ—2—. This means that, for such a point 7

3]

Consequently, by taking M =4 and L =\/5 , we have

-4 . olx

To find an upper bound for I_[C(ez -2)dz I, we let z be a point on C and observe that

le* ~ZILle® \+ 1T 1=e* +J X2 + V2.
y

But e* <1 since x<0, and the distance \/x2+y2 of the point z from the origin is always

less than or equal to 4. Thus le*~Z1<5 when z is on C. The length of C is evidently 12.
Hence, by writing M =5 and L = 12, we have

|{ (¢5—2)dz| < ML=60.
ldc* gt
Note that if I1z= R (R>2), then
1222 =1<21zP +1=2R*+1

and

lz“+5z2+4|=|z2+1uz2+4|z||z|2 -1| |tz|2 —4|=(R2—1)(R2—4).



Thus

| 22-1 | ne-n 2R+
2452244 1244522 +41 (R =1R*-4)

when Izl=R (R>2). Since the length of C R is @R, then,

| i ) £(2+ 1 )
TRQ2R°+1) R R°)

CR-pR-4 (1 1—1;
R R

and it 1s clear that the value of the integral tends to zero as R tends to infinity.

N

R

J' 275 -1 .
Cez*+5z°+4

5. Here C_ is the positively oriented circle |zl=R(R>1). If zis apointon C,, then

3 IlnR+i@I<1nR+I®I<7r+lnR
- R2 - R2 - p2

FaY

3

Logz
72
l A

since —w<@<z. The length of C, is, of course, 27R. Consequently, by taking

_n+mR

M and L=2xnR,
R2
we see that
|r Logz ,_l,.n . [z+mR)
Al | > Vil = LJ
e 22 LR )
Since
. m+lmR _ 1/R
m = lim =0,
R R R~ ]
it follows that
Lo
im £2 4z =o0.

63
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6. Let Cp be the positively oriented circle 1zl=p (0<p<1), shown in the figure below, and

suppose that f(z) is analytic in the disk 1zI1<1.

V=

We let z™? represent any particular branch

- 1 0
2 =exp ———logz =exp ——(lnr+19) =—¢ —] (r>0,a<0<a+2n)

2 J' o2
of the power function here; and we note that, since f(z) is continuous on the ¢
bounded disk |1zI<1, there is a nonnegative constant M such that | f(z)I< M for each poin

in that disk. We are asked to find an upper bound for To do this, we

J‘Cp z'”zf(z)dz .

observe that if z is a point on C,

Pn(x)=-71;jf(x+i«/1—x2 cos8) d6 (n=0,12,...),
0

/ 2

o f4 Al { s R 2~ . 2 . 2,
ix+w1—x' cosul=\/x2+(1—x2)cos O=yx"+(1—x") =1,

it follows that

P, ()| < 1f|x+ix/1—x2 cos6[do< L [ap=1
”0 z 0
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SECTION 45

1.

The function z" (n = 0,1,2,...) has the antiderivative z"*' / (n+1) everywhere in the finite
plane. Consequently, for any contour C from a point z, to a point z,,

2 n+l % n+1 n+l
z Z b4 1
_[ "dz = jz"dz = [ ] =21 = (z;‘” - zl"”).
¢ +1 n+1
4

41 11 17
Llrl'r " ‘_'zl nl r s n i
: 12 . R
o I i ™ —e® vl 1+i
a e =] — B = = .
(a) ; T |, T T T
T+ 7N r s\ RH2 s '(g”] ‘i(f‘*']
Z Z I e'" '—e "/ o imt2 -1 ~izl2
(b) J cos| — |dz=2|sin| — =2sin| —+i |=2 - =—z(e e —e e)
) 2, L \2,_,0 VR 2i
i,
=—l(—+le)=—-+e=e+—
e e e

3'( 2y d _[e-2T_1 =0
(c) le z—[ 2 J1—4 1=0

Note the function (z—-z,)""' (n=%1,£2,...) always has an antiderivative in any domain that
does not contain the point z =z,. So, by the theorem in Sec. 44,

[ (z—zp)"dz=0

Y9

Let C denote any contour from z=-1 to z=1 that, except for its end points, lies above the
real axis. This exercise asks us to evaluate the integral

1
I= Jzidz,
~1
where 7' denotes the principal branch

7' = exp(iLogz) (21>0,- < Argz < 7).




66

An antiderivative of this branch cannot be used since the branch is not even defined at
= —1 Rt the inte T

& = de ASVIV LilW AXIVW 1'31"

@3

7' =exp(ilogz) (Izl >0,—- g <argz < 37”)
since it agrees with the integrand along C. Using an antiderivative of this new branch, we
i+1 ! 1 1
z ; . .
= - Dt — (=) | = [ pli+Dtgt _ j(1+Dlog(-D
iR G |
L rogevmirioo  @omivim]_ 1 fy  oxin)_ I+e™™ 1-i
=—|¢ —e =——|l-ee" )]z ——
i+1 i+1 I+i 1-i
1+e™"
= 1-i
> (1-12)
SECTION 49

2. The contours C, and C, are as shown in the figure below.

——-—\
-n._-/

In each of the cases below, the singularities of the integrand lie inside C, or outside of C,;
and so the integrand is analytic on the contours and between them. Consequently,

Icl f()dz= ICZ f(2)dz.
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(a) When f(z2)= 21 , the singularities are the points z= iiz
3z°+1 3
Z+2 : ..
(b) When f(z)= w, the singularities are at z =2nm (n =0,%1,+2,...).
sin(z

(c) When f(2)= —I——Z——Z—, the singularities are at z =2nmi (n =0,+1,+2,...).
—e

(a) In order to derive the integration formula in question, we integrate the function e?
around the closed rectangular path shown below.

y
—-a+bi a+bi
| .|
-a 0 a X

Since the lower horizontal leg is represented by z=x (—a < x<a), the integral of

4

e’ along that leg is

a
re_xzflv = x? Ay
J
—a

a
M—;.fé’_ (LN
J
0

Since the opposite direction of the upper horizontal leg has parametric representation
2=x+bi (—a < x < a), the integral of e along the upper leg is

a a a a
2 2 2. 2 2 2 .
e gy = —¢? [ ™ gy = —¢"" [ cos2bxdx +ie” Je” sin2bx dx,

J J R ' AR
-a ~-a -a a
or simply

Since the right-hand vertical leg is represented by z=a+iy (0 <y <b), the integral of
2
. i
e * along it is
b b

— . 2' . - 2 2z _; ,
Ie @D idy = je™ Iey e Vdy.

0 0
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Finally, since the opposite direction of the left-hand vertical leg has the representation
z=—a+iy (0 £y <b), the integral of e along that vertical leg is

b b
e 2 N2 . R 2 2 .

—Je o idy = —je™ Iey e dy.

0 0

According to the Cauchy-Goursat theorem, then,

a

a b b

.2 P 2 L2 : . L2 2 .

2le™* dx—2e" e cos2bxdx+ie™ e’ e Vdy—ie™ |e’ e*®dy=0:
0 0 1]

0

and this reduces to

a b
—x? _p2 _y2 —(alip? 2,
e cos2bxdx=e’ er “dx+e @t )jey sin2aydy.
0 0

© Cm——

(b) We now let a— e in the final equation in part (a), keeping in mind the known
integration formula

and the fact that

o>

b
(a2 2 ., (22 2
e ””Iey sin2aydy|<e ””jey dy — 0 as a — .
0 0

The result is

N

e cos2bxdx = —2—”e"” (b>0),

© S, §

6. We let C denote the entire boundary of the semicircular region appearing below. It is made
up of the leg C, from the origin to the point z =1, the semicircular arc C, that is shown, and
the leg C; from z = -1 to the origin. Thus C=C, +C, +C,.
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We also let f(z) be a continuous function that is defined on this closed semicircular region
by writing f(0) =0 and using the branch

3n

f(z)=re®? (r>0,—12[-<9<7)

of the multiple-valued function z'?>. The problem here is to evaluate the integral of f(z)
around C by evaluating the integrals along the individual paths C,, C,,and C, and then

adding the results. In each case, we write a parametric representation for the path (or a
related one) and then use it to evaluate the integral along the particular path.

(i) C:z=re® (0<r<1). Then

1

' 2
IC, f(2)dz= .({\/; ldr = I:—?:rm] =

0

W

(ii) C,:z=1-¢°(0<6<m). Then

ch f(2)dz = j e . ie®d0 =i j e?%2do = i[ie"”’z} = —i—(—i -= —§(1 +1).

0 ° 3i 0

(iii) —C,: z=re™ (0<r<1). Then

-1
H

[2
£ ,3n

-[c, f(2)dz = _J_q f(2)dz= —ix/?e""”(—l)dr = iiv?dr =il3

The desired result is
[ f@di=] f@dz+] f@de+| frde=2-21+i)+2i=0,
C G, G G 3 3 3

The Cauchy-Goursat theorem does not apply since f(z) is not analytic at the origin, or even

defined on the negative imaginary axis.
SECTION 52

1. In this problem, we let C denote the square contour shown in the figure below.

B!

_ZtJZ :
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-2
(@) [ —% 5l ;
‘ f¥e lv J L4

a)
Jez—(mil2)

2
(b) J ———————CSSZ dz = (cos2)/(z +8)dz=2n‘i[ C20SZ ] =2”i(l)=ﬂ'
Cz(z +8) c z—0 2=0 8 4

2dz 2/2 dz:zm'[_z.} =2m'(—1)=—2.
L= 4. 2

© Jeger1 de7=CD

¢ coshz ¢ coshz 2mi| & | i
(d) JC Z4 dz = JC (Z O)3+1 dz = 31 [dz3 COShZJ o = _(O) =0
(e) tan(z/2) dz = tan(z / 12+)1 dz= 2mi [itan E)]
C(z—x,) 1! [ dz 2/]...,

€ (z=x,)

2. Let C denote the positively oriented circle 1z —il=2, shown below.
y

C o™ T

(a) The Cauchy integral formula enables us to write
A= . A PO Y Y SR A SN 71 ~
ws, W, | L7\ T &) . 1 . 1 Pl
J > =J . - =J = dz=2mL J =27L'1L—_J=—.
Cz°+4 JC(z-2i)z+20) c z-=2i 2+2i ), i 2

(b) Applying the extended form of the Cauchy integral formula, we have

f 1/(z+2i) = 27
¢ (z-2i)™ 1!

d 1
dz (z+2i)° eni

[ dz___ dz -
C(+4) Jo(z-20)(z+20)*

—~2 _—4mi _ -4m 1w
L @i —(16)4)i 16
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3. Let Cbe the positively oriented circle Izl= 3, and consider the function

. Y2 _oc_n
A D -

g)=| ——ds (I21#3).

We wish to find g(z) when z =2 and when Izl> 3 (see the figure below).

We observe that

25 —5-=2

ds =27i[2s" -5 2] _ =2mi(4)=8ni.
s— 5=

g@=]

On the other hand, when |z| > 3, the Cauchy-Goursat theorem tells us that g(z) =0.

S. Suppose that a function f is analytic inside and on a simple closed contour C and that z, is
not on C. If z, is inside C, then

f(z)dz f(R)dz _2mi ,
(Z_ZO) J-C(Z l+l 1! f(z()).

d opor
.[cfz(_Z) : =2mif'(z) and ch

Thus
f'@dz _ _f(2)dz
Cz-2z C(z=1z)"

The Cauchy-Goursat theorem tells us that this last equation is also valid when z, is exterior
to C, each side of the equation being 0.

7. Let C be the unit circle z=€” (-7<0<7), and let a denote any real constant. The
Cauchy integral formula reveals that
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On the other hand, the stated parametric representation for C gives us

e” texp(ae®) 3
r 7 = f P . ie'%d = i rpvnfn(r‘ncﬁ +icin N A0
] dz= | 7 le"d0 =i |expla(cos 0 +isin 0)}d0
¢ Z - € -
r n
= ije‘“""’soe‘“'" °d0 = iIe“ 9 cos(asin 0) + isin(asin 0)]d6
-7 -

T n

=— Ie““" sin(asin @)d0 + i Ie"“’” cos(asin 6)d@.

—r —
i3 ~

az

€
<

Equating these two different expressions for the integral IC dz, we have

T

~ je”"sg sin(asin 0)d0 + i_[e““’sg cos(asin 8)d6 = 2 7i.

Ie““’se cos(asin 0)d0 =2r;

-

and, since the integrand here is even,

=

[«
C
2

(b) We let C denote any positively oriented simple closed contour surrounding a fixed point z.
The Cauchy integral formula for derivatives tells us that

AN LI K Cital) S (n=0,1,2,...).
dzn\ } 2]HJC(S Z)n+l g
Hence the polynomials P,(z) in part (a) can be written
1 (s =1)" B
P,(2)= 2"*‘;:;'] (n=0,12,..).

C(S_Z)n-H
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(c) Note that

(s"=1" _(s=D"(s+D" _(s+1)

(S_l)n+l (s_l)u+l - s—1 ¢

Referring to the final result in part (b), then, we have

Py=d [y L LDy Lo =002
= § = — S = — = n=U,1,45...).
" 2"+‘m'JC(s—1)"+‘ 2" 27riJC s—1 2"

Also, since

(s°=1" (s=1"(s+D)" _(s=1)"

(s+ 1) (s+ 1™ s+1 7
we have
D 1N\ 1 (S _1) J-_ 1 1 f(s 1) _ 1{ AR __ 7  1\N rs —_—Nn1n" \
ri—1i — =—{(—<4) =(—1 n=4u,iz,
T 2"+‘mJC(s+1)"+1 2 2mide s+1 20t T Y ’
We are asked to show that
I (z)—— ¢t f(s)ds
J(s 2
(a) In view of the expression for f'(z) in the lemma,
[z+AD)-f'(2) _ 1 [[ 11 ] f(s)ds
Az 2/Ti'-c|_(s-z—Az)2 (S—Z)Z_I Az
r 2s-2)-Az . .,

Then

AF’
(V4

f‘(z+AZ)—f'(Z)__LJ f(ds _ 1 [ 2As-2)-4z 2 ]f(s)ds
P e — 2 3
C

1 ¢3(s—2)Az—-2(Az)*
= s)d.
2r -l(s—z—Az) (s— )31() >
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(b) We must show that

(c)

( 3(s — 2)Az — 2(Az)? o) ds| . (3DIAZ +21A2P )M
Pe(s—z-A2)(s—-2)*" " | (@d-1Ad?d®

Now D, d, M, and L are as in the statement of the exercise in the text. The triangle
inequality tells us that

13(s — 2)Az — 2(Az)*1< 3ls — zl |1Azl + 21Az* < 3DIAZl + 21 Azl .

Also, we know from the verification of the expression for f'(z) in the lemma that
Is — z— Azl 2 d ~1AzI> 0; and this means that

I(s —z— Az)*(s — 2)’1 2 (d -1AZl)*d’ > 0.
This gives the desired inequality.

If we let Az tend to O in the inequality obtained in part (b) we find that

lim

1 ¢ 3(s—2)Az—2(Az)? _
lim — j f(s)ds =0.

C(s—z~Az)’(s—2z)’

This, together with the resuit in part (a), yieids the desided expression for f7(z).
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Chapter 5
SECTION 56

1. Let us use definition (2), Sec. 55, to show that the sequence

(=1)"
z,,=—2+z( 2) (n=12,..)

n

!
converges to —2. Observe that |z, — (-=2)|=—. Thus, for each £> 0,

n

[zn - (-—2)| <& whenever n>n,
where n is any positive integer such that n, 2 1~
Ve
: (="
2. Note thatif z, =2 +i—— (n=1,2,...), then
n
0, =Argz,, -0 and O,, ,=Argz,, ,—0 (n=12,..)

Hence the sequence ©, (n=1,2,...) does converge.

3. Suppose that limz, =z. That is, for each £>0, there is a positive integer n, such that
n—yo0
Iz, — zi< € whenever n>n,. In view of the inequality (see Sec. 4)
Iz, —zl 2 iz 1-lzll,

it follows that llz |-izll< € whenever n > n,. Thatis, limlz I=lzl.

n—»o0

4. The summation formula found in the example in Sec. 56 can be written

- b4
Zz"=——— when izl<1l.

n=1 -z
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If we put z = re'?, where 0 < r < 1, the left-hand side becomes

z(re‘o) Zr" inf Zr”cosn9+i2r"sinn9;
n=1 n=1 n=1 n=1

and the right-hand side takes the form

re® 1-re” re'® —r? _rcos@—r’ +irsin@

1-re® 1-re™ 1-r(e®+e®)+r*  1-2rcos@+r’

Thus

-] oo 2 .

. ) rcos@-—r ) rsin@
2r"cosn9+12r" sinn@ = - —
- v

n=1 n=1

=

Equating the real parts on each side here and then the imaginary parts, we arrive at the
summation formulas

oo 2 o0 .
rcos@—r . rsin @

Y r"cosnf = —— —— and Y r"sinnf=—— —

pyry 1-2rcos@+r* = 1-2rcos@+r
where 0 <r < 1. These formulas clearly hold when r =0 too.
Suppose that zzn =S. To show that Zfz‘n =S, we write z, =x +iy,, S=X+iY and

n=1 n=l

armemm ) # gl 4l . . Q. £L Tt o~ 1Y o i sl 4
dapplal tO UIC UICLLCIL 111 OCL, U0, IClidL U1 all, C IIULIC Lidt

iz =i(x —iy, )= E[x +i(-y,)]=X-i¥ =8§.

n=1 n=1 n=1



8. Suppose that Zz,, =S and an =T. In order to usc the theorem in Sec. 56, we write
n=| n=1
Z,=x,+iy,, S=X+i¥Y and w,=u +iv,, T=U+iV.
Now
Y5 =X, Yy =Y ad du=U Sv,=V
n=1 n=1 n=1 n=1
Since
Y. (x,+u)=X+U and Y (y,+v,)=Y+V,
n=| n=1
it follows that
Y I(x, +u,)+i(y, +v)l=X+U+i(Y + V).
n=i
That is,
Z[(xn +iy,)+(u, +iv)]=X+iY + (U +iV),
n=1
or
Yz, +w,)=5+T.
n=1
SECTION 59
1. Replace z by z” in the known series
i z2n
coshz = (Izl< o)
n-0 (271)!
to get
% Z4n
nr\chfqz\— T4 P R
COBIg j= LIS 2=2)
= 2n)!
Then, multiplying through this last equation by z, we have the desired result:
oo Z4n+1
zcosh(z?) = z (Izl< o).

77

n=0 (2")'
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2.

(b) Replacing z by z—1 in the known expansion
ii

we have

v @@=
l—é n!

So

_ o (z-1)°
e=ee=e
D

.

We want to find the Maclaurin series for the function
1

f@==t=

‘49 9 1+(z'/9)°

To do this, we first replace z by —(z* /9) in the known expansion

(Izl< o0),

(Izl< o0).

(Iz1< o).

(Izl< 1),

—_
&
N
P
w

S’

Then, if we multiply through this last equation by g, we have the desired expansion:

= (—1)"
f(Z) - z (A 4n+l
n=0 3=
Replacing z by z° in the representation
2n+1
sinz= Y (-
g( (2n+ 1!
we have
4n+2

sin(z?) = (<1
= Gnr )

Izl < ~/3).

(Izl< e0),

(izi< o0).
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Since the coefficient of z" in the Maclaurin series for a function f(z) is f*(0)/n!, this

shows that

f(4n)(0) =0 and f(2n+1)(0) ={ (n =0, 1,2,)

The function IL has a singularity at z=1. So the Taylor series about z =i is valid when
-z

lz—il <2 , as indicated in the figure below.

1 1 1 1
l—z (1-i)—(z—i) 1—=i 1—(z—i)/(1—1i)

=¥ (Izi<1)

and then multiply through by - The desired Taylor series is then obtained:
—i

LI Gl (z—il <2).
l_z g(l_i)nlﬂ

The identity sinh(z + zi) = —sinh z and the periodicity of sinhz, with period 2, tell us that

sinh 7 = —sinh(z + i) = ~sinh(z — i)
So, if we replace z by z— 77 in the known representation
0o 2n+l
. V4
sinhz = PR (Izl< 00)
o @n+1)!
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and then multiply through by —1, we find that

sinhg=~-) ———>
“ (2n+1)!

(Iz — 7mil< o).

13. Suppose that 0 <lzl <4. Then 0<Iz/4l<1, and we can use the known expansion

Replacing n by n—1 in this last series and then noting that

1)n+l ,

D =D = (-

=z (zi<1).
n=0
To be specific, when 0 <zl < 4,
1 1 1 - = N -
47-7° 4z |_2 4z,,0( ) 2:‘, z“4"“_— 4z Z 2
4
SECTION 62
1. We may use the expansion
72n+1
sinz = - lzl< o0
¢ ﬁ( D] (fel< =)
to see that when 0< Izl < oo,
SRVERTE ISR L
b4 =2n+)! z S+ z
3. Suppose that I <Izl< e and recall the Maclaurin series representation
1~ o»
—=37z (i< 1).
I-z 5%
This enables us to write
1 1 1 1”( 1)" - (—1)"
—_— =) |- = - (I<lzl< o).
I+z z g1 Zg b4 E_Z‘,z"'
Z
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we arrive at the desired expansion:

IR o i (1 <lzi< o0)
1+z ,,Z;,‘ "
4. The singularities of the function f(z)= % are at the points z=0 and z=1. Hence
YARE SanlVd

there are Laurent series in powers of z for the domains 0<lzl<1 and 1<lzi<e (see the
figure below).

- | S S R
To find the series when 0 < izi< 1, recali mat ——= ),z (izi<1) and write
n=0

1=z 72713 720 F AR A n=0 z 2%
As for the domain 1< |zi< e, note that 11/ zl <1 and write

oo

1 1 1
f(Z)——Z—s'm—“—Z( ) ) = X

3 p=0 n=0< n=3

) : . +1 . . .
5. (a) The Maclaurin series for the function Z—l is valid when lzl<1. To find it, we recall
Z —
the Maclaurin series representation

i (Izl<1)

p._n
!\l

for L and write
1-z2

e 1>zz S W e

n=0 a=0
n= a=

-—iz" —iz" :—1—222," (zI< 1).
n=1 n=0 n=1
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(b) To find the Laurent series for the same function when I<lzl< o, we recall the

1 [ |

. . X . 1 .
Maclaurin series for —— that was used in part (a). Since !— l <1 here, we may write

1-z2 z
z¢1 1t 1) 1 Na(1) a1 1
2
—=—2= 4+ |—=|1+= | =) =
z-1 1—= ( Z)l_l [ Z)g(zj ézn ; "
b4 b4
—%LL%L_1 .q‘“;.i 4 . N
=2 St 5=1+2) = (i <izi< o).
n=0 < n=1 < n=1<
7. The function f(z)=—(—1+—i-)- has isolated singularities at z=0 and z =i, as indicated in
zZ(1+z

1 Nt SAmIan semsmiemcmindad e L 41 4 . ~ o1 4
ence there is a Laurent series representation for the domain 0 <izi< i

and also one for the domain 1<!zl< oo, which is exterior to the circle

To find each of these Laurent series, we recall the Maclaurin series representation

SR ot zl< 1).
i-z =
For the domain 0 <izi< 1, we have
Fl2)= 1 1 - li(_zz)n _ i(_l)nZZn—l _1 + i(__l)nzzn—l - i(_l)nﬂzuﬂ +_1_ .
2 1+z < p=0 n=0 Z = n=0 Z

On the other hand, when 1 <lzl< oo,

In this second expansion, we have used the fact that (—=1)"" = (=1)""'(=1)* = (-)"*".
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(a) Let a denote a real number, where —1 < a < 1. Recalling that
T 22” (d<)
1- z n=0
enables us to write
a _a 1 i a™!
z—a z 1-(alz) S
or
2 =-VL (lal<lzl< o).
z—a 52

e - a nzl
But
a _ a (cos@—a)—isin@ _acosf—a’ —iasin 6
e’~a (cos@-a)+isin@ (cos@—a)—isinf 1-2acos@+a’

and

Za”e_i”o = Za” cosnf — iZa" sinné.

n=} n=1 n=}
Consequently,

acos 0 — a* asin @

za" cosn@ = = and Ea" sinn@ = >
1-2acos@+a pori 1-2acosO+a

1
n=i fi=i

when —l1<a<l1.

10. (a) Let z be any fixed complex number and C the unit circle w=e" (=1 < ¢ < 1) in the w

plane. The function
fw)y= exp[-;—(w - %}]

has the one singularity w =0 in the w plane. That singularity is, of course, interior to
C, as shown in the figure below.
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Z 1 -
exp|l=|w——|[= Y J " 0<liwl< o0),
p[Z( w) ,,;w (2w ( )
where the coefficients J (z) are
J (D)= 1 exPlE w_;JJd =0,11,+2
L(2)= 27(1"[0 e w (n=0,21,%2,...).

Using the parametric representation w =e" (-m < ¢ < ) for C, let us rewrite
hi

{ =\ fll
this expression for J (2) as follows:

| cofie-e]

27T ' 2 Do

-

J.(2)= ied¢ = L Jexp[iz single™"d¢.
2w -,

That is,
J(2)= ;1; | expl—i(ng — zsin ¢)1d¢ (n=0,£1,%2,...).

(b) The last expression for J (z) in part (a) can be written as
J,(2)= 1 I[cos(n¢ —zsin@) —isin(n¢ — zsin @)]deo
2m -
=— Icos(nd) zsin ¢)d¢ — jsm(n(b zsin ¢)d¢

_IE

= ———2J.cos(n¢ —zsin¢)d¢ ——l——O (n=0,1£1,%2,...).
2r -2z
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That is,

J,,(z)=7lt- [ cos(ng — zsin ¢)dg (n=0,+1,%2,...).

11. (a) The function f(z) is analytic in some annular domain centered at the origin; and the
unit circle C:z=e"” (- < ¢ < 7) is contained in that domain, as shown below.

‘o
N

For each point z in the annular domain, there is a Laurent series representation

f@=Yar+3 %,
n=0 n=1 Z

i9 T
g, =L [ L@ LTS gy L[ petyemay  (n=012,..)
i 27” JC Zn-ﬂ 275’ "PU”’U

and

~—
-
i

N

-
.

io n
p o L[ f@dz_ 1§ fE) gy 1Ty gy
"Toamide 7 T amid gm0 T T g 0T TE

or

f(z)—— j fle "’)d¢+—2jf(e‘¢)[( ) (%”dcb

n=1 n

.
.

Nt
B

B e e e e e R B B i e A S (e iy
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(b) Put z=e" in the final result in part (a) to get

1
2

ey 3y

i6 (0-¢) , ,-in(6-9¢)
f(et ) o f(em)[ in(6-¢ +e [ }d¢,

r n=1

n
. 1 «
[re®ydp+ =3

|

r

or

PN T it = it
f(e )_EEJ fe*ydo+=Y Jf f(e*)cos[n(8 — ¢)1dg.

- n=1 n

3 |-

If u(6) = Re f(e), then, equating the real parts on each side of this last equation yields

u(e)——— ju(¢)d¢+ 2 ju(¢)cos[n(e 9)1do.

nl_”

1. Differentiating each side of the representation

=y (IzI< 1),
n=0
we find that

(1- z) dzzz —Z——z —X"Z _2(”“)2" (IzZl< ).

Another differentiation gives

2
(1—
\l.

—2(n+1)z -2(n+1)—z —2n(n+1)z"1—2(n+1)(n+2)z (z1<1).

3
yoodzn

2. Replace z by 1/(1—z) on each side of the Maclaurin series representation (Exercise 1)

1 -
— n
o =Y (n+1)z (Izl< 1),
( Z) n=0
as well as in its condition of validity. This yields the Laurent series representation

(I<lz—1l< 00).



valid in the open disk Iz —2I< 2, as indicated in the figure below.

To find that series, write

it 1
z 2+(z=2) 2 1+(z-2)/2

87

3. Since the function f(z)=1/z has a singular point at z =0, its Taylor series about z, =2 is

to see that it can be obtained by replacing z by —(z~2)/2 in the known expansion

4 n=0
Specifically,
1_13[ =27
: 245l 2
or

Thus

Consider the function defined by the equations

£1% [(Sin z2)/z whenz#0,
T 11 when z=0.

When z #0, f(z) has the power series representation

(Izl<1).

=

(]

(lz-2I<2).

—
™
I
)
A
(]
N

(Iz-2l<2).

R e
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1 2 7 1 2 7
— —_————— =1_—_+_—....
1@ Z(Z 3t 5 ] 3t 51

Since this representation clearly holds when z =0 too, it is actually valid for all z. Hence f
is entire.

Let C be a contour lying in the open disk Iw—1i<1 in the w plane that extends from the
point w =1 to a point w = z, as shown in the figure below.

-

w plane

According to Theorem 1 in Sec. 65, we can integrate the Taylor series representation

LS -1y (w—1l<1)
a=0

w

But
ﬂév‘= [d—w=[L0gW]. =Logz-Logl=Logz
Cw o oTw
and
2 1yt _ 1yl
(w17 = [(w—1ydw=| W=D _G@=D""
i 1 L nt+tl | n+1
Hence
v (=" a1 _ v (=) n
Logz=) ——(z-1D)"" = -1 lz—1l<1);
gZ;nH‘Z) ;nu) Iz )

and, since (—1)"" = (=1)""'(~1)* = (=1)"*, this result becomes

(_ 1)n+l
n

Logz= i (z-1" (Iz—1< ).
n=}
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SECTION 67

A

¢
2+
find the Laurent series for f that is valid in the punctured disk 0 <lzl< 1, shown below.

1. The singularities of the function f(z)= are at z=0,xi. The problem here is to

2 3
LIS N S S A (Izl< o)
121 3
and
1 2, 3
=147+ + 4 (Izl< 1),
-z
which enable us to write
1 1
e =l+z+=2"+—2"+ (Izl< o0)
2 6
and
1
7 =1_z2+z4_26+... ('Zl<1)-
7 +1

Multiplying these last two series term by term, we have the Maclaurin series representation
Z

=1+z+=2"+=2 4

+1 27 6
2 3
-— Z — z —
Z4+. .
5 4
=l+z-—2"-=2+-,
6
which is valid when izi< 1. The desired Laurent series is then obtained by multiplying each
side of the above representation by -1-
b4
e 1 1 5
° LIS PN (O <lzi<).
20"+ z 2 6
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4. 'We know the Laurent series representation

1 1 11 7
Z’sinhz 2 6 z 360

from Example 2, Sec. 67. Expression (3), Sec. 60, for the coefficients b, in a Laurent series

. 1, .. . .
tells us that the coefficient b, of — in this series can be written
b4

6. The problem here is to use mathematical induction to verify the differentiation formula

[f(2)g(x)]"™ = i[:)f‘“(z)g‘"‘“(z) (n=12,...).

k=0
The formula is clearly true when n =1 since in that case it becomes
[f(2)g(@)] = f(2)g' (@) + f'(2)8(2).

We now assume that the formula is true when n =m and show how, as a consequence, it is
true when n =m+1. We start by writing

[f(2)8@]™" = [/ @e@I"™ =[£(2)8'(2) + f"(2)g(2)]"™

=[f(2)g" (@™ + [ (2)g()I"™

Il
ng

( )f g () + i[:)f “D(2)g" P (z)
k=0

m+l

(mw F® g™ "”)(2)+V( \f”"(z (m=k+D) (7
\k J° \k—1)"

M5

o~
I}
=]

=f<z)g""“’(z)+i[(zl)+(k'f J}f”"(z)g“"“"‘)(z)+f('"“’(z)g(z)-
k=1
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But
(MY (m\_ m m! __ (m+1t _(m+1)
\k ) \k=1)" kim-k)! (k—-D(m—-k+1)! klim+1-k)! { k )
and so
n (m+1
[f(2g(]1™" = f(2)g™" () + Z(m ,:r Jf B 2)g"" @)+ " (2)g(2),
k=1
or

m+1 + 1
[f(2)g()}™ = Z(m L )f B2)g™" P (2).
k=0

The desired verification is now complete.

We are given that f(z) is an entire function represented by a series of the form
f()=z2+a,2" + a7’ +- (Izl< o0).
(a) Write g(z) = f[f(z)] and observe that

g(O)z+g (0)zz+g (O)Z3+"‘

JIf(2)]=g0) +=— ~ —~
2! 3!

(I1zl< o0).

It is straightforward to show that

@)= f'1f)f (2),

£"@) = fIF QL @OF + L DI (),

~sawg &

w
=
(=N

g7 (@)= fIF @I @Y +2f @ F " @Qf'LfF @1+ f U @I @@+ F L@ (2).

Thus

flf@)=z+2a,2" +2(a’ + a;))7’+- (Izl< o0).
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(b) Proceeding formally, we have

U @D1= f@)+ a,[f (T +a,[ f ()] +--
=(z+a, 2t +a, 2+ )+ a,(2+a," + a2+ ) + a;(z+a, 2" +a, 2+
=(z+a,2’ + a2+ )+ (a2 +2a27 4+ )+ (@2 ++)

=z2+4+2a,2° +2(a; + a7 +--.

(c) Since

3
. ¥4
smz=z—;+---=z+0z2+(—

N

)Z%’“’ (Izl< o),
Vd

ON | =

, , . 1
the result in part (a), with ¢, =0 and a, = s tells us that
o 1,
sin(sinz) = z—gz +ee (Izl< ),
We need to find the first four nonzero coefficients in the Maclaurin series representation

1 - E n
=) >z lzl<—|.
coshz 4= n! 2

This representation is valid in the stated disk since the zeros of coshz are the numbers
z=|—+nr|i (n=0,£1,12,...), the ones nearest to the origin being z = iEz. The series

f z since coshz is an even function; that is, E,. =0

Z Z 2 1 4 6
coshz—1+ +—t+—t=l+—7 F+—7+—7 [zI< o0
2! ' 6! 2 24 720 ( )
into 1. The result is
Loyl 5 6L (Izl<1r—1
coshz 2 24 720 \ 2)

or
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Since

<3

E E
a6
2! 4! 6!

0

E+E2

coshz



Chapter 6

(a) Letus write

2:2-_-%. 1 =1(1—z+z2—z3+~-)=l—1+z-z2+--- 0 <izl<1).
z

(b) We may use the expansion

2 4 6

A A 4
cosz—1—§+zl—!-—6—!+--- (Izl< 00)
to write
(T U A PO RN M M O WO
z 20 22 41t e gt 20z 41722 6 2
(0 <lzl< o).
The residue at z =0, or coefficient of 1, is now seen to be—%.
Z 2
(c) Observe that
z—sinz 1 . 1 2 7 2 7
~————=—Z-siny=—|2—-[Z-—=+—— ||=———+- 0 <lzl< ).
z z( ) z[ ( 35 )] 3t 5! ( )

Since the coefficient of — in this Laurent series is 0, the residue at z=0 is 0.
b4

(d) Write
cotz__l cosz
2t 7' sinz
and recall that
oo 1 22 1 Z4 — Z2 Z4 V P \
V=1~ T ———=Sl——— T ——" " (IZI< o0)
2! 4! 2 24
and
3 5 3 5
Z Z Z
sinz=z—— ?!—--~—z—:~+ —ee (Izl< o0).
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Dividing the series for sinz into the one for cosz, we find that

— N ol s e
e e —— e dea e (VU I 7t ).
sinz z 3 45
Thus
cot 1(1 3 1 11 11
4Z=____:__:+”)=_?_:_7_7?_+u. (0 <lzl< 7).
4 Z\& 2 4 J 2 3 7 40 Z

Note that the condition of validity for this series is due to the fact that sinz =0 when

z=nm(n=0,£1,%2,...). Itis now evident that co:z has residue —%5. at z=0.
b4
(e¢) Recall that
3 5
sinhz=z++ 4. (I2l< o0)

! Ji

and
1 2
1-z

There is a Laurent series for the function
sinhz 1 . ( 1 )
————=——-(sinhz)| —
24(1_22) z4 ( ) I_ZZ

that is valid for 0 <lzl<1. To find it,b we first multiply the Maclaurin series for sinhz

and :
1-z2?

(sinhz)( L 2\=(z+%z3+7—};—zs+~--)(l+zz+z4+~--)

\i—-2z"/ 120 A ’

5

1, 1
=z+-2+—2"+

6 120

3 1 5

P v Ak K
6
z5+...

A S (0 <lzi< ).
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We then see that

This shows that the residue of — % _ at z=0 is .
2*(1-2%) 6

In each part, C denotes the positively oriented circle 1zl= 3.
dz, we need the residue of the integrand at z =0. From

2.
exp(—
(a) To evaluate j -#2

¢ z

the Laurent series

avnl __~) 1 { P -2 -3 \ 1 1 -

Ul d=_2 =245 2 =L2__‘_.i+_‘__i (0 <lzl< o),

o2 3 z7 1tz 20 3!

we see that the required residue is —1. Thus

exp(—z) . .
J‘C——zz—dz = 27i(~1) = -2 71i.

(c) Likewise, to evaluate the integral JC zzexp(l)dz, we must find the residue of the
2

integrand at z =0. The Laurent series

2exp( L) = ¢
Tz T\

i

which is valid for 0 <lzl< oo, tells us that the needed residue is —. Hence

[.2 expe) dz= 27::'(3) -
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which is valid when 0 <lzl<2, and observing that the coefficient of 1 in this last
z

1 . . .
product is -5 To obtain the residue at z =2, we write

r=

z+1 _(z-—2)+3' 1 —l(1+ 3 ) 1
2(z=2) z—2 2+(z-2) 2 z2=2/) 1+(z-2)/2
1/ 3 N Z—z /Z_z\z T
=—(1+ Jll— +222
2 =2 2 2 7

which is valid when 0 <lz - 2I< 2, and note that the coefficient of in this product

2—2
is % Finally, then, by the residue theorem,
. > 1 71 2\
| F—dz= 2rciL——1—+3J=27ri.
€z" -2z 2 2
In each part of this problem, C is the positively oriented circle [zl= 2.
ZS
(a) ¥ f(z)=——, then
1-z
1 (1 1 1 1 1 1
T Gl e e e (T AR 2 B P
27\z) T =2 -2 Z . Z

1 1 1

1 Fa¥ -1 - et 1. . a4
wnen v <izi<1l. 1118 CUS US Uldl

J. f(z)dz=2r7iRes —%—f(l) =2mi(~1) = -2 7i.
¢ =0 z°"\z
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(b) When f(z)=- ,1 -, we have
i+z

%f(l)= 12= 1 —=1-z" 4z (O <lzl< 1).

Thus

_fcf(z)dz = 27ri13=eos izf(%) =2mi(0)=0.

L

(c) If f(z)=-1—, it follows that — f( ) l Evidently, then,
Z F4

f(2)dz=2rmiRes — f| — |=27i(1) = 2mi.
¢ z=0 zl i

4. Let C denote the circle Izl=1, taken counterclockwise.

(a) The Maclaurin series e* = Z (_z_ < o0) enables us to write
n=0 N

ICGXP(Z + -i—)dz = J.Ceze”‘dz = L e""‘iz—! dz = ii' L 7" exp(-l-)dz.

. (1 11 &1 .
zexpl—|=7") ——=)y =" (n=0,12,...).
kz kzz‘ok! * gk!
Now the 1 in this series occurs when n—k=-1, or k=n+1. So, by the residue
F4
theorem,
[ 2 exp(l\dz=2m L (n=0,12,...).
Je \z/ (n+1)!

The final result in part (a) thus reduces to

Iexp(z+ )dz 27r2n'(n+1)'
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6. We are given two polynomials

P(z)=a,+az+a,* +-+az" (a, #0)

and
Q(z)y=b,+bz+b," +---+b, 7" (b, #0),

where m2n+2.
Itis straightforward to show that

1 PA/2) a2 +a2"  +az" '+ +a " " (2%0)
2 01/ b"+b7" " +b7 "+ +b '
Y X\L+7 &y vo«. T4, " Ym

Observe that the numerator here is, in fact, a polynomial since m —n—-220. Also, since
b, #0, the quotient of these polynomials is represented by a series of the form

d,+dz+d,z" +--- Thatis,

1 P(/z)
22 0/z)

=dy+dz+d, 2"+ (0 <lzl< R,);

1 P(1/z)

22 Q(1/7z)
Suppose now that all of the zeros of Q(z) lie inside a simple closed contour C, and

IV avs

assume that C is positively oriented. Since P(z)/Q(z) is analytic everywhere in the finite
plane except at the zeros of ((z), it follows from the theorem in Sec. 64 and the residue just

obtained that

has residue 0 at z = 0.

and we see that —

jCP(Z) dz=27iRe [1 P(”Z)] 2mi-0=0.

Q(2) Q(1/z)
If C is negatively oriented, this result is still true since then
( P(2) ¢ P(2)
| dz=~| dz=
Q) €Q(z)
SECTION 72

1. (a) From the expansion
2 3

N B SN SIS S oo
e -1+1'+2'+3!+ (Izl< o0),

we see that
1

zexp{l\=z+1+i-l+—-—2+--- (0 <izi< o0).
LZJ 20 z 3tz
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—
Q~
h—

(c)

(d)

(e)

The principal part of zexp(—l-) at the isolated singular point z = 0 is, then,
Z

I 1 1 1
.._._..+_.._2+...;

21 z 3!z
and z = 0 is an essential singular point of that function.

2

The isolated singular point of is at z=-1. Since the principal part at z=-1

This enables us to write

2 2
- 1
b4 =(z+1) 2(z+1)+1=(2+1)_2+ L
14z z+1 z+1

Since the principal part is —%, the point z = -1 is a (simple) pole.
F4

. . . . . sin .
The point z =0 is the isolated singular point of —-5—, and we can write
z

sinz 1 22 22 ) 2 7
=_lz + ...le___+___... (0 <lzl< o0).

z oz 31 51 3150

The principal part here is evidently 0, and so z =0 is a removable singular point of the

) sinz
function —=.
Z

COSZ

The isolated singular point of is z=0. Since

1 2 4 3 N o ,
cosz 1, 28 z' 1 z,2 (0<lzi< o),
Z z 2! 41 z 2! 4!

the principal part is l This means that z =0 is a (simple) pole of 8L
Z b4

1

at its

—1 1

= , we find that the principal part of
(2 _ Z)3 (Z _ 2)3 p p p (2 _ 2)3
isolated singular point z =2 is simply the function itself. That point is evidently a pole
(of order 3).

Upon writing



2.

(a) The singular pointis z =0. Since

l-coshz 1[ (.. 2% 2% z° \-I 11 z 2
— =l | m e e
b4 Z 2! 4! 6! 2t z 41 6!
1 1
when 0 <lzl< o, we have m =1 and B —=——2—.

(b) Here the singular point is also z=0. Since

_ 2.2 3.3 4 _4 5.5
I=exp(22) exP(22)=i{1—(1+25+2 AR S MR +)]
n 2! 3! 4! 5!
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3
when 0 <lzl< oo, we have m=3 and B= 2 4
3! 3
- - exp(2 z)
(c) The singular point of ———— =1. The Taylor series
v _ 2, 2@=D , 2=’ 2G-1
exp(2z) =e*“ Ve’ = ¢ [l + + + +J (Izl< o0)
1! 2! 3!
enables us to write the Laurent series
2 42
xp2y) _ ot 1,2 1 2~+3—(z Iy (0 <iz~1l< ),
(z-1) | (z-1)" 1! z—-1 2! ]
e ~ R 5 2 2 -~ 2
Thus m=2 and B=e F=ze
Since fis analytic at z,, it has a Taylor series representation
z ”
f(Z) f( 0)+f(0) Zo)+%(z_zo)2+... (IZ—ZOl<R0)-

Let g be defined by means of the equation

f(z)
-2y

8(2)=

[ .
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i

(a) Suppose that f(z,) #0. Then

I B PV i CA P () T
gw_z—zol_ﬂz()” T (2—3)+ 2 (2-29)" +- J
Z ’4 ”
=ffiz+fff°)*‘f2(f°)<z—z0>+-~ (0<lz=2,|<Ry).

This shows that g has a simple pole at z,, with residue f(z,).

(b) Suppose, on the other hand, that f(z,)=0. Then

1 (4 z " z
2=zoL 1! 1
f(z,)  fF"(z.)
= 17" += 7"’ (2—z)+: (0<lz—zl< R).
Since the principal part of g at z, is just 0, the point z =0 is a removable singular
point of g.
Write the function
80322 /el M
f(@)= (ZZ +'a2)3 (a>0)
as
_9() 84’7’
Z)= where z)= .
f(x)= G—ai) $(2) Gt al)

Since the only singularity of ¢(z) is at z=—ai, ¢(z) has a Taylor series representation

6= (ai)+ S g aiy + D i . (12— ail< 2a)
about z =ai. Thus
f(Z)—- [¢(a )+ ¢ ( )( ai)+%)—(z—ai)2 + :l (0<lz—ail<2a).
Now straightforward differentiation reveals that
16a*iz —8a%7? 16a°(z* - 4aiz - a’)

¢'(z) = — and ¢”(2)=

(z+ ai) (z+aiy
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Consequently,

¢(ai)=—a"i, ¢(ai)= —%, and ¢"(ai)=-

This enables us to write

1
1=y

The principal part of f at the point z = ai is, then,

[—azi—g(z—ai)——;-(z—ai)z+---} (O<lz—ail<2a).

il2 al? a’i

z—ai (z—ai)® (z—ai)

SECTION 74
© e e o +2 < o(z)
i. (a) The function f(z)= : has an isolated singular point at z = 1. Writing f(z) = _T
z —
where ¢(z) = 2+ 2, and observing that ¢{z) is analytic and nonzero at 7 =1, we see
that z=1 is a pole of order 1 and that the residue there is B= ¢(1) =3

(b) 1If we write

1. . . . . .
we see that z= 5 is a singular point of f. Since ¢(z) is analytic and nonzero at that

point, f has a pole of order m =3 there. The residue is

Z! 10
(c) The function
expz expz

Z+m (z-m)(z+ mi)
has poles of order m =1 at the two points z =+mi. The residue at z = 7i is

_expmi _ —1 _ i
2mi 2mi 27c

i

and theone at z=—-mi is

exp(—mi) -1 _ i

B, = :
Y omi 2@ 2«
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1/4
2. (a) Write the function f(z)= Z+1 (Iz1>0,0 < argz < 27) as
Z

¢(z)

1
~lo
L where ¢(z)=z""=e* = (1zI>0,0 < argz < 27).

f(z

The function ¢(z) is analytic throughout its domain of definition, indicated in the
figure below.

/' Branch cut

-1 o X

Also,

1 1
—log(~1) —(Inl+ir) . n isi n
¢(—1)=(-—1)“4 = et = g4 =em’l —-COQ—4—+ Slﬂz=—‘=".¢0i

This shows that the function f has a pole of order m =1 at z = —1, the residue there
being

1+
B=¢(-1)=—.
VZ

Logz

(b) Write the function f(z)=-

3 ..3 as
(g +1)

__ 9 _ Logz
f(@)= i) where ¢(z) = i

From this, it is clear that f(z) has a pole of order m=2 at z=i. Straightforward
differentiation then reveals that

Logz T+ 21

S0




(c)

(a)
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Write the function

f(z )— 1)2 (IzI>0,0< argz < 21)
as
¢( ) ZIIZ
z)=—— where z)= .
f(@)= iy ¢(2) 17
Since
+ 7V — 4,12
¢,(z)=(z t)z - b4
2(z+1)y
and
-2 -inl4 __L_L 12 _ pintd _ __1_+L
N2 A2 N2 A2
172 T
es =¢'(i)=
e (Z2 +1)2 ¢ () 8’\/—5
We wish to evaluate the integral
J' 32342 .
cz—1(z*+9)
where C is the circle |z — 2l = 2, taken in the counterclockwise direction. That circle and

the singularities z =1, +3i of the integrand are shown in the figure just below.

A

3
C
(.
N
"

X-3i

Observe that the point z =1, which is the only singularity inside C, is a simple pole of
the integrand and that

a3 .

Res 322 +2 377+2
2'1 (z-1(Z* +9) +9_|

According to the residue theorem, then,

3
I ——B#dz - zm(l) = 1.
C(z=-D(z"+9) 2

NI»—-

L D e e |
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(b) Letus redo part (a)when C is changed to be the positively oriented circle 1zl =4, shown
in the figure below.

In this case, all three singularities z=1, +3i of the integrand are interior to C. We
already know from part (a) that
377 +2

- A

1
Res . =_,
=l (z=1)(z"+9) 2

It is, moreover, straightforward to show that

N 327+2 32+2 _15+49i
z=3 (z — 1)(22 + 9) (Z - 1)(Z + 3l) z=3i 12
and
3% +2 32242 15-49i
Res . - - = .
=3i(z-1)"+9) (-DE-3)]_, 12

The residue theorem now tells us that
32° +2 (1 15+49; 15-49)
[ —222 do=2mi 2+ T )=6mi
Cz—=1)(z"+9) 2 12 12
4. (a) Let C denote the positively oriented circle Izl=2, and note that the integrand of the
dz

r —er———————
Je 2(z+4)

integral has singularities at z =0 and z =—4. (See the figure below.)

7%

-4

1™
\’]




(b)

To find the residue of the integrand at z = 0, we recall the expansion

1 ~ n
— =22
1 n=0
and write
1 1 1 " S =D
3 = 3[ :I 3 (_—) =2 PISIE ’
Z(z+4) 477{1+(z/4) 4z 4 4
T al PR o il 4 r~ 1 1.
Now the coefficient of — here occurs when n = 2, and we see that
Z
__1.__ 1
=0 Z’(z+4) 64
Consequently,
— dz = 27[1(—1—\:—7[—1
€ (z+4) \64/) 32

Let us replace the path C in part (a) by the postitively oriented circle 1z + 2l =

at —2 and with radius 3. It is shown below.

3
N
Q\
\:__/
=

We already know from part (a) that

1

RCS-T———— .
=0 z°(z+4) 64

To find the residue at —4, we write

1 _ ¢
2z+4) z-(-4)

where ¢(z)= —13—
b4

This tells us that z = 4 is
rb( 4\=—II64 Cons quent

J' dz _2m.(L_ 1 )
c 3 - 64
2 (z+4) 64 64
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A
—
S’

o~

(O<lzi< 4).

3, centered

a si mple pole of the integrand and that the residue there is
n
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. cos d
5. Let us evaluate the integral f h 7z dz , where C is the positively oriented circle Izl=2

| R
All three isolated singularmes z O,il of the integrand are interior to C. The desired
residues are

cosh 7z coshan
es—s =— =1,
=0 z(z°+1) z°+1

coshzz coshnz

Res 5 =
=i z(7z°+1) 72(z+1)
[ V4 A S J

| I
l
S| =

and
S coshmz _ cosh nz] 1
=i’ +1) z2(z-i ., 2
Consequently,
cosh mzdz (.1 1)
| == =2m(1+——+—J=4m
€ zZ(z"+1)

6. In each part of this problem, C denotes the positively oriented circle |zl=3.

(a) It is straightforward to show that

N\ ’) | 2

1 Z)
z) z(- z)( +5z)

(3z+2)°
°C z{(z~=1D(2z+5) z=0

(b) Likewise,

: . 22(1-32) _1_(1)_ z-3
lff(z)_(1+z)(1+224)’ then z2f Z —z(z+1)(z4+2)'

The function —; f ( J has a simple pole at z =0, and we find here that

3
I z°(1-3z) - dz =27i Res[izf(l)]—_-2n'i(—-3—)=—3ﬂi.
c(1+2)1+2z2%) =02 \z 2
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(c) Finally,

Tz (1+z)

~|~

The point z =0 is a pole of order 2 of (-1-) The residue is ¢'(0), where
z

e
)=
»(z) 12
Since
, (1+2°)e* —e*37’
)= s
¥ (1+2°)
the value of ¢’(0)is 1. So
3 1z
Z'e P VoI ey
[ %= 13508[22— f(—z—)] =27i(1) = 27i.
SECTION 76

1. (a) Write

cscz = L = Lz;’ where p(z)=1 and ¢(z) =sinz.

sinz  ¢(z
Since
p@=120, ¢(0)=sin0=0, and ¢g'(0)=cosO0=1#0,
z =0 must be a simple pole of cscz, with residue

p0) 1 _

g0 1

(b) From Exercise 2, Sec. 67, we know that

1 1 1
Cscz:__,__'“_l- 2___'-lz3+... (0 <lzl< m).
L J

Since the coefficient of 1 here is 1, it follows that z =0 is a simple pole of cscz, the
Z
residue being 1.
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2. (a) Write

z—sinhz _ p(2)
z*sinhz q(2) ’

Since
p(mi)=mi#0, q(mi)=0, and gq'(mi)=n’=#0,

it follows that

z-sinhz _p(mi) @i _ i

Res—— == .
=xi z°sinhz q'(mi) =« T
(b) Write
exp(zt) _ p(2) :
==~ =222 where p(z)=exp(zt) and g(z)=sinhz.
sinhz ¢(2)

It is easy to see that

exp(zt) _ p(=mi) _

Res exp(zt) _ p(mi) _

—exp(int) and Res —exp(—imt
=ri sinhz ¢ (m) p(int) =-mi sinhz ¢'(- 71.'1) p-irt).
Evidently, then,
Res ex-p(z 1) + Res ex.p(zt) - exp(int) + exp(—m't) 2 COS L.
z=ni ginhz z=-# sinhz 2
3. (a) Write
p(z)
f(@)= —(——), where p(z) =z and g(z)=cosz.
z
Observe that
n
q(TL ,m) P (n=0,41,42,...).

Also, for the stated values of »n,

:]

p(z +n7r)-—5+nrc¢0 and q (‘5 )——Sln(\g )___(_l)nﬂ £0.
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has poles of order m =1 at each of the points
€OSZ

z, = g+n7t (n=0,£1,42,...).

The corresponding residues are

(b) Write

z= (gﬂm)i (n=0,%1,42,..)

P((-;E + nn)i) = sinh(—gi + nm‘) =icosnw=i(-1)" #0
and

q"((g + nn‘)i) = sinh(lzt—i + nﬂ:i) =i(—1)" #0.

So the points z= (§+mr)i (n=0,%1,%2,...) are poles of order m=1 of tanhz, the

residue in each case being
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4. Let C be the positively oriented circle Izl= 2, shown just below.

(a)

(b)

-
NG

To evaluate the integral L tan zdz, we write the integrand as

tanz = %, where p(z)=sinz and ¢(z)=cosz,
q(z

and recall that the zeros of cosz are z= §+ nt (n=0,%£1,12,...). Only two of those

zeros, namely z=217x/2, are interior to C, and they are the isolated singularities of
tan z interior to C, Observe that

Res tanz (ﬂ/ ) - -1 and Restanz=*"—~———"—"= P 7/2) =—
=2 q'(n/2) =2 q'(-m/2)

Hence
r. U .
J tanzde =2mi(-1-1) = - 4.

The problem here is to evaluate the integral I To do this, we write the

¢ smh 2z
integrand as

1 _p@
sinh2z  g(z)

, where p(z)=1 and ¢(z)=sinh2z.

Now sinh2z =0 when 2z =nmi (n =0,£1,%2,...), or when
nmi
zZ= ———2 (n=0,£1,%£2,...)
Thran nf thaca 7arne AF cinh Ve masaales n neA L ”l e semcs A Y X PSS I |
LHILA UL WLILDL 401U UL Sl £Z, L4iNcly v ana LE-, dl l siae { ana are t t: 150141Cd

singularities of the integrand that need to be considered here. It is straightforward to
show that

Re 1 p0 1 l
=0 sinh2z ¢q’(0) 2cosh0 2~
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Res_ L _pm»_ 1t 1
=ni2sinh2z  ¢’(mi/2) 2cosh(mi) 2cosm 2’
and
Res L _ P2 _ 1 N T |
=mi2sinh2z  ¢'(—mi/2) 2cosh(-mi) 2cos(-w) 2
Thus

J‘ dz ( 1 1 1 ) )
- =2 ————— = —7ti.
Csinh2z 2 2 2

— v
1 1
_(NJ.«E).@ _yﬁ _\_/ﬂ\ 75/ Nf, (N+E)1r
o X

\ 4
(w43
2

has isolated singularities at

1

cqe . 1
Within C,, the function —;

Z Sz

z=0 and z=xnmr (n=12,...,N).

To find the residue at z =0, we recall the Laurent series for cscz that was found in
Exercise 2, Sec. 67, and write

1 —_l__cscz—l{{l.'._l_z-l.i- 1 __1_-]z3+...}
?sinz 77 22z 31 L3 5 J
1 11 1 1
_z—3+g;+[(3!)2 —-;Jz+--- O<lzlk ).
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As for the points z=+nmr (n=1,2,...,N), write

1 _rQ@)
Z'sinz  q(z)

where p(z)=1 and ¢g(z)=z"sinz.

Since

p(Enm)=1#0, q(xnm)=0, and q’(znm)=n’n’cosnm=(-1)"n’n>#0,

1 1 ( D" ( -n"
Res = w27 P
zinn:z sinz (- D)'n"mn” (- 1) nrw

-

-Vt . e e ey

17 +
UL uivuivltll,

o7

N Z Sll'lZ

dz =2mi [6 +22(—l) ]

,,lnn'

Rewriting this equation in the form

N n+l 2
<« (- 1) n rm dz
L

par T12 4 JCNZ sinz

and recalling from Exercise 8, Sec. 43, that the value of the integral here tends to zero as N
tends to infinity, we arrive at the desired summation formula:

The path C here is the positively oriented boundary of the rectangle with vertices at the
points £2 and £2 +i. The problem is to evaluate the integral

J‘ dz
c(z>-1)*+3
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The isolated singularities of the integrand are the zeros of the polynomial
q9(z)=(*-1)* +3.

Setting this polynomial equal to zero and solving for z?, we find that any zero z of ¢(z) has

the property z° =1% V3i. Ttis straightforward to find the two square roots of 1+ \3i and
also the two square roots of 1—+/3i. These are the four zeros of g(z). Only two of those
Zeros,

in '\/§+l = —in —ﬁ+i
2 =V2e ’6=—J_2— and —Z,=—2¢ /6=—\/—2—,

lie inside C. They are shown in the figure below.

24 Y ‘C
[ ]
X X \

-Z 2
2

(S8

+i

>
-2 o

To find the residues at z, and —Z,, we write the integrand of the integral to be evaluated as

1 _p@
(Z2-D'+3 q(z)

where p(z) =1 and ¢(z) =(z* —1)* +3.

This polynomial ¢(z) is, of course, the same g(z) as above; hence g(z,) = 0. Note, too, that
p and g are analytic at z, and that p(z,)# 0. Finally, it is straightforward to show that

q'(z)=4z (22 - 1) and hence that
q'(20) = 420 (25 —1) =276 + 632 = 0.
We may conclude, then, that z, is a simple pole of the integrand, with residue

P(zy) _ 1
q'(z,) —2V6+6+2i

Similar results are to be found at the singular point —Z,. To be specific, it is easy to see that
q'(-Z)=—q'(Z) =—q'(z)) =26 + 64/2i 20,

the residue of the integrand at —Z, being
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p=z) _ 1
q'(-Z) 2V6+6~2i

Finally, by the residue theorem,

I dz =2m.( 1 N 1 )=n'
c(z2-1)%+3 2J6 +6+2i 246 +64/2i) 242

7. We are given that f(z)=1/[q(z)]’, where ¢ is analytic at z,, g(z,)=0, and ¢’(z,) #0.
These conditions on g tell us that ¢ has a zero of order m=1 at z,. Hence
q(z) = (z2—2y)g(z), where g is a function that is analytic and nonzero at Z,; and this enables
us to write

' 1
F@=-29_ Ghere ¢(z)=——.
(Z—%,) 18(Z)]

So fhas a pole of order 2 at z,, and

28'(z,) ’
[8(zy)T

lfzgff(z)= ¢’(zo)=—

q'(2)=(z2-2))8(2)+g(z) and ¢q"(z)=(z—2))8"(z)+2¢ (2).

Then, by setting z = z, in these last two equations, we find that

q'(z)=8(z) and ¢"(z,)=2g"(z,).

R __ 9)
O T

8. (a) To find the residue of the function csc’z at z =0, we write

csc’z= where g(z) = sinz.

g’

Since q is entire, g(0) =0, and ¢g’(0) =1 # 0, the result in Exercise 7 tells us that

q"(0) _

Rescsc’z=-— =0.
&= [q’(O)F
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{p) '1ne resiaue oi tne function IV t z= U can be obtained by writing
(z+2)

where ¢(z)=z+ 7%

(c+2) 4@F

Inasmuch as ¢ is entire, g(0)=0, and ¢’(0) = 1 # 0, we know from Exercise 7 that

1 qg’0) _

es =
A

=0 (z+22)  1gOF

117
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Chapter 7

1. To evaluate the integral I%, we integrate the function f(z)= around the simple
x
0

22 +1
closed contour shown below, where R > 1.
y
Cr X
7] . I'( x
We see that
R
dx dz
| —+] 5=2miB,
X+l Gzt +
where
1 1 1 1
B=Res ——=Res - — = - =—
=i+l = (z—iz i) zHig 2
Thus
R
J' dx dz
,ax2+1 Crz’+1
Now if z is a point on C,,
122+ U2l -11= R -1
and so
n
dz nR R
'ﬂ | S ——= R, =0 as Row
IPtRzm+1l K -1 1
R2

Finally, then
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, T dx , , Ce o 1 o
The integral Jr(_x-z—T)T can be evaluated using the function f(z)= (ZZT)Z and the same

simple closed contour as in Exercise 1. Here

R
J +f,
R(x2 +1)? o +1)

=27iB,

[S—,

where B=Res Zi Since
=l Z
1 #(z) 1
= , where )=———,
@+ (z-i) ¢ (z+i)

1

A
“*

we readily find that B=¢'(i) = and so

| _& L F_ | _®
)2 e+
If z is a point on C,, we know from Exercise 1 that

1.2 011> P2 _1.
I T L= 1

thus

7R R

las
Cr (Zz + 1)2

The desired result is, then,

tha fArrieth nant
l-ll\.a IUUILII 1LUUL

OW
consider the simple closed contour shown below, where R > 1, that contour encloses only
the two roots

£ 1 r‘ that tvwn £ than .
1 1

— ~ n 1 avic Ten Fant 1€ v
| % ana llUllllE lllal LWU Ul wuivilil al 1

Q ~ y e rea + 97-3
D U 1V 10dl aAld. Kl 1auvl, 11 wu
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Now
R
[ [ % _omis+B,),
L i+l Jat 41
where
=R = .
5 z=insz4+l and B, IieZzSz4+l
The method of Theorem 2 in Sec. 76 tells us that z, and z, are simple poles of 41+1 and
Z
that
Bl=.......1_3_.ﬁ=_._z.l_ and Bz_%.z_z=_z2,
4z z 4z, z, 4

Hence
T dx r ¢ d
_JRx4+1_\/5 JCRz4+1
Since
_[ 4dz |S fR —0 as R— oo,
cez'+1]” R*-1
we have




. . K x’dx
4. We wish to evaluate the integral J 5
o (X7 +

shown below, where R> 2.

/ X i }

o T R' x

2

<
(2% +1)(z* +4)

We must find the residues of the function f(z)=

z=i and z=2i. They are

B 2
Z 1
B]=R§;Sf(z)= (o1 W2 A\] =——(_"
= _\ZTE)\Z -rbr)_lzzi Ui
and
i 2
Z 1
B, =Res f(z) = =,
2 /@) _(z2+1)(z+2i)]z=2f 3i
Thus
[ Xd < d 2mi(B, + B,)
=47 y
_JR(x2+1)(x2+4) Jcn (2 +1)Z% +4) v
or
‘If X dx _E_I 2 dz
DT HA) 3 e (@ 1) +4)

IZ2+ U2 NP ~11=R* =1 and 122 +4121z° -4l = R* - 4.

Consequently,

and we may conclude that

Z+1)(x2+4) 6

Z+1)(2+4) 3

I x2dx T T x> dx T
| Lo |
0

—o00
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5 . We use the simple closed contour
D(x* +4)

at its simple poles
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f~4 s ) TSP | ? xzdx _ 1 1 . . .5 .4 . a4 ~ - .
Je 1 11€ INtELTe cal De evaluatea with the aid o1 the iunction
sgtal |- 2 2
(x> +9)(x* +4)
2
2
f(@)=
(> +9)(* +4)°

and the simple closed contour shown below, where R > 3.

y

R TN

[ X 2i
’

o x
R
We start by writing
jz £ ds +] e _,rip 4B
where
Z2 Z2
B] =Res ) 3 3 and B2 = Res > 5 -
=31 (2°+9)(z" +4) =2i (72 + 9)(Z + 4)
Now
2 1 3

B = =——.
@+3)+4 |, 50i
To find B,, we write

z ¢ 2

GO 1ay G2 e Q=g T

This tells us that

J- x2dx _ 7 _J' 22 dz
(X +9)(x*+4)° 100 Y (22 +9) +4)

-R

Finally, since

2’ dz P R’
Jo

< —0 as R— oo,
@+ +47| (R-R -47 =~ =

we find that
r x? dx

_Jw (Z+9x +4)° 100

oa

2
¢ x“dx

e

?

S T T 200
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In order to show that

PV, [ — __r
c ( (x> +D(x* +2x+2) 5’

we introduce the function

Observe that the singularities of f(z) are at i, z,=-—1+1i and their conjugates —i,
Z, =—1—1i in the lower half plane. Also, if R> 2 , we see that

[ fde+ [ f(@yde=2mi(B, +B),

where

b4 1 3
B, =Res = =t —
0 z:zOf(z) [(Z2+l)(z—fo)]z=zo 10 10

and
r |

=——Zi

[(z+1)(z +2z+2J 10 5

B = IES‘_S f(2)=

xdx /4 J-CR zdz

J P +2x+2) 5 e @+ +22+2)

x'—ia

___l zdz TR?
¢ (22 +1)(z +zz+z)| 1 (2 + 12— 20z —3,)| (R*—1

A
;
l
o

as R — oo, this means that
.t xdx T
fim E+)E+2x+2) 5
-R
This is the desired resuit.
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dx

x +1

3. The problem here 1s to establish the integration formula = ﬁ using the simple

© Gy 8

closed contour shown below, where R > 1.

o

A
=

in/3

There is only one singularity of the function f(z)= ﬂ?lﬁ' namely z, =e™", that is interior
z

to the closed contour when R>1. According to the residue theorem,

daz dz d 1
j. 3 +I 3 +I 3Z =2miRes
G+l Gz +1 Yazi+1 =2 22 +1

where the legs of the closed contour are as indicated in the figure. Since C, has parametric
representation z=r (0 <r < R),

o dz
Gz +1

dr
r+1’

© Comanmny 2y

and, since —C, can be represented by z = re””™* (0<r<R),

J- dz _J‘ I; e dr _ eizmj dr
Gz +1 Gz +1 ¢ (re™?y +1 o+l

Furthermore,
1 1 1
Res =— .
=20 Z +1 323 3e12ﬂ:l3
Consequently,
R
: dr 27 dz
| — gi27/ == _ .
( )‘([ r3 +1 3et2lr/3 ‘[CR z3 +1
But
| dz | 1 27tR U
|J 3 IS 3 — 0 as R— oo,
z°+1l R -

This gives us the desired result, with the variable of integration r instead of x:

o0

j dr 27 _ 2mi T 2r
d r3 +1 3(ei27r/3 __ei4n’/3 'e_i6”/3) 3(ei27l’/3 _e-—iln'/?s) 3Sln(2”/ 3) 3\/_
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Let m and n be integers, where 0 <m <n. The problem here is to derive the integration
formula

Lod 2m
I fn dx=lcsc(2m+1n’).
0 X +1 2n 2n

(a) The zeros of the polynomial z** +1 occur when z** = —1. Since

__"iM} (k=0,1,2,...,.2n—1),

(-HYe = exp[i &
L 2n

it is clear that the zeros of z*" +1 in the upper half plane are

i(2k + l)n_l

n
T

c, =exp[ (k=0,1,2,...,n-1)

(b) With the aid of Theorem 2 in Sec. 76, we find that

2m cin 1

— Z 2

Res—> =_S% ___1 2=
- k

=a 7" +1 2ncl"™ 2m

(k=0,L2,...,n-1).

i 2m+1 .
Putting o = 7, we can write

2n

2m—n)+1 r (2k + l)n'(Zm —-2n+ 1)1
¢, =CXpj1i on

[ k+D2m+Drx] - - simp ity
= exp|i=— 2;’" r 7 [expl-iC2k + 1] = e,

Thus

_2m 1 .
Res ;;1 i = __21_81(2k+1)a (k — 0’1,2,.“,"_ l)
=4 Z n

In view of the identity (see Exercise 9, Sec. 8)

= (z#1),
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(c)

then
,-)"'.n‘-‘l Res Z2m ===_£eia€‘l(ei2a)k __ﬂ,,ta 1 e:2an e =__7E'
&6 2 41 n = n 1-¢%% ™ n
2i  or
€% —e™ nsina
The residue theorem tells us that
R me 2 2m
dx +I dz 2mi ) Res
_J;xz"+1 an2 kzoz ckz +1
or
x2m Av — 7r _ r - zzm A=
) T T ) T e
+1 nsino R 7"+ 1

Observe that if 7 is a point on C,, then

Iz*"1=R* and 1z""+112R*-1.
Consequently,

1 1 1
Zu‘ri R/,m R—Ln Tm)—_l_
J o dZ| S ——— AR - —; =& —0;
Cr 22" +1 R*™ -1 R™ 1-_L
R2n

and the desired integration formula follows.

10. The problem here is to evaluate the integral

![(x2 a)y +11*°

where a is any real number. We do this by following the steps below.
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(a) Let us first find the four zeros of the polynomial

(b)

9(x)=(z"-a)’ +1.
Solving the equation g(z)=0 for z*, we obtain z> =a=i. Thus two of the zeros are

the square roots of a + i, and the other two are the square roots of a —i. By Exercise 5,
Sec. 10, the two square roots of a +i are the numbers

ZO=%(\/A+a+1«/A a) and -z,

where A=+a’+1. Since(xZ,)’ =z5 =a+i=a-i, the two square roots of a—i, are
evidently
Z, and -2,

The four zeros of g(z) just obtained are located in the plane in the figure below, which
tells us that z, and -z, lie above the real axis and that the other two zeros lie below it.

y
o °
-7, 2
O X
°
pu— Z() ZO

Let g(z) denote the polynomial in part (a); and define the function

f( )_W,

which becomes the integrand in the integral to be evaluated when z = x. The method
developed in Exercise 7, Sec. 76, reveals that z, is a pole of order 2 of f. To be

specific, we note that g is entire and recall from part (a) that g(z,) = 0. Furthermore,
q'(z)=4z(z" —a) and 7z} =a+i, as pointed out above in part (a). Consequently,
q’(zy) = 424(z0 — @) = 4iz, # 0. The exercise just mentioned, together with the relations
7, =a+i and 1+a’> = A, also enables us to write the residue B, of fat z,

a” (> 17-2_4 2,2 _

Fs i zY
w -JL,O ow

[q'(z))T (4iz))® ~ 16iz2z, 16i(a+i)z, a—i 16A%z,

.J\u. Ty

As for the point —Z;, we observe that

q'(-2)=-4'(z

N’

and ¢"(-2)= 4" ).
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Since ¢(-z,) =0 and ¢'(-Z,) = ~¢’(z,) = 4iZ, # 0, the point —Z, is also a pole of order
2 of f. Moreover, if B, denotes the residue there,

__ 4L _ &) _{ 4" (z) }__E
2 o= N3 7 37 ’ 3~ 1
[T (4P |[4'(z)]

Thus

Iml-—a+ i(2a* + 3)]'

B1+B2=Bl—l§,=2iImBI=n1
8AT | %y |

(c) We now integrate f(z) around the simple closed path in the figure below, where
R>Izl and C, denotes the semicircular portion of the path. The residue theorem tells

us that
R
Jf(x)dx+JCR f(z)dz =2mi(B, + B,),
~R
or
R . 2
[ S— Im[‘““(z" +3)]—j .
_R[(x —a)’ +1] 4A 2 S [q(2)]

In order to show that

’

lim [ —2_
kot [g(2)]
we start with the observation that the polynomial ¢(z) can be factored into the form

9 =(z=2 )2+ 2 )2= 7 )z +7).

Recall now that R>lz,l. If z is a point on C,, so that Izl= R, then

Iz z52llzl-Izgll = Rzl and Iz Z)2lIzl—IZ,(1= R—Iz,].




129

This enables us to see that 1g(z)l > (R-lz,l)* when z is on C,. Thus

| 1
1

] P
[q()F | (R-lz,))°
for such points, and we arrive at the inequality
n
N 1 .| =R R’

IN

& [q(2)] | (R-z,1)® (1 IzOIT’

which tells us that the value of this integral does, indeed, tend to 0 as R tends to oo.
Consequently,

ST dx r | -a+i2a*+3)]
r.Vv. J ) 1m .
ST —af+1 4A [ Z,

But the integrand here is even, and

—a+i2a’+3) | _ —a+i(2a’+3) JA+a-iNA-a
Im{ % ]_Im[ﬁvA+a+iJA-a VA+a-iJA—a]'

So, the desired result is

T dx

T IA“ [2a® +3)VA+a+aVA-a],
0

where A=+a’ +1.

SECTION 81

1'

I cosxdx
The problem here is to evaluate the integral J X
x?

———» where a>b>0. To do
a’)(x* +b*)

1
(2 +a* N +b%)

inside the simple closed contour shown below, where R >a. The other singularities are, of

this, we introduce the function f(z)= , whose singularities ai and bi lie

course, in the lower half plane.

4
=
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According to the residue theorem,

| i [ fe de=21i(B, + B,),
LT +a" ) x" +b%) c. : :
where
. e—a
B =Res]| f(z)e” -_—
1 i [f( ) ] [(z+al)(z +b2):| . za(bZ__a2)l
and
-b
e
B, Res e [ =—
o= o )(z+bz)_| L 2b@ - b))
That is,
t T et e .
— — ’Zd ,
JR(x +a )(x +b%) az-bz( b a) C_[f(z)e ¢
or ,
f cosxdx T (e’b e“’} N
:’;(x2+a2)(x2+b2)=a2—-b2\ b, }—Reé[f(z)e dz.

Now, if z is a point on C,,

1f(DI<M, where M, = ]

(RZ _a2)(R2 _b2)

and le“I=¢™ <1. Hence

ReJ' f2)edy] <
So it follows that

<M, n'R— ——>Oas R — oo,

l [, f@etdd

T cos x dx T (e e
s - >b>0 .
_-[(x2+a2)(x2+b2) az—bz( b a ) (a )

2. This problem is to evaluate the integral 2 dx, where a20. The function
+

f@)=—
Z°+1

i eirminmla ~lacad
has the singularities +i; and so we may integrate around the simple closed




We start with
R tax
[ f —dx + {f(z)em‘dz = 27iB,
X +1 e
where
. eiaz e—a
B=Res| f(2)e” |= - ]
2= [f( ) ] [z+ iL‘, 2i
Hence
’; pia.x .
s—dx=me™" - | f(2)edz,
_JR x*+1 LJR
or
£ cosax .
J‘ — ,dx=me" —Re I f(2)e“dz,
_R™ 1 CR
Since
|f(2)I< M, where M, = _2_1_,
R -1
we know that
l [ iaz I i ; 7R
ia iaz .
Reif(Z)e dz| < .S',f(Z)e def S
and so
J C(isax dx = e
x“+1
That is,
fcosax . m _,
2 =—€
0 X +1

. T xsin2x . i
To evaluate the integral j—z—g—dx, we first introduce the function
X"+
0
f(D)=—= .

7+3 @-2)2-7)

where z, =+/3i. The point z, lies above the x axis, and 7, lies below it. If we write

zexp(i2z)

f(2)e™ = _:P_(-z,) where  §(z) =

! -3

131
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we see that z, is a simple pole of the function f(z)e™ and that the corresponding residue is

\/§xn(2/— x_p(?/:%—

BE0R) = e =

Now consider the simple closed contour shown in the figure below, where R > /3.

a4 PN\

/ N y3i
>

around the closed contour, we have

i2z

Integrating f(z)e

R i2x
xe _ D i2z
_J;xz 3 dx = 2riB, LR f(2)e'* dz.

Thus

j XS0 = Im(2iB,) — Im [ f(2)e™ dz.

R./\, '1'.)

Now, when z is a point on C,,
R
| f(I<M,, where MR=P—~——>0 as R — oo;

and so, by the theorem in Sec. 81,

im [

i2z
A = [\-
>0 JCR

f(pe'd

:3

By

Consequently, since

’Im J'CR f(2)e™ dzl < ILR f(z2)e'™ dz‘,

1

we arrive at the resuit

[ xsin dx=nrm 24/3), or 7xsinxdx —'Eex 2
_J“,x+3 xp=23), £x2+3 7 XP-2V3)



133

1 s_n
4

The integral to be evaluated is j' dx where a>0. We define the function

3

_ <
f(z)—Z4+4

; and, by computing the fourth roots of —4, we find that the singularities

=ﬁeix/4 =1+i and 22 =ﬁei3ﬂ/4 =ﬁelx/4 inl2 (1+l)l _1+i

both lie inside the simple closed contour shown below, where R>+/2. The other two
singulariiies lie below the real axis.

y

Cl’/\
AR

The residue theorem and the method of Theorem 2 in Sec. 76 for finding residues at simple
poles tell us that

R ‘% iax
Jx dx+I f(2)edz =2mi(B, + B,),
X +4

-R

where
b ziemz z: iazy B etazl _ eia()+r) _ e-aela
Ul — ANWD - - -
=u 7' +4 4zl 4 4 4
and
3 iaz 3 tazz iazy ia(—1+i) -a _-—ia
Z e Z e € e e
B, =Res 2 = = =
=1, 7% +4 4z2 4 4 4
Since

ia —ia
€

27i(B,+ B,)) = m’e‘ﬂLT J = ime *° cosa,

we are now able to write

J' x sinax

———dx=me “cosa—Im 2)e™dz.
“r xt+4 J 1@
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Furthermore, if z is a point on C,, then

and this means that

’Im JCR f(2)e™dz

sl jc f(z)e‘“‘dz,—>0 as R — oo,

according to limit (1), Sec. 74. Finally, then,

ca

3 .
x’si
Snax . - e * cosa (a>0).
x*+4
N T xXsinxdx
8. In order to evaluate the integral j D249 we introduce here the function
o (X +1)(x* +

ZS

2)= .
T= @)
consider the simple closed contour shown below, where R > 3.

Its singularities in the upper half plane are i and 3i, and we

y

/ X \\

[
o r x
Since
. £1-1 Aiz_l_l- z3eiz -l _ 1
O e ), e
and

mn

_ ) r z3eiz 1 9
Res| f(z2)e" |= = ,
z=3i [f( ) ] [(z2 + 1)z + 3i) Jz=3i 16¢°

the residue theorem tells us that

R 3 ix
xerdx f(z)e“dx=zm(—L+ 93\,
SRETHED(XT+9)  Ca \ 16e 16¢°)

or

R 3 .
x sinxdx (9 ;
= —==1]-1 2dz.
I (Z+ D2 +9) 8e(e2 ) mjckf (2)e"dz

-R




=
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Now if z is a point on Cp, then

L L7 N\~ B T, — R e D
1J{I)N> IVIR wicIc IVIR - dy X — oo,

(R* -1)(R*-9)

So, in view of limit (1), Sec. 74,

<

'ImJ-CR f()edz J.CR f(z)e‘zdzl — 0 as R— oo;

and this means that

T x’sinxdx n{9 T Xsinxdx  _ w (9
J- 2 2 =—|—5-1}), or I ) p) = ——1].
(x*+1D)(x°+9) 8ele (x*+D(x"+9) 16el\e

—eo 0

The Cauchy principal value of the integral [ sin xdx can be found with the aid of the
- - T4 X +4x+5
function f(z) =T5 and the simple closed contour shown below, where K> 5.
+4z+
Using the quadratic formula to solve the equation z° +4z+5=0, we find that f has
. . . . - . 1
singularities at the points z, =~2+i and z;, =—2—i. Thus f(z)= —, where z,
(z=z)z-7))
is interior to the closed contour and Z, is below the real axis.
y
Cr
le
‘ d
0 \dl R x
The residue theorem tells us that
R ix
e’ dx ;
—_ (2)e"dz =2miB,
_J;xz +4x+35 ICRf
where
I_ o 1 eizl
B=Re s[ - J= —
=u | (2= )0z2-7Z) | (3—-%)
and so

£ sinxdx |: 2 mie™
j =Im

_Rx2+4x+5_ (z,-7)

j|— Imjc f(2)e"dz,
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10.

or
R .
J- sinxdx e T L f(2)e"dz.

.2 PV -
A TS TO €

Now, if z is a point on C,, then le“I=¢™ <1 and

1 1
< =
If(2I<M, where M, = R-TaR-1ZD ~ (RA37
Hence
i, reads|, setd] <M= — T8 - 0 a5 R
G Cr (R-+/5)’
and we may conclude that
P.V. J 251nxdx = —-—sin2
- 4 Ax 4 5 V2

T (x+1Dcosx

To find the Cauchy principal value of the improper integral 5
2 X +4x+5

z+1 z+1

the function f(z)= = , where z, =—2+1, and Z, =

2 —
Z°+4z+5 (z-z)Nz-%)
the same simple closed contour as in Exercise 9. In this case,

R N
(x+1e" dx . i
— <t “dz =2miB,
L xl+4x+5 Icnf(z)e 2 !
where
pores| D] (@ ebet _lrie?
a| z-g)z-2)| (z-%) 2ei
Thus
R
(x+1)cosx . .
——~——dx=Re(27iB) - <
JoxP+4x+5 e(2mB) J.Ckf(z)e
or

J. st_x_dx = —{t(sin2 —cos2)— J.n f(2)e dz.

J« TH'A,TJ

Finally, we observe that if z is a point on C,, then

R+1 _ R+1
(R-1z)(R-IZl) (R=+/5)

lf()IsM, where M,=

— 0 as R oo,

I,

dx, we shall use

1, and



137

The theorem in Sec. 81 then tells us that

%RleCR J’(z)eizd~| SIJCR f(z)e”’dzi —0as R— oo,
and so
* (x+1Dcosx T, .
P.V. (—2———)——————dx = —(sin2 —cos2).
S x +4x+5 e

12. (a) Since the function f(z) = exp(iz®) is entire, the Cauchy-Goursat theorem tells us that its

"t 1 A tha t1 1 tad
integral around the positively oriented boundary of the sector 0<r<R, 0<8<rw/4

has value zero. The closed path is shown below.

y

A parametric representation of the horizontal line segment from the origin to the point
Ris z=x (0<x £ R), and a representation for the segment from the origin to the point
Re™*is z=re™* (0<r<R). Thus

R R
.2 .2 . 2
J.e” dx+IC e’ dz—e’”/4je"’ dr=0,
R

0

(=]

or

Cr

R
. 2 . _ 2 . 2
Ie"‘ dx=e"”4_[e r dr—J e” dz.

By equating real parts and then imaginary parts on each side of this last equation, we

see that
Joostatyds =45 e ar-Re [ o
cos(x)dx=—|e" dr—Re| e*dz
0 \/50 Cr

and
}sin(xz)dx—L} T dr—1Im j e dz
0 ﬁ()



138

(b) A parametric representation for the arc C, is z=Re” (0< 0< n/4). Hence
P R

/4 nl/4

;2 2,120 . . . _pla .52 .
f— etz dZ = [elR e Rte‘edB — lR [e R sm29etR cosZGelﬂde'
Ter o 0
. ' 2 i *
Since |e‘R €026 =1 and |e'9| =1, it follows that

n/4

e dz{< R [e ¥ 240,
Cp !

Then, by making the substitution ¢ =286 in this last integral and referring to the form
(2), Sec. 81, of Jordan's inequality, we find that
/2 R )3 P

[ e"Z’dzlsﬁje—’*zsi""dgsz—. —=—-—0as R— o,
Ca 2 2 2R 4R

(c) Inview of the result in part (») and the integration formula

J[e‘xzdx = ﬁ
5 2
it follows from the last two equations in part (a) that

LS

Jcos(xz)dx=%\/§ and ‘([sin(xz)dx=%\/§.

0

SECTION 84

1. The main problem here is to derive the integration formula

oo

J‘COS(aJC)—COS(bx) dx=£(b—a) (a20,b20),
0

x? 2

,g‘.)

{
J

v&“‘
P
L Xy
) (p—

|
]
b}
.
-



Applying the Cauchy-Goursat theorem to the function

iaz ibz
=8 "€
J\KJ ™

we have
| f@de+ [ f@dz+ [, fR)de+ [ fl)dz=0,
or

J, f@de [, f@ydz==[ f@de-, f@)de

Since L, and —L, have parametric representations
L:z=re®=r(p<r<R) and -L;:z=re" =-r(p<r<R),

we can see that

Reiar _eibr R e—iar _e—ibr
[ f@dz+ | f@de=] f@dz-|  f@)de=[ZF—dr+[—F—dr
L L, L -1 r r
P P
T +e ™)~ (" +e™) f cos(ar) — cos(br)
=| ] dr=2| . dr.
4 r 4 r
Thus
2rcos(ar)-cos(br) d ¢ do | d
r=— - .
J = ). f@dz=) f2)de
p
In order to find the limit of the first integral on the right here as p — 0, we write
1 iaz  (iaz)’ | (iaz)’ ibz  (ibz)’ | (ibz)’
f@=— {4tz Gaz) | Gaz) | )|y, 0bz, (b2) G2
Z 1 2! 3! 1! 2! 3!
ila—b)

+-+ (0<lzl < o0).

From this we see that z=0 is a simple pole of f(z), with residue B, =i(a—b). Thus

lim L,, f(z)dz = —B, i = —i(a— b)ri = ni(a — b).
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As for the limit of the value of the second integral as R — oo, we note that if z is a point on
C., then

“ Ry A2

Consequently,

' | 2 2n
< — = — oo
fckf(z)dzl_ e R P —0 as R— oo,

It is now clear that letting p — 0 and R — o yields

2T cos(ar) -; cos(br) dr= (b a).

r

This is the desired integration formula, with the variable of integration r instead of x.
Observe that when a =0 and b =2, that result becomes

J-l cos(2x)a,x I

- .x
0

But cos(2x) =1-2sin’* x, and we arrive at

2. Let us derive the integration formula

T I L. (~l<a<3),
o (x +1) 4cos(a7£/2)

where x* = exp(alnx) when x >0. We shall integrate the function

z ( v 4 3n)
= = 121> 0, - —<argz<— |,
f(2) Zr . Lz 5 <argz 2)

whose branch cut is the origin and the negative imaginary axis, around the simple closed
path shown below.
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-R o p X
Branch cut
By Cauchy's residue theorem,
[ f@dz+ [ f@de+ [, f@)dz+ ] f(2)dz=2miRes f(2)
That is,
[ f@de+| fydz=2miResf()- [ fdz-[ f(z)dz.
Jl/lll\ / JLZJ\ s z_—.i J Vs JCP\I\. s JCRJ\. s
Since
l.l:z=rei°=r(pSrSR) and —l.zzz=rei”=—r(pSrSR),
the left-hand side of this last equation can be written
R a(lnr+i0) R a(inr+im)
[ f()dz—- ( f(Ddz= [er” dr—[¢ = ™ dr
Ja, A ST (P41
R a R e R e
= dr + ™" dr=(1+¢"" dr
! (r* +1) ,I,(r2 +1)° ( )l (r* +1)
Also,
Res f(z)=¢'() where ¢(z)=——,
=t (Z <+ i)

the point z =i being a pole of order 2 of the function f(z). Straightforward differentiation
reveals that

4 _ _(a-llogz a(Z+i)_2Z
Pz [ @+iy }
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and from this it follows that

Res f(2) = —iei“"’z( l;—‘i)

We now have

R
ian re (- iarn
e g ar= T Do [ e[ farde

lim Jc,, f@)dz=0 and lim jCR f(2)dz =0,

we arrive at the desired result:

°a

J' ra dr: n.(l_a) ' eian/Z . —iami2 _ n.(]_a) 2
4 (r2 +1)2 2 1+e¢‘an: e—iair/2

(-ar
dcos(am/2)

4 N T
The first of the above limits is shown by writing

a a+l
JC S I—(l_p2)2 (1_p2)2

and noting that the last term tends to 0 as p — 0 since a+1>0. As for the second limit,

1 1
| o | pa patl ) T T a
d S————‘\ nR:.L. R = R :
Je, FOH= o i ™=y £ (1=LY
R " R?)

and the last term here tends to 0 as R — o since 3—a > 0.

3. The problem here is to derive the integration formulas

T T Vx T
s——dx =— and Iz=f ——dx = —
»< 1 “ .1 ~
o ¥ T1 U ‘6 X +1 VI
by integrating the function




around the contour shown in Exercise 2. As was the case in that exercise,
[ f@de+ | f@)de=2aiRes f2)~ [ f()de~|_ f()dz

Since

RUITE
=29 where g(z)=4— 1082

Z—1 Z+1

the point z =1 is a simple pole of f(z), with residue

Resf(2)= ()= e,
The parametric representations

L:z=re®=r(p<r<R) and —L;:z=re"=—r(p<r<R)

can be used to write

trinr i,,,3R3\/—lnr+t7rV_
J.qu(z)dz=_£ T dr and J;qf(z)dz=e J T
Thus
2
"j\/_lnr Hr/'% "V—lnr"'lﬂ%/— " ¥/ iei”m _ r f(z)"z—-r f(z),.z;
i+l S i+l 2 ’c, Ca

By equating real parts on each side of this equation, we have

R
fv_lnrdr+cos(7r/3)f;v.;lnrdr 7rsm(7r/3)f Vr dr=—”—sm(n/6)
o+l s+l pr +1 2

—Re j.c,, f(z)dz—Re j.CR f(2)dz;

Ar

dr+ mcos(m/ 3)_[

;‘V_lnr dr—%—cos(lt/&
2

—Im .«I.c f(2)dz—Im ‘fC f(2)dz.

lim Jq, f@dz=0 and lim Ic,, f(2)dz =

143



Thus

g"f?&/?lnrd m/?"f Vr

27 rt+1 2 Jri+1l 4’

V37 3\/_lnr x/§
J- Ir +l '

0 r +1
That is,
2

gll-nt/gl‘)=_n.—.,
Z 2 4

2
—\[—5-1,+512=” V3
2 2 4

Solving these simultaneous equations for I, and I,, we arrive at the desired integration
formulas. :

Let us use the function

(logz)’ ( r 37:)
= 1Z1>0,——< —
f(2) 2l 4 S <argz< =

and the contour in Exercise 2 to show that

2 3 >
(Inx) dx=—n— and J- 12nx
+1 8 o X +1

dx =0.

© S, 8
=
)

Integrating f(z) around the closed path shown in Exercise 2, we have
[ f@dz+ [ f)de=27iRes f(2)- jc,, f@dz= | fla)dz.

Since

fz )—"’(—Z). where ¢(z) = (1082
Z+1

the point z =i is a simple pole of f(z) and the residue is

71 a2 1 - 4

. (logi)* (inl
Resf(z)=¢()= = =——
S/ @=00="; 2 8i

Also, the parametric representations

:z=re’=r(<r<R) and —-L:z=re"=—r(p<r<R)
L,
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enable us to write

R 2 R . 2
[ peong = (AOD)  f e v, (AR i)
b SOE=)5 0 ) JOk=)
Since
R 2 R R
(Inr) , ¢ dr .f Inr
2)dz+ )dz=2 dr—-n" | —+2mi dr,
Ihf() J.laf() -!r2+1 £r2+1 "lr2+1
then,
]'i(hr)2 L dr f Inr J- J-
2|~ ——dr-n’| 5—+2mi |5 dr————- f(@dz—| f(z2)dz.
o7 +1 o +1 o +1

11'3
g

" —ReJ f(2)dz- JCRf(z)dz;

and equating imaginary parts yields

R
1
27| rzn :1 dr =Im Jc,, f@dz~Im | f()de.
P

It is straightforward to show that

lim Ic,, f@dz=0 and lim ch f(R)dz=

Hence
2?(lnr)2dr_7r27 a _
'(')r2+1 '!,r2+1 4
and
2 j lznr dr=0
o F +1

we arrive at the desired integration formulas.
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Vx

——dx
(x+a)x+b)

’ vy s

5. Here we evaluate the integral }'
0

function

1 1
Pl _ €Xp 5 0gz
(z+a)z+b) (z+a)z+b)

f(@)= (Iz21>0,0 < argz < 27)

and the simple closed contour shown below, which is similar to the one used in Sec. 77. The
numbers p and R are small and large enough, respectively, so that the points z=—-a and
z =->b are between the circles.

N

—> Branch cut
P 44— R x

A

A parametric representation for the upper edge of the branch cut from p to R is z=re”
(p £r < R), and so the value of the integral of f along that edge is

A representation for the lower edge from p to is R is z =re”" (p<r < R). Hence the
value of the integral of f along that edge from R to p is

1
R exp[—(ln r+i2 n)} R
_|‘ 3 | r=_ei2n/3f__3\/;___”r’
;’, (r+a)r+b) -")(r+a)(r+b)
According to the residue theorem, then,
Ar

2w
dr+ é[f(z)dz ¢ (r+a)r+b)

B —

l(r+ a)(r+b) dr+ C{f(z)dz =2mi(B, + B,),
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where
exp[llﬁg(—a)} exp{l(ha + iﬂ)} 3 3fa
e Aa
Bl:Bﬁff(Z): —3a+b T 3a—b - a—b
and
1 1 .
exp[—g— log(—b)} exp[;;(lnb+m)_| RV
= — _ 2 J_¢ v
B2_I:£'§f(z)m ~b+a - ~b+a T a-b
Consequently,
R e inl3
(1- e”””) JrLdr __2me (a-¥b) _ Jrf(Z)wZ - ,{f(z)dz.
o (r+a)r+b) a-b , c,
Now
le . .1 p . 2mipp A
| J(Z)GZIS————Aﬂp———-—)U as p—0
5 (a—p)b—-p) (a—p)b—-p)
and

AR 2R 1
Js, f(Z)dZ‘s R-a)R-b) " R R-b) V&

— 0 as R— oo,

Hence

V; ) 27[iei7”3(% _ %) e—iu‘/3 Zm(% _ %)

A o
%(r+a)(r+b)

== (1 _eiln/3)(a P i (ein'/3 _e—irtl3)(a _b)

__aQ¥a-b) _mda-Vb) 2z Ya-ib
Csin(w/3)a-b) 3, .. V3 a-b

(a-b)
2

Replacing the variable of integration r here by x, we have the desired result:

VE

]3 x _2_71'.%—3\/5
d(x+a)x+b)

dx
N3 a-b

(a>b>0).
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6.

(a) Let us first use the branch

Z ‘ n 3n
= = 1zI>0,— —<argz<—
1@ 2+1 2241 (Z p S8t 2)

and the indented path shown below to evaluate the improper integral

__dx
Vx(x*+1)°

y

ot_—.g

X i \

flﬂf lﬂ
>- —0- >

P 0O P R =x

Branch cut

Cauchy's residue theorem tells us that
Jf@det [ f@de+ [ fQ)de+ [ f)dz=2miRes (),

or

[ f@dz+ [ f@)dz=27iRes f(2)- Jo f@de-[ f@)de.
Since

Liz=re®=r(p<r<R) and —L:z=re"=—r(p<r<R),
we may write

A e
ar

il {W(rm)'

R
d; dz =
| f@dz+], f()dz ;I)\/—( e

"—lh

Thus
f o dr .
(1 - l);l:m =27 %SiSf(Z) —JCP f(Z)dZ _J-CR f(Z)dZ



(b)
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Now the point z =i is evidently a simple pole of f(z), with residue

L ogi | exp| <[ 1n1+:% )|
R It e G | TR T
Res f(z) = - = X = . se——=— 7
z+i 2i 2i 2 2l 2
Furthermore,
| f(z)dzl_. xp ”\/52 —0as p—0
I" " \Jpl-p*) 1-p
and

[ fode|< x

VR
l (17:2_1)=\/§(R )——>OasR—>oo.
\ /

1
R
Finally, then, we have

1- n(l-1i)

)Iﬂrﬂ) 7z

which is the same as

‘f dx T
< Vx(x*+1) \/ 2
To evaluate the improper integral J ——=———, wWe now use the branch
2 Ax(x +1)
-172 exp(——log z)
f@)= = (1z1> 0,0 < argz < 27)
22 +1 22 +1 ’
and the simple closed contour shown in the figure below, which is similar to Fig. 103 in
Sec. 84. We stipulate that p <1 and R> 1, so that the singularities z =ti are between
M oand M
L«p alilu "’R'
y
Cr
Xi
Cp
I —> \ Branch cut
1 1 C

\/P *+
X-i
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Since a parametric representation for the upper edge of the branch cut from p to R is
z=re’® (p<r<R), the value of the integral of f along that edge is

R exp[—l(lnr+ iO)] R
2 dr={—2 ar.
r+1 o Ar(r* +1)

T —

A representation for the lower edge from p tois R is (p <r<R), and so the value of
the integral of f along that edge from R to p is

) T exp[— 2

. rr+1

N | =

(1nr+i27r)]

*dr=—e"

T 'R

—=———dr = | —=————dr.
;[«/7(# +1) !x/?(r’ +1)
Hence, by the residue theorem,

R

R
r—"l— r+ 0 ZYaz + f_l_.__J.-n rrr,\J,:_ﬁ_:/n . DA
i‘\/;(r2+1)d' Télkf(l.)a' Ti\/;(r2+1)u’ -rgJ\L)u = 27mi(B, + B,),
where
. [ )]
B =Resf(z)=|~ L2 J_ L2\ 2/ e
o Z+i z=i 2i 21 2i
and
r 1 | I 1/ ~_\1
1 . 1 O
~ _DM“_\E[Z-M] _expl—zlog(—z)J_ eXp[_ELlnl+17J__ Jise
P = T I_Z—iJz=_,~ Y = wy Y
That 1s,
ot [ Fodz- |
2[————dr=m(e7™* — B4y - F@dz— [ F2)dz.
p\/7(r2+1) ; :
Since
' ' 2T p 27 Ap
z)dz|s = —0as p—0
Jcpf( ) l 1'/,5(1—,02) l_pz P
and
2nR 27
dz|<
J,, faxie| <

5 = — 0 as R— oo,
TR Py
R
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we now find that

1
————dr=nm
'!W(r2+1) 2 2

ein’/4 +e-i7r/4 n n
=—— = TCOS Z =7

2 2
When x, instead of r, is used as the variable of integration here, we have the desired
result
T d oz
P x(x+1) N2
SECTION 85
1. Write
2z . 1. .
e B e
pS+asing do, (z-z') iz e22% +5iz-2
\ 2
where C is the positively oriented unit circle |zl=1. The quadratic formula tells us that the
singular points of the integrand on the far right here are z=—i/2 and z=-2i. The point
z=—i/2 is a simple pole interior to C; and the point z =-2i is exterior to C. Thus
i 1 1 I 1 ] (1) 2z
[0 ompes L ][ L] (1)
5 +4sm6 e=-ir2] 27% +5iz —2 4z+5il,——in 3i 3
2. To evaluate the definite integral in question, write

where C is the positively oriented unit circle IzI=1. This circle is shown below.

-N
X
X
"
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Solving the equation (z?)* —6(z*)+1=0 for z* with the aid of the quadratic formula, we
find that the zeros of the polynomial z* —6z° +1 are the numbers z such that 72 = 3+ 24/2.

Those zeros are, then, z=1v3+2v2 and z=%+/3—2+/2. The first two of these zeros are
exterior to the circle, and the second two are inside of it. So the singularities of the
integrand in our contour integral are

=v3-24/2 and gz, ==z,

indicated in the figure. This means that

t de
———=2mi(B +B,),
_J;l+sin26 (5 2)
where
— Re 4iz 4iz, 77=7,i _ i _ i
" en 2 =62 +1 40127, -3 (-242)-3 242
and
B, =Res diz _34lzl = 2’ =t
= 7t — 672 +1 —4z1 +12z, 7z, -3 242
Since
2
Zrl(BlTBz)ﬁ2ﬁi(— '2)= 2;~£=vrfn,
the desired result is
a9 2.
J 1+sin° @

7. Let C be the positively oriented unit circle lzl= 1. In view of the binomial formula (Sec. 3)

x o - 2n
Isinz" 0d9=ljsin2”9d9=lf (Z Z ] ﬂ Zn+l J‘(Z < )"
) 27 279\ 2i iz 2 ( 1)ive
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Now each of these last integrals has value zero except when k =n:

[ z7dz=2ni.
JC

Consequently,
T (=1)"2 i !
Jsinzn odo = 2n+11 'R (zn)( 12) 2 = gnzn) 2
0 277 (=D (nh) 27%(n)
SECTION 87

5. We are given a function f that is analytic inside and on a positively oriented simple closed
contour C, and we assume that f has no zeros on C. Also, f has n zeros z, (k=1,2,...,n)

inside C, where each z, is of multiplicity m,. (See the figure below.)

0 X
The object here is to show that

where g(z) is analytic and nonzero at z,. From this, it is straightforward to show that

2f'(x) _ mgz + 28'(zx) _m z-z)+mz, 4 28'(2) _ + 28'(2) LM
= = =m, _
f@ z-z 8@ -z, 8(2) g(z) z-2
. 28’ (2) : . - 2f'(z)
Since the term =2—=* here has a Taylor series representation at z,, it follows that
8(2) f(2)
has a simple pole at z, and that
Res 2/ 1(2) =

=u  f(2) M-

An application of the residue theorem now yields the desired result.



154

6. (a)

(b)

To determine the number of zeros of the polynomial z° —5z* + z*> — 2z inside the circle

.
IzI=1, we write

4 of > 6, .3 19
f(z)=—55 and g(z)=z +I — 22,

We then observe that when z is on the circle,
If(z)=5 and Ig(h<IZ+1z° + 21z1=4.

Since 1f(z)i>1g(z)l on the circle and since f(z) has 4 zeros, counting multiplicities,
inside it, the theorem in Sec. 87 tells us that the sum

fR)+g(z)=2°-5z"+7> -2z

also has four zeros, counting multiplicities, inside the circle.

>
3
o

Let us write the polynomial 2z* —2z* +2z% ~27+9 as the sum f(D)+g(z2), wt
f(2)=9 and g(z)=27"-27"+27>-27.
Observe that when z is on the circle Izl=1,

If(DN=9 and Ig(z) <21zi*+21zF + 21z + 21z = 8.

Since |f(z)I>1g(z)l on the circle and since f(z) has no zeros inside it, the sum
4 .
f(2)+8(z)=2z"-27" +2z* =2z +9 has no zeros there either.

7. Let C denote the circle 1zl= 2.

(a)

(b)

The polynomial z* +3z” +6 can be written as the sum of the polynomials

f(2)=37" and g(z)=z"+6.
On C,

If()=31zP=24 and Ig(z)l=Iz*+61<lzl*+6=22.

Since 1f(z)l>1g(z)l on C and f(z) has 3 zeros, counting multiplicities, inside C, it
follows that the original polynomial has 3 zeros, counting multiplicities, inside C.

The polynomial z* —2z° +9z% + z —1 can be written as the sum of the polynomials

f()=9z2" and g(z)=z*-22%+z-1.

N 1M
un (,

If()=91zP=36 and lg(z)l=1z* =22 + 7~ 11 < Iz1* + 21z +1zI+1 = 35.
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Since 1 f(2)l>1g(z)l on C and f(z) has 2 zeros, counting multiplicities, inside C, it
follows that the original polynomial has 2 zeros, counting multiplicities, inside C.

(c) The polynomial z° +3z” +z* +1 can be written as the sum of the polynomials

f()=2" and
On C,

g)=32+ +1.

If(2)i=1z°=32 and 1g(2)i=132>+2* +11< 3z’ + 12 +1=29.

Since 1f(z)I>1g(z)l on C and f(z) has 5 zeros, counting multiplicities, inside C, it
follows that the original polynomial has 5 zeros, counting multiplicities, inside C.

are the fourth roots of 4. They are readily found to be

sS= \/ieikn/Z (k = O, 1’273)$

or

V2, 2i,

—+2, and —+/2i.

See the figure below, where ¥ > V2 and R>~2+7.

X

AL,
N2i

The function

ra s
ﬁy

<—«/5i
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has simple poles at the points

So =2, sl=w/§i, s, =—2, and s3=—-\/§i;

and

3 ) 3 2 3 st 3 2 3 Suf 3 1 s
2 Res[e"F()] =X Res 5= =3 a5 =3~

5= $=8,
n=0 " n=0 "

1 1 . _ 1 _;
=;eﬁ'+;e‘ 2t+ e~/§1+_e i

1
et et 2

-3

ew/it +e—«/§: eiw/it +e—h/7t
= +
2 2

= cosh~/2¢ + cos V2t

Suppose now that s is a point on C,, and observe that

Isl=ly+ Re®I<y+R=R+y and Isl=ly+Re®I>1y—Rl=R-7y>/2.

125°1 = 21sP <2(R+¥)*

and
Is* -4l 2 lIsl*—412(R-7)* -4 >0.
Consequently,
2(R+y)
IF(s)| S ———"——>0 as R— .
(R-7)' -4

This ensures that

f(t)=cosh~/2t + cos~/2t.

2. The polynomials in the denominator of

_ 25—2
(s+D(s*+25+5)

F(s)
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have zeros at s =—1 and s =-1%2i. Let us, then, write

e’ (25-2)
(s+D(s—5)s-5)

5t

e Fis)=

where s, =—1+2i. The points —1, 5;, and 5, are evidently simple poles of e”F(s) with the
following residues:

a

—_— o Yo TN\
h (A 3,)

B=Refferr]-| LB
=it L ]

B, =Res[e" F(s)| = e (2s1"'22 =(l _l_)e—teiZt’
s=51 (s, +D)(s,-5) \2 2

_1_€ (25,-2) ‘=l_?2=(l+i)e"'e‘i2‘.
(s; +1(s;, —5,) 2 2

i . E

. ¢ (25 - 2)
B, = li?.s[e F(9)]= G IDG -5

L

It is easy to see that

B+B +B=—"+ (1 - L)e_’em + (1 + L)e"e‘m
2 2 2 2

—i2¢ )

PR, P e 0.

_ a el" —e—l‘l elbl +e 12 _ .

=—¢"' +e 'L 5T J=e ‘(sin2¢ + cos2t - 1).
i

Now let s be any point on the semicircle shown below, where ¥ >0 and R > V5+7.

g ¥ +iR
P

Since

Isi=ly+ Re®IS Y+ R=R+7y and Isl=ly+ Re®I2ly — Rl= R—y>+/5,
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we find that
125 =21 <215l +2 S2(R+ y) + 2,
Is+112lsl-112(R-y)-1>0,
and
|52 +2s+5l=ls—slls — 51 2(Is|—|sll)2 Z[(R— 7)? —\/512 > 0.
Thus
Fsl=—==2 ¢ AR Nt y0as R,

Is+1ls> +25+51 [(R_,,)_l][(R_},y_ﬁ]

f(t)=e€"(sin2¢ + cos2t —-1).

4. The function

.5'2 —(12

B (s* +a*)? (@>0)

E(s)

has singularities at s = tai. So we consider the simple closed contour shown below, where
y>0and R>a+7.

CR/

ai X

AL

[

ol 17

—ai X
— ¥—iR
Upon writing

o(s) st —-a*

F(s)= —  where ¢(s)=

(s —ai) (s+ai)’*’
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we see that ¢(s) is analytic and nonzero at s, =ai. Hence s, is a pole of order m =2 of
F(s). Furthermore, F(s)= F(5) at points where F(s) is analytic. Consequently, 5, is also
a pole of order 2 of F(s); and we know from expression (2), Sec. 82, that

Res[e”F(s)]|+Res [e"F(s)| = 2Re[e™ (b, + b)),

5=59 =35

where b, and b, are the coefficients in the principal part

bl b2
.+ 2
s—ai (s—ai)

of F(s) at ai. These coefficients are readily found with the aid of the first two terms in the

Taylor series for ¢(s) about s, = ai:

F(s)=

0= [m D+ ¢“)@ ai) + - ]

1
(s — ai)?
o(a) , ¢'Gai) ,

(s—ai)’ s—ai

(0 <ls = ail< 2a).

It is straightforward to show that ¢(ai)=1/2 and ¢’(ai) =0, and we find that b, =0 and
b,=1/2. Hence

Res [ ”F(s)] + Res [e"F(s)] 2Re[e (; t)] = tcosat.

We can, then, conclude that
f(t)=tcosat (a>0),
provided that F(s) satisfies the desired boundedness condition. As for that condition, when
zis apointon Cp,
lzZl=ly+ Re®I<y+R=R+y and lz=ly+Re®I2ly-RI=R-y>a;
and this means that
122 —a* 1<z +a*> S(R+y)* +a* and 122 +d*12zF -a’I=(R-y) -a’>0.

Hence
(R+7)* +ad*

[(R-y)'-a’T

— 0 as R— oo,

IF(z) <
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6.

We are given
F(s) = 2EUXS) O<x<l),

i, and § =——2j (n=1,2,...).

f(5)=Res [e"F(s)]+ 2 {1§_e s [¢"F(s)]+ Res [e“F(s)]}.
o n=1 =5, §=5,

To find the residue at s, =0, we write

sinh(xs) xs+(xs)’ /314 x+x°52/6+-- ' n
2 = 2 = 3 O<lIsl<—
s'coshs  s(1+5°/21+-) s+ 2+

Division of series then reveals that s, is a simple pole of F(s), with residue x; and,

according to expression (3), Sec. 89,

As for the residues of F(s) at the singular points s, (n=1,2,...), we write
F(s)= -’-’% where  p(s)=sinh(xs) and ¢(s) = s° coshs.
q(s

We note that

p(s,)= isin———(zn ;l)m #0 and ¢(s,)=0;

furthermore, since
q’(s)=2scoshs + s” sinhss,

we find that

q'(s,)=—

(2n —-41)2 n isin (2n ; Dz _ (2n 1) n(nn' - -—\

Q@n-1)’r?

= -D"i#0.
yEE A

l.(2n—1)27r2(
4

. T .
sin I‘HTCOS-Z—' - COSVlﬂ'SlﬂE =
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In view of Theorem 2 in Sec. 76, then, s, is a simple pole of F(s), and

ResF(s)—M iz- =1y 5 sin @n-ax .
5=3, q'(s,)) m° (2n-1) 2

_

(G sin (2n—1)7z:xex (2n—1)7rt }
(2n 1)? 2

Res[ "F(s)]+ Res[e""F(s)] 2Re{ 4

8 ) . @n-Dmx  (n-Dm

2 . _1\2 o} o)
7 (afi—1) Z A
all ~Af th T
Summing all of the above residues, we arrive at the final result

fin= x+°—-2 (l)n) m(2n—21)7rx cos(zn_zl)m.
n=1

The function

scosh(s"%)’

where it is agreed that the branch cut of s does not lie along the negative real axis, has
(2n-1)>*#?

A
4

1/2

isolated singularities at s, =0 and when cosh(s”“) =0, or at the points s, =—

(n=1,2,...). The point s, is a simple pole of F(s), as is seen by writing

1 1 1

scosh(s”?)  s[L+ () 121+ () 4l +-] T Sts2 /2451244

and dividing this last denominator into 1. In fact, the residue is found to be 1; and

expression (3), Sec. 89, tells us that
Res [eF(s)]= Res F(s)=1.

As for the other singularities, we write

PGs)

where  p(s)=1 and g(s) = scosh(s"?).
q(s)

F(s)=
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Now

pis,)=120 and gq(s,)=0;

also, since

q'(s)= %s”z sinh(s"?) + cosh(s"?),

it is straightforward to show that

oy @n-Lr . o =(2n—1)7t oy
q(s,)= —~——4 sm(nn‘ 2) —4 (D" #0.

So each point s, is a simple pole of F(s), and

RCSF(S)= p(sn) =i. (-"1) ]
5=, q(s,) m 2n-1

Consequently, according to expression (3), Sec. 89,

es|le” F(s)|=e" Res F(s)=—- exp| -—————— n=12..).
83 l ] 554 T 2n-1 pl_ 4 _l
Finally, then,
f(#)=Res[e"F(s)|+ Y Res[e"F(s)],
s=5p o S5
or

f=1+ A D [ @n-1’n"]
ﬂz‘2n—l p[ 4 '

n=1

Here we are given the function

coth(ws/2)  cosh(zms/2)

F(s)= =
2 . 4 2 L AN s 1, s~ ?
s’ +1 (s” + 1)sinh(zs / 2)
s 14 o) e r3 A Aeao e Flao ~A ctrnaiilaritiace o o — Tam 2
which has the property F(s)= F(5). We consider first the singularities at s =+i. Upon

cosh(7ms /2)
(s+i)sinh(zs / 2)’

F(s)= ?@ where ¢(s) =
-1



163

we find that, since ¢(i) =0, the point i is a removable singularity of F(s) [see Exercise 3
(b), Sec. 72]; and the same is true of the point —i. At each of these points, it follows that the
residue of ¢”F(s) is 0. The other singularities occur when zs/2=nni (n=0,%1,+2,...),

or at the points s =2ni (n=0,%1,%£2,...). To find the residues, we write

nf ¢} { me\ - { me\
F(s)=22 h = cosh| — d = (s° +1)sinh| —
(s) ) where  p(s) = cos L J and ¢q(s)=(s* +1)sin LZ J

and note that

p(2ni) = cosh(nmi) = cos(nm) =(=1)" #0 and g(2ni)=0.

Furthermore, since
/8 s ) s
g )=+ 1)——cosh(--) +2s s1nh(—),
2 2
we have
2
A = (—An? 1 N achinmi =(—A4n? 4 N enclnm - n(4n” —1) (-1 20
‘1 \b'iﬁ} \ A2 -ll U\Iﬂll\ il'&l \ R EAd l} V\IU\ lvlvl \ Al T 7
2 2 2
Thus
2ni 2 1
ResF(s)=—I)—(——)—=——~— (n=0,£1,£2,...).

Expressions (3) and (4) in Sec. 89 now tell us that

es|e” F(s)|=Res F(s) = 2
t 4 5=0 T

s=0

and

Res|e”F (s)]+ Res|e”F (s)] = 2Re[ e‘z"’(——-——

2 1 4 cos2nt

> =——— (n=12,...).
£=2ni §==2ni m Anc -1 T An° —1
L N v STk 1/ w5 i

The desired function of ¢ is, then,

2 4~ cos2nt
fiy==-—
3

ﬂ:n=14n2_1.
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9. The function
sinh(xs'?)
1/2)

F(s)= O<x<l,

s*sinh(s

172

where it is agreed that the branch cut of s does not lie along the negative real axis, has

112

isolated singularities at s=0 and when sinh(s'°)=0, or at the points s=—-n’nm’

(n=1,2,...). The point s =0 is a pole of order 2 of F(s), as is seen by first writing

sinh(xs"?) _x Z(xs" Y I3+ (x5 IS5 x s xs/6+r5v2ll'7n+

s’sinh(s?) s 2[5 +(sM2) 131+ (s 1 51+ ] +5°/6+s* 1120+

and dividing the series in the denominator into the series in the numerator. The result is

sinh(xs"?) 1

|
s’ sinh(s"2) s 6
In view of expression (1), Sec. 82, then,
Res [e“F(s)] = l(x3 —x)+xt= lx(x2 -1+ xt.
5=0 6 6

As for the singularities s =-n’n" (n=1,2,...), we write

F(s)=pz—s; where  p(s) = sinh(xs""?) and g(s) = s* sinh(s"?).
qs

Observe that p(—n’n*)#0 and g(-n’m’)=0. Also, since

it is easy to see that ¢’(—n*z%) #0. So the points s=—n’7’ (n=1,2,...), are simple poles

p(s) 2sinh(xs"?) 2 (=™,
Res F(s)= = =—- SINATTX =
2 ( ) {q/(s) :|s__n2”2 I:S s1/2 Cosh(sl/2) o n3 n3 (n 11 27- . -).
Thus, in view of expression (3), Sec. 89,
_ 1yt -
Res [eS’F(s)] % ( 11 e " 'sinnmx (n=12,...).

s=—n’z’ T n
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Finally, since

f()=Res[e"F(s)]+ 3 Res [¢"F(s)],

n=1i

we arrive at the expression

o0 n+l
=13 - +ar+ S Y D i,
n

3
n=1 n
The function
1 1
F(s)=—-—
s°  ssinhs
has isolated singularities at the points
;=0 and s =nmi, s =—nmi (n=12_...).
n ’ n \ 3= J
Now
) 1 1
ssmhs=s(s+—s3+-~)=s2 +—s*+- (0 <«lsl< o0),
6 6
and division of this series into 1 reveals that
T (1 1 h i
F(s)=—-2——L—2+—+---)=———+--- (0 <lsl< m).
s s° 6 6

This shows that F(s) has a removable singularity at s,. Evidently, then, e”F(s) must also

have a removable singularity there; and so

Res[e”F(s)] =0.

s=s59 *
To find the residue of F(s) at s, =nmi (n=1,2,...), we write
p(s) . 2.
F(s)= ) where p(s)=sinhs—s and g(s)=s"sinhs
§
and observe that
N . : 2 1
pamiy=—-nmi#0, qmmi)=0, and q'(ami)=n""(-1)""' 20

Consequently, F(s) has a simple pole at s,, and

ni —nmi -D"
Res F(s) = P’( ) = zn w1 =( )
s=3, g (nmi) n°m(-1) nr
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Since F(s)= F(3), the points §, are also simple poles of F(s); and we may write

(icosnnat —sin mrt)J

Hence the desired result is

f(1) =Res[e"F(s)]+ i{kgs [ F(s))+ Res [e“F(s)]},

n=i

or

2 oo (__l)n+l
f(H==% sinnt
g N7 S nﬁ n
11. We consider here the function
F(s)= Smh(’”) 0<x<l),
( +m \(‘neh_
2n-Dnrx
where >0 and w # @, l—-z—’u (n=1,2,...). The singularities of F(s) are at

§=0, s=xwi, and s=zw,i (n=12,..).
Because the first term in the Maclaurin series for sinh(xs) is xs, it is easy to see that s =0 is

a removable singularity of ¢”F(s) and that

Res [e“F(s)] 0.

dn\o—

To find the residue of F(s) at s = @i, we write

sinh(xs)
s—wi s(s + wi)coshs’

from which it follows that s = @i is simple pole and

sinh(xwi)  isinax
wi2wicosh(wi) -2w’cosw’

R‘=esF(s) = @¢(wi) =

THE UNIVERSITY OF QUEENSLAND LIBRARY
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Since F(s)= F(5), then,

[ st oy ] [ 1 [ oisinex | ;| sinoox . sin wxsin @t
Res|e” F(s)|+ Res |[¢"F(s)| = 2Re[ : ie’ J =2————sin@t = ————.
s=oi s=-oi -2W° cosw 2" cosw W’ cos W

As for the residues at s = @,i (n=1,2,...), we put F(s) in the form

F _ P
) q(s)

Now p(w,i) =sinh(xw,i) =isinw,x # 0 and g(w,i)=0. Also, since

=sinh(xs) and g(s) = (s’ + ®’s)coshs.

q’(s) = (s* + @’s)sinh s + (35> + ®*)coshss,

<
[¢']
=
=
o
fas
=
-

7' (@, = (-0)i+ 0*®,i)sinh(w,i) = -0, (0" - ®})sinw, # 0.

Hence we have a simple pole ats = w, i, with residue

p(w.i) isin@ x
ResF(s)=—"-= 5
s=wyi g (w,i) -0,(0° - )mw
Consequently,
isinw x ; sin @, xsin @, t
Res[es’F(s)]+ Res [e“F(s)] 2Re i ot} =2 T ———.
$=0, -0, (0" —w,)sine, 0,(0° —o,)sinw,

)n+1

But sinw, = sin(nrr - g) = (-1)"", and this means that

(- 1)""1 sin @, xsin @, t

Res[e” F(s)]+ Res [¢"F(s)| =2

S=w,i S——w i wn w w
Finally,
f()=Res [e"F(s)]+ {ls{:%s [e"F(s)]+ Res [e"F(s) }+ giRes e" F(s)|+ Res, [e"F(s)] }
That is,

f(t)=

sin wxsin ot 22( )" sinw, xsma)t
w* cos® @ 0’ — ]

n=1 n



