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LECTURE 1

The Complex Numbers: Basic Concepts

The real numbers, while we can easily imagine them, do not fully serve ever increas-
ing demand of the modern science. The main deficiency is that not every polynomial
has a real root. For example, the simple quadratic binomial x2 + 1 has no root in the
set of real numbers R. However, one notices that x = ±

√
−1 formally solve the equa-

tion x2 + 1 = 0. While similar formal computations were done centuries ago everyone
would refuse this by a very simple reason: we cannot imagine the number

√
−1 hence

it does not exist. It will be rigorously proven in this lesson that
√
−1 can be properly

introduced by expanding to a larger number system, the set of the so-called complex
numbers C. We will also show in our course that every polynomial then has a solution
in C. The latter has a tremendous impact on math and its applications. In this lesson
we will formally define the complex numbers. Although complex numbers were likely
introduced to you before differently the content of this lesson should be very easy.

Definition 1.1. The set of complex numbers C is the set of all ordered pairs
(a, b), where a, b ∈ R equipped with the following two operations: addition (+) and
multiplication (·), where for every a, b, c, d ∈ R:

(a, b) + (c, d) = (a+ c, b+ d) (1.1)

(a, b) · (c, d) = (ac− bd, ad+ bc).

Proposition 1.2. The set of complex numbers C is a commutative field.

The proof is left as an exercise.
Note that the subset {(a, 0)| a ∈ R} of C can be identified with the set of real

numbers R. By convention we agree to write (1, 0) = 1 and hence (a, 0) = a. Similarly,
the complex number (0, 1), usually denoted i (engineers and physicists like j instead
as they use i for the electric current), is called the imaginary unit.

One has

i2 = (0, 1)(0, 1) = (−1, 0) = −1

which you have likely seen as a definition of the imaginary unit.
For any complex number z = (a, b) we can write

z = (a, b) = (a, 0) + (0, b) = a (1, 0) + (b, 0)(0, 1) = a+ bi. (1.2)

Definition 1.3. Given a complex number z = (a, b), a is called the real part of z,
and b is called the imaginary part of z. We write

a = Re z , b = Im z.
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8 1. THE COMPLEX NUMBERS: BASIC CONCEPTS

Using Definition 1.3 equation (1.2) reads

z = Re z + i Im z (1.3)

which is the so-called standard form of a complex number.

Remark 1.4. The reader may observe that in (1.2) and (1.3) we put i in different
positions. Either one is acceptable and it depends on the particular situation where we
want to put our i. A general rule is if we have an imaginary part that is a variable we
put i before the variable and if we have an imaginary part that is a numerical coefficient
we put i after it. Hopefully, you will soon get used to this convention.

Definition 1.5. Given z = a+ ib, we define its (complex) conjugate z by

z := a− ib

and its modulus (absolute value) |z| by

|z| :=
√
zz. (1.4)

Since C is a field, every non-zero z has a multiplicative inverse z−1.

Proposition 1.6. Let z ∈ C and z 6= 0. Then

z−1 =

(
Re z

|z|2
,
− Im z

|z|2

)
=

z

|z|2
. (1.5)

Note that with (1.5) in hand, we can define division

z1

z2

:= z1.z
−1
2 ∀z1, z2 ∈ C , z2 6= 0.

Proposition 1.7. Conjugates and moduli have the following properties:

(1) Re z =
z + z

2
, Im z =

z − z
2i

(2) |z| =
√

Re2 z + Im2 z ≥ 0 and |z| = 0 ⇐⇒ z = 0

(3) z1 + z2 = z1 + z2

(4) z1z2 = z1 · z2

(5)

(
z1

z2

)
=
z1

z2

if z2 6= 0

(6) |z1z2| = |z1| |z2|

(7)

∣∣∣∣z1

z2

∣∣∣∣ =
|z1|
|z2|

if z2 6= 0

(8) z = z ⇐⇒ z ∈ R

(9) |z| = |z|.
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Note that C can be identified with R2 and hence we can call C the complex plane.
Then we can graphically associate to any complex number z a point in the complex
plane. Observe that the distance d(z1, z2) between two points z1, z2 ∈ C can be com-
puted by the formula:

d(z1, z2) = |z1 − z2| .
The following statement will play a fundamental role in our course.

Theorem 1.8 (Triangle Inequality). For all z1, z2 ∈ C
|z1 + z2| ≤ |z1|+ |z2| . (1.6)

Corollary 1.9. For all z1, z2 ∈ C
|z1 − z2| ≥ ||z1| − |z2|| (1.7)

and hence combining (1.6) and (1.7) one has the two sided triangle inequality

||z1| − |z2|| ≤ |z1 + z2| ≤ |z1|+ |z2| .

Before we conclude this section we should take a look at the graphical representation
of some of the topics we have gone over.

z

z

z1

z2

z1 + z2

Figure 1. Graphical interpretation of conjugates and sums

Exercises

Exercise 1.1 Prove Proposition 1.2.

Exercise 1.2 Prove Proposition 1.6.

Exercise 1.3 Prove Proposition 1.7.

Exercise 1.4 Prove Theorem 1.8 and Corollary 1.9.





LECTURE 2

Limits, Series, Sets, etc.: Basic Concepts

Basic concepts of Real Analysis are easily adaptable to help us construct our theory
of Complex Analysis. The main concept we will use from our study of Real Analysis is
the concept of the limit of a sequence. We need to define a few other concepts before
we can define the limit.

1. Definitions for Limit and Convergence

Recall in Real Analysis the concept of the ε-neighborhood of a point x0. For some
ε > 0, it is the set Uε := {x : |x− x0| < ε} .

In Complex Analysis such a concept is represented in the complex plane by a disk,
hence the following notation and definition.

Notation. We denote

Dr(z0) = {z | |z − z0| < r}
the disk of radius r centered at z0, and D := D1(0), the unit disk.

Definition 2.1. Let ε > 0 and z0 ∈ C. The set Dε(z0) = {z | |z − z0| < ε} is
called the ε-neighborhood of a point z0. We also define the deleted neighborhood of a
point z0 or punctured disk of center z0:

D̊ε(z0) = Dε(z0)\ {z0} .

Definition 2.2. A sequence is defined to be an ordered, countably infinite collection
of elements from C. For a sequence in the complex plane we write {zn}n≥1 where
{zn}n≥1 = {z1, z2, ..., zn, ...}.

Definition 2.3. A sequence {zn}n≥1 is said to converge to a number z ∈ C if for
all ε > 0 there exists some Nε ∈ N such that n > Nε ⇒ zn ∈ Dε (z).

The complex number z is called the limit of the sequence {zn}n≥1 and is usually
written

lim
n→∞

zn = z. (2.1)

Remark 2.4. Note that the limit can also be expressed as follows:

z = lim zn, n→∞
zn → z, n→∞

zn −→
n→∞

z.
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12 2. LIMITS, SERIES, SETS, ETC.: BASIC CONCEPTS

Definition 2.3 can be stated in several different ways utilizing the different methods
to express the idea of convergence. For practice you should restate the definition using
each method for expressing the idea of convergence.

The geometrical meaning of Definition 2.3 can easily be seen in Figure 1.

z
Dε(z)

ε
zn

z1

z2

zN

Figure 1. A sequence {zn} converging to z

Definition 2.5. We say that {zn}n≥1 diverges (or is divergent) if {zn}n≥1 does
not converge for any z ∈ C.

Proposition 2.6. Given {zn}n≥1,

zn → z ⇐⇒ Re zn → Re z and Im zn → Im z.

Proof. Assume that zn → z. Then

∀ε > 0 ∃Nε : |zn − z| < ε ∀n > Nε.

But by the triangle inequality we have that

|Re(zn − z)| ≤ |zn − z| < ε.

That is Re zn → Re z as n → ∞. Similarly one shows that Im zn → Im z. Con-
versely, assume that (abbreviating x = Re z and y = Im z)

∀ε > 0 ∃Nε : |xn − x|, |yn − y| <
ε

2
∀n > Nε.

Then by the triangle inequality

|zn − z| ≤ |xn − x|+ |yn − y| ≤
ε

2
+
ε

2
= ε. �

Definition 2.7. A given sequence {zn}n≥1 is said to be Cauchy (a Cauchy se-
quence) if

∀ε > 0 ∃Nε ∈ N : ∀m,n ≥ Nε |zm − zn| < ε.

Theorem 2.8 (Cauchy’s Criterion). A given sequence {zn}n≥1 is convergent if and
only if {zn}n≥1 is a Cauchy sequence.

The proof is left as an exercise.
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Definition 2.9. The formal sum
∑
n≥1

zn of the elements of the sequence {zn}n≥1 is

called a series.

Definition 2.10. Let
∑
n≥1

zn be a series. Then Sn :=
n∑
k=1

zk is called a partial sum.

A series is called convergent if its sequence of partial sums is convergent. In this case
we write ∑

k≥1

zk = lim
n→∞

Sn = S.

Definition 2.11. A series which does not converge is called divergent.

Definition 2.12. A given series
∑
n≥1

zn is said to be absolutely convergent if
∑
n≥1

|zn|

converges.

2. Complex Sets

We will now turn our attention to complex sets.

Definition 2.13. A set E ⊆ C is called open if for all z ∈ E, ∃ Dε(z) with some
ε > 0 such that Dε(z) ⊂ E.

In other words, every point of an open set E ⊂ C comes with a neighborhood
contained in E.

Note that by Definition 2.1 an ε-neighborhood is an open set, and hence we refer
to Dr(z0) as the open disk of radius r and of center z0.

Definition 2.14. A set E ⊆ C is called connected if for all z0, z1 ∈ E, there is a
continuous path Γ such that z0, z1 ∈ Γ and Γ ⊂ E.

In other words, any pair of points from a connected set can be connected with a
continuous curve lying entirely in the set.

Definition 2.15. A point z ∈ C is called a boundary point of a set E if for all
ε > 0, Dε(z) ∩ E 6= ∅ and Dε(z) ∩ (C\E) 6= ∅. We use ∂E to denote the set of all
boundary points of a set E ⊆ C.

Definition 2.16. A set E is called closed if ∂E ⊆ E.

Note that by definition E ∪ ∂E is always closed. Given a set E, the procedure of
adding the boundary to the set is called the closure of E and denoted by either E or
closE. That is

E = closE = E ∪ ∂E.



14 2. LIMITS, SERIES, SETS, ETC.: BASIC CONCEPTS

Example 2.17.

(1) Let E = {z ∈ C : |z| 6= 0}. Then the set E is open and the boundary of E is
the set {0}.

(2)

Figure 2. An open, connected set

(3) clos {z : |z| 6= 0} = C.
(4) Dε(z0) = {z : |z − z0| ≤ ε}

Definition 2.18. A point z of a set E is called an interior point of E if z is not
contained in the boundary of E.

3. Complex Functions

We conclude this lecture with a discussion of complex functions.

Definition 2.19. Given a set E ⊆ C, a complex valued function f(z) is any func-
tion of a complex variable z that maps E to C.

Given z ∈ C where z = x+ iy, we can always write

f(z) = u(x, y) + iv(x, y)

where u = Re f and v = Im f .

Definition 2.20. Let E be an open set and let f : E → C be a complex valued
function. We write

lim
z→z0

f(z) = `

if ∀ ε > 0 ∃ δε > 0 : z ∈ D̊δε(z0) ∩ E ⇒ f(z) ∈ Dε(`).

Definition 2.21. Given an open set E, a function f : E → C is said to be
continuous at z0 ∈ E if

lim
z→z0

f(z) = f(z0).

Assuming that the limit exists and f(z0) is defined.

Definition 2.22. If f : E → C is continuous at each z ∈ E then we say that f is
a continuous function on E.
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Exercises

Exercise 2.1 Assuming Cauchy’s Criterion for real sequences, prove Theorem 2.8.

Exercise 2.2 Prove that
∑
k≥1

zk converges if and only if
∑
k≥n

zk → 0, n→∞.

Exercise 2.3 Is
{
i
n

}
n≥1

open or closed? What is clos
({

i
n

}
n≥1

)
?

Exercise 2.4 Let f, g : E → C such that f and g are continuous at z0. Prove the
following facts:
(1) f + g is continuous at z0

(2) fg is continuous at z0

(3)
f

g
is continuous at z0 if g(z0) 6= 0.





LECTURE 3

Uniform Convergence of Sequences and Series

Consider a sequence {fn(z)} in which the elements are functions fn : E → C. Such
sequences are called functional sequences and play a crucial role in analysis. Let C(E)
denote the set of all continuous complex-valued functions on a set E. We say that a
functional sequence {fn(z)}, fn : E → C converges pointwise if for every z0 ∈ E, the
numerical sequence {fn(z0)} converges. You may recall from Real Analysis a notion
of almost everywhere convergence that is weaker than pointwise convergence. In our
course, we will not be needing this idea.

Example 3.1. Some examples from Real Analysis:

(1) {fn(x)} on (0, 1) as defined in Figure 1:

1

1

1/n

Figure 1. A real-valued sequence of functions converging pointwise to 0

We can see that fn ∈ C(0, 1) for all n and that fn converges pointwise to
zero as n goes to infinity. (On [0, 1], however, fn → 0 almost everywhere.)

(2)

{
n

n+ 1
x

}
on (0, 1) converges to x pointwise.

(3) {sin(nx)} on (0, π) diverges pointwise.

The following definition is very important to our course.

Definition 3.2. A sequence {fn(z)}, fn : E → C is said to converge uniformly to
a function f : E → C if

sup
z∈E
|f(z)− fn(z)| → 0 as n→∞,

and we write f(z) = u-lim fn(z) or fn ⇒ f on E.

17



18 3. UNIFORM CONVERGENCE OF SEQUENCES AND SERIES

Recall that “sup” stands for supremum. In our course, supremum will often be the
absolute maximum.

For convenience, we will use the following shorthand notation:

‖f‖∞ := sup
z∈E
|f(z)|

when it is clear from the context what E is.

Remark 3.3.

(1) In Definition 3.2 the set E need not be open or connected.
(2) Uniform convergence implies pointwise convergence but pointwise convergence

does not imply uniform convergence.

The following important theorem justifies the concept of uniform convergence:

Theorem 3.4. Let E be an open set in C and {fn(z)} be a sequence of continuous
functions on E. Then fn ⇒ f on E implies f ∈ C(E).

Proof. Let ε > 0 be given. Thus, fn ⇒ f on E implies that there exists an
N > 0 such that

‖f − fN‖∞ < ε/3. (3.1)

Next, fN ∈ C(E), so fN is continuous at every z0 ∈ E. Therefore, there exists some
δ > 0 such that for every z ∈ Dδ(z0)

|fN(z)− fN(z0)| < ε/3. (3.2)

Now, take N as in (3.1) and z as in (3.2) and consider:

|f(z)− f(z0)| = |f(z)− fN(z) + fN(z)− fN(z0) + fN(z0)− f(z0)|
≤ |f(z)− fN(z)|︸ ︷︷ ︸ + |fN(z)− fN(z0)|︸ ︷︷ ︸ + |fN(z0)− f(z0)|︸ ︷︷ ︸
≤ ‖f − fN‖∞ < ε/3 < ε/3 ≤ ‖f − fN‖∞ < ε/3

by (3.1) by (3.2) by (3.1)

Therefore,

|f(z)− f(z0)| < ε/3 + ε/3 + ε/3 = ε.

Thus, for all ε > 0 we have found δ > 0 such that for all z ∈ Dδ(z0), |f(z)−f(z0)| <
ε. Therefore, f is continuous at z0. But since z0 was arbitrarily chosen, we know then
that f is continuous at every z ∈ E. Therefore, f is a continuous function on E. �

We turn now to functional series. We say that a series
∑
n≥1

fn(z) converges pointwise

on a set E if the sequence

{∑
k≤n

fk(z)

}
converges pointwise on E.

Definition 3.5.
∑
n≥1

fn(z) converges uniformly on E if the sequence

{∑
k≤n

fk(z)

}
converges uniformly on E.
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By Theorem 3.4, if fn(z) ∈ C(E) for every n, and
∑
n≥1

fn(z) converges uniformly,

then

f(z) :=
∑
n≥1

fn(z) ∈ C(E).

The problem with this statement is that verifying convergence is usually very dif-
ficult. The following theorem helps a lot.

Theorem 3.6 (Weierstrass M -Test). If supz∈E |fn| ≤Mn <∞ and
∑
n≥1

Mn <∞,

then
∑
n≥1

fn(z) is uniformly convergent on E.

Proof. Consider the sequence {Sn(z)} of partial sums, with Sn(z) =
n∑
k=1

fk(z).

Let n > m, and notice

|Sn(z)− Sm(z)| =

∣∣∣∣∣
n∑

k=m+1

fk(z)

∣∣∣∣∣
≤

n∑
k=m+1

|fk(z)|

≤
n∑

k=m+1

Mk

=

∣∣∣∣∣
n∑
k=1

Mk −
m∑
k=1

Mk

∣∣∣∣∣ (3.3)

Since
∑
k≥1

Mk < ∞, then

{
n∑
k=1

Mk

}
is a Cauchy sequence. It follows from (3.3) that

{Sn(z)} is Cauchy for any z ∈ E. By the Cauchy Criterion (Theorem 2.8) {Sn(z)}
converges to some S(z).

It remains to show that Sn ⇒ S on E. Notice

‖S − Sn‖∞ =

∥∥∥∥∥ ∑
k≥n+1

fk(z)

∥∥∥∥∥
∞

≤
∑
k≥n+1

Mk (3.4)

Since
∑
k≥1

Mk < ∞, then the right hand side of (3.4) converges to 0 as n → ∞.

Therefore, as n→∞, ‖S − Sn‖∞ → 0. �
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Exercises

Exercise 3.1 Show that
(1) The sequence {fn} in Example 3.1(1) converges pointwise to 0, on (0, 1),

but doesn’t converge uniformly. Does {fn} converge on a subset of (0, 1)?
(2) The sequence in Example 3.1(2) converges uniformly to x.
(3) The sequence {sin(nx)} from Example 3.1(3) diverges pointwise on (0, π),

but {‖ sin(nx)‖∞}n≥1 converges.
(4) Give an example of a sequence of continuous functions which converges

pointwise, but the limiting function is discontinuous.

Exercise 3.2 Show that if
∑
fk(z) converges absolutely, then

∑
fk(z) converges. Also

show that the converse is not true.



LECTURE 4

Power Series: Domain of Convergence

A particularly important type of functional series is a power series∑
n≥0

an(z − z0)n (4.1)

where an, z0 ∈ C.
We call the set of all z ∈ C for which (4.1) converges the domain of convergence.
You probably remember from calculus that for a real power series (4.1) the domain

of convergence is an interval centered at z0. The interval could be just one point (e.g.

for the series
∑
n≥0

n!xn) or be the whole real line (as e.g. with
∑
n≥0

xn

n!
).

The half-length of the interval of convergence is called the radius of convergence.
You should also remember some criteria of convergence.

Lemma 4.1. Let q ∈ R and consider the series
∑
n≥0

qn. If |q| < 1 then
∑
n≥0

qn

converges to
1

1− q
. If |q| ≥ 1 then

∑
n≥0

qn diverges.

The proof is left as an exercise.
We are now going to extend all of these ideas from calculus to complex power series.

Theorem 4.2 (Abel’s Theorem). If a power series
∑
n≥0

an(z − z0)n converges at a

point z1 6= z0 then it absolutely converges on the open disk D|z1−z0|(z0). Moreover, it

uniformly converges on any closed disk Dρ(z0) where ρ < |z1 − z0|.

|z1 − z0|
ρ

z0
z1

Figure 1. The open disk D|z1−z0|(z0) and the closed disk Dρ(z0)

21



22 4. POWER SERIES: DOMAIN OF CONVERGENCE

Proof. Without loss of generality, set z0 = 0. Take z ∈ D|z1|(0) and consider the

series
∑
n≥0

anz
n. Since z is an interior point of D|z1|(0), there is a q such that 0 < q < 1

where
|z| = q|z1|. (4.2)

By our condition,
∑
n≥0

anz
n
1 converges. This implies anz

n
1 → 0 as n → ∞. Hence

there exists a constant M > 0 such that |an||z1|n ≤M and

|anzn| = |an||z1|n︸ ︷︷ ︸
≤M

·
∣∣∣∣ zz1

∣∣∣∣n ≤M

∣∣∣∣ zz1

∣∣∣∣n . (4.3)

Consequently it follows from (4.3) that∣∣∣∣∣∑
n≥0

anz
n

∣∣∣∣∣ ≤∑
n≥0

|anz|n ≤M
∑
n≥0

∣∣∣∣ zz1

∣∣∣∣n by (4.2)
= M

∑
n≥0

qn

=
M

1− q
<∞, by Lemma 4.1,

and
∑
n≥0

anz
n converges absolutely for all z ∈ D|z1|(0). Consider now the closed disk

Dρ(0) of radius ρ < |z1|. To prove the uniform convergence of our series we apply the
Weierstrass M -test. Note, it follows from (4.3) that for all z ∈ Dρ(0)

|anzn| ≤M

∣∣∣∣ zz1

∣∣∣∣n ≤M

(
ρ

|z1|

)n
=: Mn.

Since
ρ

|z1|
< 1, the series

∑
n≥0

Mn converges and therefore, by the Weierstrass M -

test,
∑
n≥0

anz
n converges uniformly. �

Abel’s Theorem has some important corollaries.

Corollary 4.3. The domain of convergence of a power series is a disk.

Corollary 4.4. If at a point z1 the series
∑
n≥0

an(z − z0)n diverges it will then

diverge on C \ D|z1−z0|(z0).

This fact can easily be proven by contradiction.

Definition 4.5. The real number R defined by

R = sup

{
ρ

∣∣∣∣∣ ∑
n≥0

an(z − z0)nconverges on Dρ(z0)

}
is called the radius of convergence of

∑
n≥0

an(z − z0)n.
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Remark 4.6. Note that R can be 0 or ∞. E.g. R for
∑
n≥0

n!zn is 0 and R for∑
n≥0

1

n!
zn is ∞.

Recall, given a real sequence {sn} we define limsn = lim sup
n→∞

sn = lim s∗n, n → ∞

where s∗n = sup{sn, sn+1, . . .}. We call this the limit superior of the sequence.

Theorem 4.7 (The Cauchy-Hadamard Formula). Let
∑
n≥0

an(z − z0)n be a power

series. Then the radius of convergence can be found by the following formula:

R =

(
lim sup
n→∞

n
√
|an|
)−1

(4.4)

Proof. Without loss of generality, take z0 = 0 and consider the series
∑
n≥0

anz
n.

Assume first that 0 < R < ∞. We are going to show that
∑
n≥0

anz
n converges for all

z ∈ DR(0) and diverges for all z ∈ C \ DR(0).
From (4.4) we have

lim sup
n→∞

n
√
|an| =

1

R
=: `.

This implies that for all ε > 0 there exists a N such that n
√
|an| < ` + ε for all

n ≥ N and there exist infinitely many n ≥ N for which n
√
|an| > ` − ε. We can see

what this means more clearly from Figure 2:

`

`+ ε

`− ε

N th point

Figure 2. Graphical representation of lim sup n
√
|an| = `

Take z ∈ DR(0) and let

ε =
1− `|z|

2|z|
> 0.
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Then

n
√
|an||z| < (`+ ε)|z| = (`+

1− `|z|
2|z|

)|z|

=
2`|z|+ 1− `|z|

2
=

1 + `|z|
2

= q < 1.

Thus |an||zn|n < qn. But

|
∑
n≥0

anz
n| ≤

∑
n≥0

|an||z|n <
∑
n≥0

qn where q < 1.

Hence by Lemma 4.1 we have that
∑
n≥0

anz
n converges for all z ∈ DR(0).

Now select z ∈ C \ DR(0) and take

ε =
`|z| − 1

|z|
> 0.

We have
n
√
|an||z| > (`− ε)|z| = (`− `|z| − 1

|z|
)|z| = 1.

Thus for every such z there are infinitely many nk ≥ N such that |ank ||z|nk > 1

and hence
∑
n≥0

anz
n diverges for all z where |z| > R. By Definition 4.5 the R defined

by (4.4) is the radius of convergence. All that remains is to consider the cases R = 0
and R =∞, which are left as an exercise to the reader. �

Example 4.8. A very important particular case is the geometric series∑
n≥0

(z − z0)n.

Its domain of convergence is D1(z0) and∑
n≥0

(z − z0)n =
1

1− (z − z0)
, z ∈ D1(z0).

The proof is left as an exercise.

Exercises

Exercise 4.1 Prove Lemma 4.1.

Exercise 4.2
(1) Show that if in equation (4.4) lim sup

n→∞

n
√
|an| = 0 then

∑
n≥0

an(z − z0)n

converges for all z ∈ C and if lim sup
n→∞

n
√
|an| = ∞ then

∑
n≥0

an(z − z0)n

converges only at z = z0.
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(2) Discuss the two examples
∑
n≥0

n!zn and
∑
n≥0

1

n!
zn.

Exercise 4.3 Prove all the statements in Example 4.8.





LECTURE 5

Analytic Functions and the Cauchy-Riemann Conditions

The main objective of this lecture is to introduce the central concept of our course
– analytic functions.

Definition 5.1. Let E be an open set of C and f : E → C and let z0 ∈ E. If
f (z0 + ∆z)− f (z0)

∆z
converges as ∆z → 0, then we say that f (z) is differentiable at

z = z0, and

lim
∆z→0

f (z0 + ∆z)− f (z0)

∆z
=: f ′ (z0) (5.1)

is called the derivative of f(z) at z = z0.

Remark 5.2. If z is real, then Definition 5.1 is of course the same as in calcu-
lus. However, if z is complex, the existence of the limit (5.1) imposes very restrictive
conditions on Re f and Im f .

Definition 5.3. A function f : E → C is called differentiable on E if it is differ-
entiable at each point z0 of E.

Definition 5.4. A function f : E → C is called continuously differentiable on E

if f is differentiable on E and f
′

is continuous on E.

Definition 5.5. A function which is continuously differentiable on E is called
analytic on E.

Note that other names used for analytic functions are regular, or holomorphic.

Remark 5.6. Note that analyticity of a function is defined on an open set. Hence
when we refer to a function f being analytic at a point z0, it implies that there exists
some neighborhood Dδ(z0) where f is differentiable at each point z ∈ Dδ(z0), and the
derivative f ′ is continuous at each point z ∈ Dδ(z0).

Proposition 5.7. If f, g are analytic on E, then so are:

(1) f + g
(2) fg
(3) f/g on E \ {z | g(z) = 0}.

The proof is left as an exercise.

Corollary 5.8. Polynomial functions are analytic on C.

27
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Proof. The identity function I(z) = z and a constant function are clearly analytic
on C and hence by Proposition 5.7 so are akz

k for any k ∈ N and ak ∈ C. Therefore,
by Proposition 5.7, the function

pn(z) =
n∑
k=0

akz
k

is also analytic on C. �

Corollary 5.9. A rational function
pn(z)

qm(z)
is analytic on C \ {z | qm(z) = 0} .

To see this, just use Corollary 5.8 and Proposition 5.7.
Judging just from Corollaries 5.8 & 5.9, it may seem that there are a lot of analytic

functions out there. This is not the case.

Example 5.10. The functions z and |z| are not analytic. Indeed, ∀z ∈ C

z + ∆z − z
∆z

=
∆z

∆z
. (5.2)

Now in order for z to be differentiable, the limit of (5.2) should be unique, regardless
of the path used for ∆z → 0. Yet, if we choose a path along the real line, that is
∆z = ∆x+ i0, then

lim
∆z→0

∆z

∆z
= lim

∆x→0

∆x

∆x
= 1.

But now, if we consider a path along the imaginary line, that is ∆z = 0 + i∆y, then
from (5.2), we get

lim
∆z→0

∆z

∆z
= lim

∆y→0

−i∆y
i∆y

= −1.

These limits are different, hence (5.2) diverges for any z as ∆z → 0.

The proof for |z| is left as an exercise.

Remark 5.11. If you pick at random a pair of real-valued functions on R2 such as
(u(x, y), v(x, y)), then the function f(z) = u(x, y) + iv(x, y) will most likely be NON-
analytic. This is because the set of analytic functions albeit crucially important is a
very thin subset of the set of all functions u+ iv.

The following theorem gives necessary conditions of analyticity.

Theorem 5.12 (Cauchy-Riemann Conditions). If f(z) = u(x, y) + iv(x, y) is dif-
ferentiable at z = z0 = x0 + iy0, then at z = z0 all partial derivatives of u, v exist
and {

ux = vy
uy = −vx

(5.3)
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Proof. Since f is differentiable at z = z0, then

lim
∆z→0

f(z0 + ∆z)− f(z0)

∆z
= f

′
(z0) (5.4)

does not depend on the way ∆z → 0. So if we take, as in Example 5.10, ∆z = ∆x,
then (5.4) reads

f
′
(z0) = lim

∆x→0

f(z0 + ∆x)− f(z0)

∆x

= lim
∆x→0

u(x0 + ∆x, y0) + iv(x0 + ∆x, y0)− u(x0, y0)− iv(x0, y0)

∆x

= lim
∆x→0

u(x0 + ∆x, y0)− u(x0, y0)

∆x
+ i lim

∆x→0

v(x0 + ∆x, y0)− v(x0, y0)

∆x
= (ux + ivx)(x0, y0). (5.5)

Take in (5.4) ∆z = i∆y

f
′
(z0) = lim

∆y→0

f(z0 + i∆y)− f(z0)

i∆y

= lim
∆y→0

u(x0, y0 + ∆y) + iv(x0, y0 + ∆y)− u(x0, y0)− iv(x0, y0)

i∆y

= −i lim
∆y→0

u(x0, y0 + ∆y)− u(x0, y0)

∆y
+ lim

∆y→0

v(x0, y0 + ∆y)− v(x0, y0)

∆y

= (−iuy + vy)(x0, y0). (5.6)

Comparing (5.5) and (5.6) yields

(ux + ivx)(x0, y0) = (vy − iuy)(x0, y0)

and (5.3) follows. �

Corollary 5.13. If f(z) is differentiable at z = z0, then

f
′
(z0) = (ux + ivx)(x0, y0) = (vy − iuy)(x0, y0).

This formula is not particularly useful though, as it is almost never a good idea to
separate u and v.

Corollary 5.14. If f : E → C is analytic on E and uxx, vxx, uyy, vyy, uxy, vxy,
uyx, and vyx ∈ C(E) then u and v satisfy the Laplace equation:

∆u = 0 = ∆v (5.7)

where

∆ =
∂2

∂x2
+

∂2

∂y2

Indeed, differentiating the first equation in (5.3) with respect to y and the second
one with respect to x, we obtain: {

uxx = vyx
uyy = −vxy

(5.8)
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Since vxy = vyx, (5.8) implies ∆u = 0. Similarly one proves ∆v = 0.

Remark 5.15. Theorem 5.12 and Corollary 5.14 say that Re f and Im f of an
analytic function f must satisfy the Cauchy-Riemann equations (5.3) or (5.7). The
Cauchy-Riemann conditions are necessary conditions for the analyticity of a function.

Exercises

Exercise 5.1 Prove by definition that:
(1) f(z) = x2 − y2 + 2ixy is analytic in C,
(2) g(z) = x2 + y2 + 2ixy is not analytic in C. Is g(z) analytic on any open

subset of C?

Exercise 5.2 Prove Proposition 5.7. Notice that you can not borrow these statements
directly from calculus, but of course you can borrow the idea.

Exercise 5.3 Using the definition of differentiability, show that |z| is not analytic.

Exercise 5.4 Using the Cauchy-Riemann Conditions, show that the following func-
tions are not analytic:
(1) g(z) from Exercise 5.1,
(2) |z|.



LECTURE 6

Convergent Power Series are Analytic Functions; ez

1. Convergent Power Series are Analytic Functions

The title of this section looks like a statement, doesn’t it? Yes, I mean it! The
statement is so important that I put it in a title.

Lemma 6.1. Let {an} be a monotone decreasing sequence such that lim
n→∞

an = a

where a > 0. Suppose {bn} is a sequence where bn ≥ 0 for all n. Then

lim sup anbn = a · lim sup bn, n→∞.

The proof is left as an exercise.

Lemma 6.2. Let
∑
n≥0

anz
n have a radius of convergence R. Then

∑
n≥1

nanz
n also has

a radius of convergence R.

Proof. Let R1 be the radius of convergence of
∑
n≥1

nanz
n. We compute R1 using

the Cauchy-Hadamard formula:

R−1
1 = lim sup n

√
n|an| = lim sup n

√
n n
√
|an|, n→∞. (6.1)

Notice that the sequence n
√
n = exp

lnn

n
is monotone decreasing (for n ≥ 3) and

lim exp
lnn

n
= exp lim

lnn

n

L’Hospital
= exp lim

1

n
= e0 = 1 n→∞.

By Lemma 6.1, equation (6.1) then implies R−1
1 = lim sup n

√
|an| = R−1. �

And now the main result of this lecture.

Theorem 6.3. Let
∑
n≥0

an(z − z0)n converge on DR(z0). Then the function

f(z) =
∑
n≥0

an(z − z0)n (6.2a)

is analytic on DR(z0) and

f ′(z) =
∑
n≥1

nan(z − z0)n−1. (6.2b)

31
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Proof. We use the ε/3 argument. Without loss of generality, we take z0 = 0 and
let

g(z) =
∑
n≥1

nanz
n−1. (6.3)

By Lemma 6.2, the series (6.3) converges on DR(0). Let z ∈ Dr(0) where r < R.
Consider

f(z + ∆z)− f(z)

∆z
− g(z)

assuming that z + ∆z ∈ DR(z0). Then,

f(z + ∆z)− f(z)

∆z
− g(z) =

1

∆z

(∑
k≥0

ak(z + ∆z)k −
∑
k≥0

akz
k
)
− g(z)

=
Sn(z + ∆z)− Sn(z)

∆z
− S ′n(z)︸ ︷︷ ︸

I

+ S ′n(z)− g(z)︸ ︷︷ ︸
II

+
1

∆z

( ∑
k≥n+1

ak(z + ∆z)k −
∑
k≥n+1

akz
k
)

︸ ︷︷ ︸
III

.

By the triangle inequality we have∣∣∣∣f(z + ∆z)− f(z)

∆z
− g(z)

∣∣∣∣ ≤ |I|+ |II|+ |III|. (6.4)

We consider |III| first. We have

III =
∑
k≥n+1

ak
(z + ∆z)k − zk

∆z
. (6.5)

But

ak − bk = (a− b)(ak−1 + ak−2b+ · · ·+ abk−2 + bk−1)

and (6.5) can be continued

III =
∑
k≥n+1

ak

(
(z + ∆z)k−1 + (z + ∆z)k−2z + · · ·+ zk−1

)
.

We now have (since |z|, |z + ∆z| < r)

|III| ≤
∑
k≥n+1

|ak|
(
|z + ∆z|k−1 + |z + ∆z|k−2|z|+ · · ·+ |z|k−1

)
≤
∑
k≥n+1

k|ak|rk−1. (6.6)

Since by Lemma 6.2
∑
k≥1

kakz
k−1 converges on DR(0), it follows by Abel’s Theorem

that it is absolutely convergent on Dr(0), r < R. Therefore for any ε > 0 there exists
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N such that ∑
k≥N+1

k|ak|rk−1 < ε/3.

It follows from (6.6) that for all ε > 0 there exists N such that

|III| < ε/3. (6.7)

Next we turn our attention to II. Take n = N . Then we have

|II| =

∣∣∣∣∣ ∑
k≥N+1

kakz
k−1

∣∣∣∣∣
≤
∑

k≥N+1

k|ak|rk−1 < ε/3. (6.8)

Finally for |I| we take n = N . Since Sn is a polynomial of order N ,

Sn(z + ∆z)− Sn(z)

∆z

approximates S ′n(z) which means that for given ε > 0 there exists δ > 0 such that
|∆z| < δ implies that

|I| ≤ ε/3. (6.9)

Plugging (6.6)-(6.9) into (6.4) we have∣∣∣∣f(z + ∆z)− f(z)

∆z
− g(z)

∣∣∣∣ < ε

if |∆z| < δ. Therefore f ′(z) = g(z), and (6.2b) is proven. Since the series in (6.3) is
uniformly convergent on Dr(0) for all r < R we conclude that g(z) is continuous. �

Remark 6.4. Equation (6.2b) says that if
∑
n≥0

an(z−z0)n converges on DR(z0) then

d

dz

∑
n≥0

an(z − z0)n =
∑
n≥0

an
d

dz
(z − z0)n

for all z ∈ DR(z0).

Corollary 6.5. If f(z) =
∑
n≥0

an(z − z0)n converges on DR(z0) then f(z) is

infinitely differentiable on DR(z0) and

f (k)(z) =
∑
n≥k

n(n− 1) . . . (n− k + 1)an(z − z0)n−k, k = 1, 2, . . .

Moreover

an =
1

n!
f (n)(z0).

The proof is left as an exercise.
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2. Defining the Exponential Function ez

We now turn our attention to ez. We are now able to define this object!

Definition 6.6. Given z = x + iy ∈ C, the angle θ, −π < θ ≤ π, in the polar
representation of the point (x, y) ∈ R2 is called the argument of z.

We assume that θ ∈ (−π, π]. Of course we could let θ ∈ [0, 2π). It is always a good
idea to specify the range of θ.

Since x = r cos θ and y = r sin θ where r =
√
x2 + y2 = |z|, we have

z = |z|(cos θ + i sin θ) (6.10)

which is the trigonometric representation of z. It is common to write θ = arg z.

Proposition 6.7. If z1, z2 ∈ C then

z1z2 = |z1z2|(cos(θ1 + θ2) + i sin(θ1 + θ2))

where θk = arg zk, k = 1, 2.

The proof is left as an exercise.

Definition 6.8. The function f(z), denoted by ez or exp z, is called exponential if

(1)
f ′(z) = f(z), (6.11)

(2) and
f(0) = 1. (6.12)

Proposition 6.9 (de Moivre’s Formula). For all n ∈ N and z ∈ C
zn = |z|n(cos(nθ) + i sin(nθ)) (6.13)

The proof is left as an exercise.

Theorem 6.10.

ez =
∑
n≥0

zn

n!
.

The proof is left as an exercise.

Exercises

Exercise 6.1 Prove Lemma 6.1.

Exercise 6.2 Prove that (zn)′ = nzn−1, n = 0, 1, . . .

Exercise 6.3 Prove Corollary 6.5.

Exercise 6.4 Prove Proposition 6.7.

Exercise 6.5 Prove Proposition 6.9.

Exercise 6.6 Prove Theorem 6.10.



LECTURE 7

The Chain Rule; More on ez, sin z, and cos z

We continue to study ez. We also introduce basic trigonometric functions. But one
long overdue statement is first.

1. The Chain Rule

Lemma 7.1. f(z) is differentiable on E iff for all z, z + ∆z ∈ E
f(z + ∆z)− f(z) = A(z)∆z + ε(z,∆z)

where A(z) = f ′(z) and ε(z,∆z) is bounded for every z ∈ E and

lim
∆z→0

ε(z,∆z)

∆z
= 0.

The proof is left as an exercise.

Theorem 7.2 (The Chain Rule). If functions g : E → G and f : G → C are
analytic on E and G respectively, then (f ◦ g)(z) := f(g(z)) is also analytic on E. In
addition,

(f ◦ g)′(z) = f ′(g(z)) · g′(z) (7.1)

for all z ∈ E.

Proof. Let z0, z0 + ∆z ∈ E and find w0, w0 + ∆w ∈ G such that w0 = g(z0) and
w0 + ∆w = g(z0 + ∆z).

By Lemma 7.1, since f is differentiable at w = w0

f(w0 + ∆w)− f(w0) = f ′(w0)∆w + ε1(w0,∆w).

By the same lemma,

lim
∆w→0

ε1(w0,∆w)

∆w
= 0 (7.2)

and

∆w = g(z0 + ∆z)− g(z0) = g′(z0)∆z + ε2(z0,∆z). (7.3)

Since g is differentiable at z = z0, combining (7.2) and (7.3) we get

f(g(z0+∆z))− f(g(z0))

= f ′(g(z0)) (g′(z0)∆z + ε2(z0,∆z)) + (ε1(g(z0),∆w))

= f ′(g(z0))g′(z0)∆z + f ′(g(z0))ε2(z0,∆z) + ε1(g(z0),∆w).

The last two terms of this equation shall define ε(z0,∆z).

35
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Differentiability of f ◦ g and equation (7.1) will be proven if we show

lim
∆z→0

ε(z0,∆z)

∆z
= 0.

We know ∆w = g(z0 + ∆z)− g(z0). Thus

ε(z0, z)

∆z
= f ′(g(z0))

ε2(z0,∆z)

∆z
+
ε1(g(z0),∆w)

∆z

the first term of which goes to zero as ∆z goes to zero because g is analytic and f ′ is
bounded.

For the second term we need to prove that for any sequence ∆zn → 0,

ε1(g(z0), g(z0 + ∆zn)− g(z0))

∆zn
→ 0.

Consider the decomposition:

{∆zn} = {∆z′n} ∪ {∆z′′n}

where

{∆z′n} = {∆z′n | g(z0 + ∆z′n) 6= g(z0)}
and {∆z′′n} = {∆z′′n | g(z0 + ∆z′′n) = g(z0)}.

Now, ∆w′n := g(z0 + ∆z′n)− g(z0). Then

lim
∆z′n→0

ε1(w0,∆w
′
n)

∆z′n
= lim

∆z′n→0

ε1(w0,∆w
′
n)

∆w′n
· ∆w

′
n

∆z′n

= lim
∆z′n→0

ε1(w0,∆w
′
n)

∆w′n︸ ︷︷ ︸
=0 by (7.3)

· lim
∆z′n→0

g(z0 + ∆z′n)− g(z0)

∆z′n︸ ︷︷ ︸
g′(z0)

= 0.

One does a similar computation for the subsequence {∆z′′n}.

lim
∆z′′n→0

ε1(w0, g(z0 + ∆z′′n)− g(z0))

∆z′′n
= lim

∆z′′n→0

ε1(w0, 0)

∆z′′n
= 0

since by (7.2), ε1(z0, 0) = 0.
Thus (7.1) is proved. Since ∆zn is arbitrary, both factors on the right hand side of

(7.1) are continuous and hence so is (f ◦ g)′. Thus f ◦ g is analytic on E.
�

Corollary 7.3.
1

f(z)
is analytic on E \ {z | f(z) = 0} if f(z) is analytic on E.
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2. Exponential and Trigonometric Functions

Proposition 7.4 (The main proposition regarding ez). For all z1, z2 ∈ C, we have

ez1+z2 = ez1· ez2 . (7.4)

Proof. Without loss of generality, let z1 = z and z2 = z0 − z1 where z0 is a fixed
number.

Consider g(z) := ez· ez0−z. By the product and chain rules,

g′(z) = ez· ez0−z − ez· ez0−z = 0.

By Corollary 6.5, g(z) = c, a constant, for all z ∈ C. Hence c = g(0) = e0· ez0−0. Thus
ez· ez0−z = ez0 . Going back to z1, z2 yields (7.4). �

Theorem 7.5 (Euler’s Formula).

eix = cosx+ i sinx, x ∈ R

Proof. Recall

eix =
∑
n≥0

(ix)n

n!
. (7.5)

But i2k = (−1)k and i2k+1 = (−1)ki, hence

(7.5) =
∑
k≥0

(ix)2k

(2k)!
+
∑
k≥0

(ix)2k+1

(2k + 1)!

=
∑
k≥0

(−1)k(x)2k

(2k)!
+ i
∑
k≥0

(−1)k(x)2k+1

(2k + 1)!

= cosx+ i sinx.

�

Proposition 7.6. The following hold for the complex exponential:

(1) ez = eRe z (cos(Im z) + i sin(Im z)).
(2) |ez| = eRe z.
(3) ez is periodic with minimal period 2πi.
(4) ez = ez.
(5) Ran(ez) = C \ {0}.

The proof is left as an exercise.

Corollary 7.7 (The exponential form of a complex number).

z = |z|ei arg z.

Definition 7.8. For any z ∈ C, we define

sin z :=
∑
n≥0

(−1)nz2n+1

(2n+ 1)!
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and

cos z :=
∑
n≥0

(−1)nz2n

(2n)!
.

Remark 7.9. When we restrict z to the real axis, Definition 7.8 agrees with our
usual definition of sine and cosine on the real numbers.

Proposition 7.10.

sin z =
eiz − e−iz

2i

cos z =
eiz + e−iz

2
.

The proof is left as an exercise.

Proposition 7.11. Properties of the the complex trigonometric functions:

(1) eiz = cos z + i sin z.
(2) sin2 z + cos2 z = 1.
(3) sin 2z = 2 sin z cos z.
(4) Ran(sin) = Ran(cos) = C.

The proof is left as an exercise.

Remark 7.12. When we define the exponential and trigonometric functions on the
complex numbers, these functions pick up a few new properties. In particular, equations
such as

ez = 1

sin z = 2

cos z = 2.

now have (infinitely many) solutions!

Exercises

Exercise 7.1 Prove Lemma 7.1.

Exercise 7.2 Prove Proposition 7.6.

Exercise 7.3 Prove Proposition 7.10 and use it to prove Proposition 7.11.



LECTURE 8

N th Roots; Univalent Functions

With Euler’s formula in hand we are now able to define radicals of complex numbers.

Definition 8.1. Let w 6= 0, n ∈ N, a number z is called an nth root of w if zn = w.

Proposition 8.2 (Formula for the nth roots). Let w = |w|eiθ 6= 0 and n ∈ N, then
w has n distinct nth roots z1, z2, ..., zn given by

zk = n
√
|w| exp i

θ + 2π(k − 1)

n
, k = 1, 2, ..., n (8.1)

Proof. Consider

z1 = n
√
|w|ei

θ
n .

By de Moivre’s formula

zn1 = |w|eiθ = w

and hence z1 is a nth root of w.
Define now

zk := z1e
i
2π(k−1)

n , k ∈ N (8.2)

One has

znk = zn1︸︷︷︸
=w

e2πi(k−1)︸ ︷︷ ︸
=1

= w

Thus so-defined sequence {zk} gives nth roots. It follows from (8.2) that

zk = zk−1e
i 2π
n

which implies (the details should be verified in Exercise 8.1) that all z1, z2, ..., zn are
distinct but zn+1 = z1, zn+2 = z2, ... , z2n = zn. �

Example 8.3. Find the sixth roots of unity, i.e., find all solutions to z6 = 1.

By (8.1)

zk = exp i
2π(k − 1)

6
, k = 1, 2, ..., 6

which gives z1 = 1, z2 = 1/2 + i
√

3/2, z3 = −1/2 + i
√

3/2, z4 = −1.
To find z5 and z6 notice that equation z6 = 1 is equivalent to z6 = 1 and hence z2, z3

are also solutions to z6 = 1. Thus z5 = z3 = −1/2− i
√

3/2, and z6 = z2 = 1/2− i
√

3/2.
Figure 1 shows the six sixth roots of unity on the complex plane.
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z1

z2z3

z4

z5 z6

π
3

Figure 1. The sixth roots of the unity

Remark 8.4. Proposition 8.2 says that the equation

z2008 = 1

has 2008 distinct solutions and if you mistakenly think that z = ±1 then you lose 2006
solutions.

What we have discussed in this lecture so far suggests that defining the function
n
√
z will require some effort.

Definition 8.5. An analytic function f : E → C is called univalent on E if

f(z1) = f(z2)⇒ z1 = z2.

Note that generic complex valued functions don’t like to be univalent. E.g. f(z) =
|z| maps any circle |z| = r onto one point {r} ∈ R, and hence |z| is very non-univalent.

Example 8.6. The linear function f(z) = az+ b is univalent (if a 6= 0) on C. The
function φ(z) = z/a− b/a satisfies

f ◦ φ = φ ◦ f = I

and hence φ can be viewed as the inverse of f .

Example 8.7. The function f(z) = 1/z is univalent on C \ {0} and its inverse is
φ(z) = 1/z.

Example 8.8. The function f(z) = z2 is not univalent on C. But as in the real
valued case we can properly restrict z2 to make it univalent. To do so we consider z2

as a mapping on C.
We introduce a sector:

S(α, β) := {z| α < arg z < β}.
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Let z ∈ S(α, β). We have z = |z|eiθ, α < θ < β, and hence

z2 = |z|2e2iθ ∈ S(2α, 2β).

In particular, if α = 0 and β = 2π then

z2 : S(0, 2π)→ S(0, 4π).

That is, loosely speaking, z2 maps C onto two copies of C.
However if we take α = 0 and β = π then

z2 : S(0, π)→ S(0, 2π)

which is a univalent function. See Figure 2 for illustration.

z2

Figure 2. Transformation of the upper half plane under z2

Exercises

Exercise 8.1 Let Ω = {ω1, ω2, ..., ωn} be the nth roots of unity. Pick a fixed ω ∈ Ω.
Show
(1) ωωk ∈ Ω.
(2) ωωk 6= ωωm if k 6= m, i.e., {ωωk}nk=1 = Ω.

(3)
n∑
k=1

ωk = 0.

(4)
n−1∑
k=0

ωk = 0 for any ω 6= 1.

Exercise 8.2 Describe a linear function as a mapping, i.e., describe what geometric
transformation f(z) = az + b represents on C. Find the images f(Ω) of Ω for
the following sets:
(1) Ω = {z| arg z = θ0}, where θ0 is fixed. (A ray)
(2) Ω = {z| |z| = r0}, where r0 is fixed. (A circle)

Exercise 8.3 Let f(z) = 1/z. Find the images f(Ω) of the following sets:
(1) Ω is a straight line passing through 0.
(2) Ω = {z| |z| = r0}, where r0 is fixed.
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Describe the geometrical transformation the function f(z) does to point z
in Figure 3.

1

z

Figure 3. Transformation of z under 1/z?



LECTURE 9

zn, n
√
z, ez, log z and all that

In this lecture we continue to study elementary functions of a single complex vari-
able as mappings.

1. The Function zn

Let z = reiθ. Then
w := zn = rneinθ

and hence zn maps a sector S(α, β) onto the sector S(nα, nβ). In particular, if α = 0
and β = 2π, then zn maps C = S[0, 2π) onto n copies of C. In other words, zn is an
n-valent function.

Now restrict zn to S
(
0, 2π

n

)
. Then w ∈ S(0, 2π). Moreover, every ray

Rθ :=
{
z | z = reiθ, r ∈ R+

}
, where R+ = [0,∞),

in S
(
0, 2π

n

)
is mapped onto the ray Rnθ.

R 2π
n

R0

Rθ
Rnθ

Figure 1. Mapping of a sector under zn

Observe that zn : S
(
0, 2π

n

)
→ S(0, 2π) is univalent and we may now introduce the

inverse of zn.

2. The Function n
√
z

As we have seen in Lecture 8, the equation zn = w has n solutions {z1, z2, . . . , zn}.
In order to define n

√
w we have to decide which of these solutions we want to pick up.

It is a personal choice, but common sense suggests that we choose z1. Doing so allows
n
√

1 = 1, and has the nice property that our complex nth root function will correspond
to the usual positive nth root function on the real number line (or on R+ if n is even).
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√
z, ez, log z AND ALL THAT

Definition 9.1. Let z = |z|ei arg z 6= 0 where arg z ∈ [0, 2π). The principal branch

of n
√
z is defined by

n
√
z = n

√
|z|e

i arg z
n . (9.1)

Remark 9.2. n
√
z can also be denoted as z

1
n . In some books, they distinguish

between these two representations, using one to denote the multi-valued function and
the other to denote the principal branch. We choose not to do so in this course. Also,
note that the principal nth root of z defined by (9.1) is z1 in the nth root formula (given

in Lecture 8). If occasionally we choose a different branch of n
√
z we must specify how

we define it.

Let us now look at (9.1) as a function of z. Formula (9.1) defines a one-to-one
function n

√
z,

n
√
z : S(0, 2π)→ S (0, 2π/n) . (9.2)

Proposition 9.3. The function n
√
z defined by (9.1) and (9.2) is analytic on C\R+

but not analytic on C.

The proof is left as an exercise.

3. The Function ez

Consider a strip

K0 = {z : 0 < Im z < 2π}.
Let z = x+ iy ∈ K0. Then ez = exeiy maps K0 onto C \ R+. Moreover, every vertical
segment

kx = {z = x+ iy : y ∈ (0, 2π)}
is mapped onto the circle Cex(0) \ R+, where

Cr(z0) := {z : |z − z0| = r}.

0

2π

I

K0

II

kx

I

II

Cex(0)ez

Figure 2. Mapping of a strip under ez
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Observe that ez is univalent on K0. Let

K2π := {z : 2π < Im z < 4π}.
It is clear that ez maps K2π onto C \ R+. Similarly, for all n ∈ Z,

expK2πn = C \ R+,

which means that ez is an infinitely-valent (infinitely valued) function.

Remark 9.4. We keep our strips open for a purpose which will be clear in the next
section. Of course, ez maps R onto R+ \ {0} and maps

R + 2iπ := {z | z = x+ iy, x ∈ R, y = 2π}
onto R+ \ {0}.

4. The Function log z

Since the mapping
ez : K0 → C \ R+

is one-to-one, we can formally define the complex logarithm.

Definition 9.5. Let z = |z|ei arg z 6= 0 where arg z ∈ [0, 2π). The principal branch
of log z is defined by

log z = log |z|+ i arg z (9.3)

where log |z| is the usual natural logarithm of the positive real number |z|.

Remark 9.6. In the literature, the complex natural logarithm is sometimes denoted
ln or Log. In complex analysis log, ln, and Log all refer to the logarithm base e, as
opposed to real analysis where log often denotes the logarithm base 10.

Let us now look at (9.3) as a function of z:

log z : C \ R+ → K0. (9.4)

Proposition 9.7. The function log z defined by (9.3) and (9.4) is the inverse of

ez : K0 → C \ R+.

The proof is left as an exercise.

Proposition 9.8. The complex logarithm function log z is analytic on C \R+, but
is not analytic on C. Furthermore

(log z)′ =
1

z
, z ∈ C \ R+.

The proof is left as an exercise.

Exercises

Exercise 9.1 Prove Proposition 9.3.

Exercise 9.2 Prove Proposition 9.7.

Exercise 9.3 Prove Proposition 9.8.





LECTURE 10

log z continued; sin z, and cos z

1. log z continued

In this lecture we continue studying elementary functions. We start with an im-
portant remark.

Remark 10.1. As we have seen, ez retains all of its original properties and on top
of that, ez also gains some new ones. (eg. Ran(ez) = C \ 0 not just R+, and ez is
now periodic). On the contrary log z loses some of its common properties. E.g. the
property log(z1z2) = log z1 + log z2, alas, no longer holds in general. So watch out!

Remark 10.2. Our definition of the principal branch of log z (Definition 9.5) is not
the only one. All depends on a particular situation. Another common way to choose
the principal branch is to let z = |z|ei arg z where arg z ∈ [−π, π), (not [0, 2π)). Then

log z := log |z|+ i arg z. (10.1)

I.e. this log is defined on C \ R−.

The log defined by (10.1) has the nice property log z̄ = log z where as the one we
defined before did not.

Before we are done with logarithms, let us state and prove an important proposition.

Proposition 10.3. Suppose f : E → C and g : f(E)→ C are continuous and

g(f(z)) = z. (10.2)

Then,

(1) if g is differentiable and g′(z) 6= 0, then f is differentiable and

f ′(z) = (g′(f(z)))−1 (10.3)

(2) if g is analytic and g′(f(z)) 6= 0, then f is analytic.

Proof. Assume that f is continuous and let z, z + ∆z ∈ E. Then from (10.2) we
see that:

g(f(z)) = z, g(f(z + ∆z)) = z + ∆z (10.4)

⇒f(z) 6= f(z + ∆z) if ∆z 6= 0

⇒∆f(z) := f(z + ∆z)− f(z) 6= 0

⇒f(z + ∆z) = f(z) + ∆f(z).
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Consider
g(f(z + ∆z))− g(f(z))

∆z
. We have by equation (10.4)

1 =
g(f(z + ∆z))− g(f(z))

∆z
=
g(f(z) + ∆f(z))− g(f(z))

∆f(z)︸ ︷︷ ︸ ·
∆f(z)

∆z
.

→ g′(f(z)) as ∆f(z)→ 0

Then by taking the limit as ∆z goes to zero we see that

1 = lim
∆z→0

g(f(z) + ∆f(z))− g(f(z))

∆f(z)
· ∆f(z)

∆z

⇒ 1 = g′(f(z)) · lim
∆z→0

∆f(z)

∆z
. (10.5)

(We have used ∆f(z)→ 0 as ∆z → 0 due to continuity of f .) It now follows from
(10.5) that the limit on the right hand side exists and (10.3) follows. Statement (1) is
proven.

If g is analytic then g′ is continuous and so f ′ is continuous. Then statement (2) is
also proven because f ′ is continuous which implies that f is analytic.

�

Corollary 10.4. The function log z is analytic on C \ R+ and

(log z)′ =
1

z
. (10.6)

Proof. Using Proposition 10.3 f(z) = log z, E = C \ R+ and g(z) = ez. Since

exp log z = z for all z ∈ C \ R+

(10.2) holds and the conditions of Proposition 10.3 are satisfied since ez is analytic.
Thus, log z is also analytic and by (10.3)

(log z)′ =

(
d

dw
ew |w=log z

)−1

= (elog z)−1 =
1

z
.

�

Remark 10.5. Did you enjoy proving it by definition? Would Proposition 10.3
have helped prove Exercise 9.3?
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2. The Functions sin z, cos z, and tan z

We restrict ourselves to sin z only. Then by definition,

sin z =
eiz − e−iz

2i
=
ei(x+iy) − e−i(x+iy)

2i
=
e−yeix − eye−ix

2i

=
1

2i
(e−y(cosx+ i sinx)− ey(cosx− i sinx))

=
1

2i
(e−y cosx+ ie−y sinx− ey cosx− iey sinx)

=
ey sinx+ e−y sinx

2
+ i

ey cosx− e−y cosx

2
= sinx cosh y + i cosx sinh y.

I told you once that it is almost never a good idea to separate the real and imaginary
parts of the function. This is a rare case of when it is needed. So we get

sin(x+ iy) = sin x cosh y︸ ︷︷ ︸
u

+i cosx sinh y︸ ︷︷ ︸
v

.

We have

sinx =
u

cosh y
, cosx =

v

sinh y

and hence

1 = sin2 x+ cos2 x =

(
u

cosh y

)2

+

(
v

sinh y

)2

. (10.7)

It follows from (10.7) that sin z maps a segment {z|z = x+ iy0, x ∈ [−π
2
, π

2
]}, where

y0 ≥ 0 is fixed, onto the upper semiellipse

(
u

cosh y0

)2

+

(
v

sinh y0

)2

= 1.
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x

y

−π
2

π
2

a

u

v

− cosh a cosh a

sinh a
sin z

Figure 1. Mapping of sin z for z = x+ ia where x ∈ [−π
2
, π

2
] and a ≥ 0

Similarly, one can see

x

y

−π
2

π
2

a

−a

cosh a

sinh a

u

v

sin z

Figure 2. Mapping of sin z for z = x+ iy where x ∈ [−π
2
, π

2
] and y ∈ [−a, a]

Exercises

Exercise 10.1 Let z1, z2, ..., zn ∈ C+ := {z| Imz > 0}. Show that if z1 ·z2 · . . . ·zk ∈ C+

for all k ≤ n then,

log
n∏
k=1

zk =
n∑
k=1

log zk, (10.8)

where the log is defined on C\R+. Give a counterexample to equation (10.8) if
we remove the restriction on z1, z2, ..., zn. Note, in this respect, that in general

log zn 6= n log z.

Exercise 10.2 Let log z be defined on C \ R+. Come up with reasonable conditional
statements regarding the basic properties of log z.
E.g. log z1z2 = log z1 + log z2, if blah, blah, blah.

Exercise 10.3 Treat cos z in a way similar to what we did with sin z.
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Conformal Maps

We continue to study analytic functions as mappings. Let us understand the geo-
metric meaning of the derivative. Since derivatives are now complex-valued, the cal-
culus interpretation of the derivative no longer makes sense. But we are going to find
a new one.

1. Geometric Interpretation of the Derivative

Let f : E → C be analytic and f ′ (z0) 6= 0 where z0 ∈ E is a fixed point and
w0 := f (z0). Write f ′ (z0) in exponential form

f ′ (z0) = lim
∆z→0

∆w (z0)

∆z
= Aeiα (11.1)

where as before ∆w (z0) = f (z0 + ∆z)− f (z0). The limit in (11.1) doesn’t depend on
how ∆z → 0. So we take two different paths γ1, γ2 non-tangential at z0 as shown on
Figure 1.

Let Γ1 = f(γ1),Γ2 = f(γ2) be the images of γ1, γ2 under f .
From (11.1),

α = arg f ′ (z0) = lim
∆z→0

arg ∆w − lim
∆z→0

arg ∆z. (11.2)

Since α is independent of the way ∆z → 0, (11.2) yields

lim
∆z→0, z∈γ1

arg ∆w︸ ︷︷ ︸
φ1

− lim
∆z→0, z∈γ1

arg ∆z︸ ︷︷ ︸
ϕ1

= lim
∆z→0, z∈γ2

arg ∆w︸ ︷︷ ︸
φ2

− lim
∆z→0, z∈γ2

arg ∆z︸ ︷︷ ︸
ϕ2

⇒ φ1 − ϕ1 = φ2 − ϕ2

⇒ φ2 − φ1︸ ︷︷ ︸
∆φ

= ϕ2 − ϕ2︸ ︷︷ ︸
∆ϕ

⇒ ∆φ = ∆ϕ. (11.3)

Equation (11.3) reads that an analytic function f preserves angles at each point z0

such that f ′ (z0) 6= 0.
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x

y
γ2

γ1

z0

∆ϕ

ϕ1ϕ2

u

v
Γ2

Γ1

w0

∆φ

φ1

φ2

Figure 1. Conformal mapping: preservation of angles

Read (11.1) now differently

lim
∆z→0

∆w (z0)

∆z
= Aeiα ⇒ ∆w = Aeiα∆z + ε(z0,∆z)

where

lim
∆z→0

ε(z,∆z)

∆z
= 0.
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Recalling the definition of the differential

dw = Aeiα∆z ⇒ |dw| = A|∆z|.
Now inspect the picture below

x

y
γ2

γ1

z0

|∆z1|
|∆z2|

∆ϕ

∆1

u

v
Γ2

Γ1

w0

A |∆z1|
A |∆z2|

∆φ ∆2

Figure 2. Conformal mapping: constant dilation
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One can easily see from Figure 2 that triangles ∆1 and ∆2 are similar. In other
words, for any z0 such that f ′ (z0) 6= 0 and a small triangle ∆z0 with a vertex at z0

the image of f(∆z0) will be a triangle “approximately” similar to ∆z0 . This is a very
important property of analytic functions which is called conformal. In other words, an
analytic funtion preserves shapes of “small” regions.

2. Conformal Map

Definition 11.1. A map, f : E → f(E)is called conformal if it preserves angles
and has a constant dilation at any z0 ∈ E.

Proposition 11.2. An analytic function f is conformal at z0 if and only if

f ′ (z0) 6= 0.

The proof is left as an exercise.
Hint: constant dilation at a point, z0, by definition, means

lim
∆z→0

∣∣∣∣∆f (z0)

∆z

∣∣∣∣
exists.

Theorem 11.3. If f : E → C is univalent then f ′ (z0) 6= 0 for all z ∈ E.

The proof is left as an exercise.

Corollary 11.4. If f : E → C is univalent then f is conformal.

Exercises

Exercise 11.1 Prove Proposition 11.2. Hint: constant dilation at a point, z0, by
definition , means

lim
∆z→0

∣∣∣∣∆f (z0)

∆z

∣∣∣∣
exists.

Exercise 11.2 Prove Theorem 11.3*.
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Möbius Transforms (Linear Fractional Transforms)

Definition 12.1. The function

ϕ(z) :=
az + b

cz + d
, where (ad 6= bc) (12.1)

is called the Möbius transform.

Proposition 12.2. Let the Möbius transform, ϕ, be defined by (12.1). Then

(1) ϕ is analytic on C\
{
−d
c

}
(2) ϕ is univalent and conformal on C\

{
−d
c

}
(3) the inverse, ϕ−1 of ϕ, is given by

ϕ−1(z) =
dz − b
−cz + a

.

Proof. Since (1) is clear, we will begin by considering (2). Simply differentiate
(12.1) by the quotient rule to conclude that

ϕ′(z) =
ad− bc

(cz + d)2
6= 0.

So, by Proposition 11.2, ϕ is conformal on C\
{
−d
c

}
. To prove that ϕ is univalent, we

write

az + b

cz + d
= w ⇐⇒ az + b = czw + dw

⇐⇒ (a− cw)z = dw − b

⇐⇒ z =
dw − b
a− cw

=
dw − b
−cw + a

, ∀ w 6= a

c
, (12.2)

which implies that ϕ is univalent. Thus, (2) is done. Moreover, switching w ↔ z in
(12.2) yields (3). �

Proposition 12.3. Let ϕ be a Möbius transform. Then

ϕ = ϕ3 ◦ ϕ2 ◦ ϕ1
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where ϕ1 and ϕ3 are linear mappings, and ϕ2 is an inversion, i.e. ϕ2(z) =
1

z
. Moreover,

if c 6= 0

ϕ1(z) = cz + d

ϕ2(z) =
1

z

ϕ3(z) =
a

c
+

(
b− ad

c

)
z.

If c = 0 then ϕ is linear.

The proof is left as an exercise.
The importance of the Möbius Transform is due to the following proposition.

Proposition 12.4. A Möbius transform ϕ transforms lines and circles to lines and
circles (i.e. ϕ preserves lines and circles).

Proof. We show first that the statement holds for a linear ϕ1(z). Recall that any
line L in R2 can be written in the parametric form (x(t), y(t)) where x(t) and y(t) are
linear (real) functions of t. Consider now, ϕ1(z(t)) = cz(t)+d, where z(t) = x(t)+iy(t).
Denoting c = c1 + ic2 and d = d1 + id2

ϕ1(z(t)) = c1x(t)− c2y(t) + d1︸ ︷︷ ︸
linear function of t

+i (c2x(t) + c1y(t) + d2)︸ ︷︷ ︸
linear function of t

.

It follows that ϕ1(z(t)) := u(t) + iv(t) where u(t) and v(t) are linear functions.
Hence, ϕ1(z(t)) represents a line in the w-plane.

Consider now a circle Cρ(z0) in the z-plane. It is well-known from calculus (think
about it) that

Cρ(z0) =
{
z : z = z0 + ρeit, 0 ≤ t < 2π

}
.

Thus, z ∈ Cρ(z0) ⇐⇒ z = z0 + ρeit and hence

ρ1(z0 + ρeit)︸ ︷︷ ︸
=:w

= cρeit + d+ cz0︸ ︷︷ ︸
=:w0

It follows that |w − w0| = ρ|c|. That is, w ∈ Cρ|c|(w0), i.e. ϕ1(Cρ(z0)) =
Cρ|c|(ϕ1(z0)).

It remains to show that the mapping w =
1

z
transforms circles and lines into circles

and lines. Note that when a point w = u + iv is the image of a nonzero z = x + iy

under the transformation w =
1

z
, writing w =

z

|z|2
yields that

u =
x

x2 + y2
, v =

−y
x2 + y2

. (12.3)

Moreover, since z =
1

w
=

w

|w|2
,

x =
u

u2 + v2
, y =

−v
u2 + v2

. (12.4)
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Now note that when A,B,C, and D are all real numbers satisfying the condition
B2 + C2 > 4AD, the equation

A(x2 + y2) +Bx+ Cy +D = 0 (12.5)

represents an arbitrary circle or line, where A 6= 0 for a circle and A = 0 for a line. If
A 6= 0 it is indeed necessary for B2 + C2 > 4AD since by completing the square we
may rewrite (12.5) as(

x+
B

2A

)2

+

(
y +

C

2A

)2

=

(√
B2 + C2 − 4AD

2A

)2

.

Note that if A = 0 then B2 + C2 > 0. Thus, either B or C is greater than 0. Now
observe that if x and y satisfy (12.5), by (12.4) we may substitute. After simplification
we conclude that u and v satisfy the following equation

D(u2 + v2) +Bu− Cv + A = 0, (12.6)

which also represents a circle or line. Conversely, if u and v satisfy (12.6), it follows
from (12.3) that x and y satisfy (12.5).

Now by (12.5) and (12.6) we may conclude that

(1) a circle (A 6= 0) not passing through the origin (D 6= 0) in the z-plane is
transformed into a circle not passing through the origin in the w-plane;

(2) a circle (A 6= 0) through the origin (D = 0) in the z-plane is transformed into
a line that does not pass through the origin in the w-plane;

(3) a line (A = 0) not passing through the origin (D 6= 0) in the z-plane is
transformed into a circle through the origin in the w-plane;

(4) a line (A = 0) through the origin (D = 0) in the z-plane is transformed into
a line through the origin in the w-plane.

This concludes our proof. �

It is left as an exercise to the reader to come up with a more elegant proof of
Proposition 12.4.

Proposition 12.5. Given that ϕ1 and ϕ2 are Möbius transforms, it follows that
ϕ2 ◦ ϕ1 is a Möbius transform.

The proof is left as an exercise.

Proposition 12.6. Assume {z1, z2, z3} and {w1, w2, w3} are sets of distinct num-
bers. Then there exists a Möbius transform, ϕ, where

ϕ(zk) = wk, k = 1, 2, 3.

Moreover, ϕ can be explicitly constructed by

z − z1

z − z3

· z2 − z3

z2 − z1

=
w − w1

w − w3

· w2 − w3

w2 − w1

.

The proof is left as an exercise.
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Exercises

Exercise 12.1 Prove Proposition 12.3.

Exercise 12.2 Show that

(1) ϕ(z) =
i− z
i+ z

maps C+ onto D.

(2) ψ(z) = i
1− z
1 + z

maps D onto C+.

Exercise 12.3 Prove Proposition 12.5.

Exercise 12.4 Prove Proposition 12.6.



LECTURE 13

Complex Integration

After having studied differentiation it’s natural to start studying integration. Before
we can start we must review some of the topics covered in Calculus.

We assume that we know what a curve in R2 (and thus in C) is. We also remember
what we call a piecewise smooth curve. In our course we consider only such curves.
Below are some typical examples of piecewise smooth curves.

Figure 1. Some piecewise smooth curves

Throughout our course, given a curve C, we denote its length by |C|.
Recall then the concept of the path (or line) integral introduced in Calculus. There

are six cases we examine to understand the path integrals.

Case 1. Let C be a piecewise smooth curve with no self-intersections (as in Figure
2) and endpoints A and B (A and B do not necessarily have to be distinct).

Let F (x, y) = (u(x, y), v(x, y)) be a 2-vector valued function of two real variables x
and y defined on C. Assume that u and v are continuous on C. This means

lim
z→z0
z∈C

u(z) = u(z0).

where z = (x, y) = x + iy. Partition C as indicated in Figure 2 with n + 1 arbitrary,
distinct points {z0, z1, . . . , zk, . . . , zn} where z0 = A and zn = B. Let Ck denote the
kth part of C; with C1 being the first part (i.e. the part between z0 and z1). Thus

C =
n⋃
k=1

Ck.
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A = z0

zn = B

z1

z∗1

z2

z∗2

zk+1

zk−1 zk

z∗k(a)
A 6= B

A

B

(b)

A = B

Figure 2. (a) A partitioned piecewise smooth curve; (b) A closed, pos-
itively oriented curve

Let z∗k ∈ Ck be an arbitrary point in Ck (including possibly the endpoints). Form the
following Riemann sum

Sn :=
n∑
k=1

u(z∗k)∆xk + v(z∗k)∆yk (13.1)

where ∆xk = Re ∆zk,∆yk = Im ∆zk, and ∆zk = zk − zk−1.
Denote ρ = max

1≤k≤n
|Ck|. If the sum Sn converges as ρ→ 0 to the limit S independent

of a particular choice of {zk, z∗k} then we say that S is the line integral of F along C
from A to B and denote this by

S =

∫
C

udx+ vdy. (13.2)

Thus ∫
C

udx+ vdy
def
= lim

ρ→0

n∑
k=1

u(z∗k)∆xk + v(z∗k)∆yk.

When we need to specify the endpoints A and B we write CAB. We also agree
to use the convention CBA = −CAB or just −C if we want to emphasize that we are
integrating in the direction opposite of C. If we note that udx+ vdy = F · dX, the dot

product of the vector F and dX =

(
dx
dy

)
, then (13.2) reads∫

C

udx+ vdy =

∫
C

FdX.

Proposition 13.1. Let C be a piecewise smooth curve with no self-intersections
and |C| <∞. If F is continuous on C then the following properties hold:

(1) For all constants α, β ∈ R∫
C

(αF1 + βF2)dX = α

∫
C

F1dX + β

∫
C

F2dX (linearity property).
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(2) Let C = C1

⋃
C2 where C1 and C2 are disjoint. Then∫

C

FdX =

∫
C1

FdX +

∫
C2

FdX (additive property).

(3)

∫
−C

FdX = −
∫
C

FdX.

The proof is left as an exercise.

Case 2. Let C be a piecewise smooth curve where |C| < ∞ but C has n self-
intersections, where n is finite. In this case we break C into m curves where Cm has no
self-intersections (but can be closed), C =

⋃m
k=1Ck, and the Ck are pairwise disjoint.

The exact value of m depends on the circumstances. For example, in Figure 3 the
curve on the left would be broken into three case 1 curves, C1, C2, and C3 whereas the
curve on the right would be broken into four case 1 curves. Set∫

C

FdX
def
=

m∑
k=1

∫
Ck

FdX.

C1

C2

C3 C1

C2

C3

C4

Figure 3. Some piecewise smooth curves with self-intersections

Case 3. Let C be a curve where |C| <∞ but C is not continuous.
We then break C into continuous curves C1, C2, . . . Cn and set∫

C

FdX
def
=

n∑
k=1

∫
Ck

FdX.

An example of this can be seen in Figure 4.

C1 C2 C3 C4

Figure 4. A discontinuous finite curve
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Case 4. Let C be a curve where |C| = ∞ with one endpoint at a finite point A
and the other at ∞. Denote ||B|| as the norm of the vector B in R2. Then∫

C

FdX
def
= lim
||B||→∞
B∈C

∫
CAB

FdX

if this limit exists.

Case 5. Let C be a curve where |C| =∞ and both endpoints are at ∞. We then
select a point B ∈ C and define∫

C

FdX
def
= lim
||A||→∞
A∈C

∫
CAB

FdX + lim
||D||→∞
D∈C

∫
CBD

FdX

if both limits exist.

Case 6. Let Cn be a closed curve where Cn consists of n copies of the same closed
curve C. In this case we call n the winding number of C. We can then define∫

Cn

FdX
def
= n

∫
C

FdX.

There are some other cases but we don’t care much about them in this course.

Definition 13.2. Curves which are finite combinations of curves from Cases 1-6
are called paths.

Example 13.3. This is a path!

Figure 5. An example of a path

The following definition can be considered the main definition for this lecture.
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Definition 13.4. Let C be a path and f(z) = u(z)+iv(z) be a continuous function
on C. Then ∫

C

f(z)dz
def
=

∫
C

udx− vdy + i

∫
C

vdx+ udy. (13.3)

Remark 13.5. Equation (13.3) can also be written as∫
C

f(z)dz =

∫
C

(u+ iv)(dx+ idy).

The following theorem will play a crucial role in our course.

Theorem 13.6 (The Triangle Inequality). Let C be a path and f(z) be a continuous
function on C. Then ∣∣∣∣∫

C

f(z)dz

∣∣∣∣ ≤ ∫
C

|f(z)| |dz| . (13.4)

The proof is left as an exercise.

Exercises

Exercise 13.1 Prove (2) and (3) in Proposition 13.1.

Exercise 13.2 Prove that if C is a closed curve (as in Figure 2(b)) then the integral
along C doesn’t depend on the initial point of integration.

Exercise 13.3 Prove Theorem 13.6.





LECTURE 14

Change of Variables; Sufficiency of the Cauchy-Riemann
Conditions

1. Change of Variables

Let C be a smooth bounded path. We know from calculus that any such path can be
parameterized, and the parameterizing function is continuously differentiable. In other
words, if C is a smooth bounded path, then there exists a function γ(t) = (ξ(t), η(t))

γ : [a, b]→ C

such that γ is one-to-one and γ′ ∈ C[a, b]. Note that γ′(t) 6= 0 for all t ∈ (a, b). We
also know from calculus that∫

C

u dx+ v dy =

∫ b

a

[u(γ(t))ξ′(t) + v(γ(t))η′(t)] dt. (14.1)

Observe that the integral on the right hand side of (14.1) is a real valued definite
integral, something studied in Calculus I. With (14.1) in hand, by definition,∫

C

f(z) dz =

∫
C

u dx− v dy + i

∫
C

v dx+ u dy

=

∫ b

a

[u(γ(t))ξ′(t)− v(γ(t))η′(t)] dt+ i

∫ b

a

[v(γ(t))ξ′(t)− u(γ(t))η′(t)] dt

=

∫ b

a

[u(γ(t)) + iv(γ(t))][ξ′(t) + iη′(t)] dt =

∫ b

a

f(γ(t))γ′(t) dt.

(Note that f need not be analytic.) Thus we have∫
C

f(z) dz =

∫ b

a

f(γ(t))γ′(t) dt. (14.2)

With (14.2) in hand, we can derive the more general statement

Theorem 14.1 (Change of variable formula). Let f be continuous on a smooth
path C, with |C| < ∞. Let g be analytic on a domain containing some curve Γ such
that g establishes a one-to-one correspondence between the curves Γ and C. Then∫

C

f(z) dz =

∫
Γ

f(g(ξ))g′(ξ) dξ. (14.3)
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Proof. Consider the right hand side of (14.3) and let γ(t) be a parametrization
of Γ. So ∫

Γ

f(g(ξ))g′(ξ) dξ =

∫ b

a

f(g(γ(t))) g′(γ(t))γ′(t) dt︸ ︷︷ ︸
=dg(γ(t)), by the chain rule

=

∫ b

a

f(g(γ(t))) dg(γ(t)).

But g ◦ γ : [a, b]→ C defines a parametrization of C and, by (14.2),∫ b

a

f(g(γ(t))) dg(γ(t)) =

∫
C

f(z) dz. �

Remark 14.2. The statement of Theorem 14.1 is not the most general but will be
sufficient for our purposes.

Example 14.3. The following integral is very important in complex analysis

I =

∫
Cρ(z0)

dz

z − z0

.

Here, we integrate in the positive (counterclockwise) direction. Take the following
parametrization:

z = z0 + ρeit, 0 ≤ t < 2π.

By (14.3), we have

I =

∫ 2π

0

ρeiti dt

ρeit
=

∫ 2π

0

i dt = 2πi.

Thus, ∫
Cρ(z0)

dz

z − z0

= 2πi

which is independent of z0 and ρ.

2. Sufficient Conditions of Analyticity

We proved a while ago that the Cauchy-Riemann conditions are necessary for an-
alyticity. We now show that they are sufficient.

Theorem 14.4. If u(z) and v(z) are differentiable at z = z0 (in the Calculus III
sense) and

ux(z0) = vy(z0)

uy(z0) = −vx(z0)

then f(z) = u(z) + iv(z) is differentiable at z = z0 (in the complex analysis sense).
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Proof. Since u, v are differentiable at z = z0, then

∆u(z0) = ux(z0)∆x+ uy(z0)∆y + ε1(z0,∆z)

∆v(z0) = vx(z0)∆x+ vy(z0)∆y + ε2(z0,∆z)
(14.4)

εk(z0,∆z)

|∆z|
→ 0, ∆z → 0, for k = 1, 2. (14.5)

By (14.4) we have (suppressing z0)

∆f = ∆u+ i∆v (14.6)

= (ux∆x+ uy︸︷︷︸
= −vx

∆y) + i(vx∆x+ vy︸︷︷︸
= ux

∆y) + ε(∆z)

= ux(∆x+ i∆y)︸ ︷︷ ︸
= ∆z

+vx (−∆y + i∆x)︸ ︷︷ ︸
= i∆z

+ε(∆z)

= ux∆z + ivx∆z + ε(∆z)

= (ux + ivx) ∆z + ε(∆z),

where ε = ε1 + iε2.

Dividing (14.6) by ∆z, we have

∆f

∆z
= ux + ivx +

ε(∆z)

∆z
. (14.7)

In (14.7), take the limit as ∆z → 0. By (14.5), we get

lim
∆z→0

∆f

∆z
= ux + ivx

exists and is independent of the way ∆z → 0. By definition, f is differentiable at
z = z0. �

We can combine Theorem 5.12 and 14.4 in one particularly important theorem.

Theorem 14.5. Let u, v ∈ C1(E). The function f = u+ iv is analytic on E if and
only if {

ux = vy

uy = −vx
anywhere on E.

Exercises

Exercise 14.1 Show that the curve Γ in Theorem 14.1 must be smooth. I.e., show
that if C is smooth (no angle points) then Γ = g−1(C) is also smooth.

Exercise 14.2 Show that for n ∈ Z

1

2πi

∫
Cρ(0)

zn dz =

{
1 for n = −1

0 for n 6= −1.
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Exercise 14.3 Show that ∣∣∣∣∫
C1(0)

ez
2+1 dz

∣∣∣∣ ≤ 2πe2.



LECTURE 15

The Cauchy Theorem

In this lecture we finally approach the core of complex analysis.

Definition 15.1. A region E ⊆ C is called simply connected if it is connected and
any closed path C in E can be continuously deformed into any point z0 ∈ E.

Remark 15.2. Unless otherwise stated, a region is always an open set.

Here we choose not to give the formal definition of a continuous deformation. For
the purposes of our course a naive understanding, which is illustrated in pictures below,
is sufficient. An example of a path which can be continuously deformed is shown in
Figure 1 and another path that cannot be continuously deformed is shown in Figure
2.

C

z0

Figure 1. A simply connected region and continuous deformation of
the closed path C.

In order to prove the Cauchy Theorem we must recall an important formula from
Calculus III.

Proposition 15.3 (Green’s Theorem). Let E be a simply connected region in R2.
Suppose E = E and P,Q ∈ C1(E). Then∫

∂E

Pdx+Qdy =

∫∫
E

(Qx − Py)dxdy.
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C

z0

Figure 2. A region that is not simply connected

Remark 15.4. Unless otherwise stated a closed path (contour) C is a closed Case
1 curve, and we always integrate along C in the counterclockwise direction.

Theorem 15.5 (Cauchy’s Theorem). Let E be a simply connected region and f(z)
be a function that is analytic on E. Then∫

C

f(z)dz = 0

for any closed contour C ⊂ E.

Proof. Let C be an arbitrary closed contour in E. We denote the interior of C
by IntC. By definition,∫

C

f(z)dz =

∫
C

udx− vdy + i

∫
C

vdx+ udy.

By Green’s Theorem we have∫
C

udx− vdy + i

∫
C

vdx+ udy =

∫∫
IntC

(−vx − uy)dxdy + i

∫∫
IntC

(ux − vy)dxdy.

Since f is analytic on IntC ⊆ E, f = u + iv satisfies the Cauchy-Riemann condi-
tions. That is, ux = vy and uy = −vx. Hence

ux − vy = −uy − vx = 0.

Therefore∫
C

f(z)dz =

∫∫
IntC

(−vx − uy)dxdy + i

∫∫
IntC

(ux − vy)dxdy = 0. �
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This theorem is quite important. It has one particularly important corollary which
deserves to be stated as a theorem. This theorem is also attributed to Cauchy.

Theorem 15.6 (Cauchy). If f(z) is analytic in a simply connected region E and
f ∈ C(E) then ∫

∂E

f(z)dz = 0. (15.1)

This statement should be quite clear. We just apply Theorem 15.5 to C = ∂E. It
should be noted that analyticity may fail on ∂E. It is the extra assumption of continuity
on ∂E that makes Theorem 15.6 hold on ∂E. However, the proof of this relies on a
specific limiting argument, which we choose to omit. With Cauchy’s Theorem in hand
we can quickly compute the values of contour integrals that we would only be able to
estimate without the theorem.

Example 15.7. We consider the following integral,∫
C

ez
2+1dz = 0 (15.2)

Where we integrate along the contour C which is shown in Figure 3.

C

Figure 3. The contour C

Indeed, ez
2+1 is analytic on C and therefore analytic on IntC. Then (15.2) follows

from Cauchy’s Theorem (Theorem 15.5).

Corollary 15.8 (Independence of Path). Let f be analytic on a simply connected
open region E. Let Cz0z, C

′
z0z

be two arbitrary continuous paths in E connecting z0

and z. Then ∫
Cz0z

f(ξ)dξ =

∫
C′z0z

f(ξ)dξ. (15.3)

Proof. Consider a closed contour C as indicated in Figure 4.
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E

z0

z

C ′z0z

Cz0z

Figure 4. The contour C; Independence of path

Now we have C = Cz0z∪C ′zz0 = Cz0z∪−C ′z0z. Since f is analytic on E, by Cauchy’s
Theorem, we have

0 =

∫
C

f(ξ)dξ =

∫
Cz0z

⋃
−C′z0z

f(ξ)dξ =

∫
Cz0z

f(ξ)dξ −
∫
C′z0z

f(ξ)dz.

Hence ∫
Cz0z

f(ξ)dξ =

∫
C′z0z

f(ξ)dξ. �

Corollary 15.9. Let f be analytic on E and z0, z ∈ E. If a path Cz0z can be
continuously deformed in E to another C ′z0z then (15.3) holds.

The proof of this corollary should be clear.

Exercises

Exercise 15.1 Let C be a positively oriented simple closed contour. Then prove that
the area of IntC can be computed by:

|IntC| = 1

2i

∫
C

zdz.

Exercise 15.2 Show that the converse of Theorem 15.6 is false.

Exercise 15.3 Show that for any C∫
C

dz

z − z0

=

{
2πi, z0 ∈ IntC

0, z0 /∈ IntC.
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Exercise 15.4 Evaluate the integral ∫
C

cos zdz

where C is a unit semicircle in C+ with the beginning at z = −1 and end at
z = 1.





LECTURE 16

Cauchy’s Theorem for Multiply Connected Regions;
Indefinite Integral

1. Cauchy’s Theorem for Multiply Connected Regions

A region which is not simply connected is called multiply connected.
Two contours C1 and C2 are said to be (homotopically) equivalent with respect to

a connected region E if one can be continuously deformed in E into the other. We
then write: C1 ∼ C2. A typical example can be seen in Figure 1. In the case of closed
contours, they are equivalent to a point.

C1

C2

Figure 1. An example of equivalent contours: C1 ∼ C2

A region E is called n-connected if it has n distinct holes. This of course is not a
mathematically rigorous definition, but it will serve our purpose well.

E

Figure 2. A multiply connected region – Swiss cheese

We call a closed case 1 contour a simple contour, and two simple contours C1, C2

are called disjoint if IntC1 ∩ IntC2 = ∅.
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Theorem 16.1 (Cauchy’s Theorem for Multiply Connected Regions). Let f be
analytic on a (multiply) connected domain, and let C,C1, C2, · · · , Cn be simply con-
nected, positively oriented regions in E such that for all k, IntCk ⊂ IntC and all Ck
are disjoint. If f is analytic on IntC\ {

⋃n
k=1 IntCk} then∫

C

f(z)dz =
n∑
k=1

∫
Ck

f(z)dz. (16.1)

Proof. Without loss of generality we assume that each Ck encloses one hole. Con-
sider a contour Γ as shown in Figure 3.

E

−Ck

γ+
k γ−k Γ

C

Figure 3. The simple closed contour Γ

Γ = C ∪
n⋃
k=1

{
γ+
k ∪ γ

−
k ∪ (−Ck)

}
. (16.2)

Since f(z) is analytic on Int Γ, by Cauchy’s Theorem, we have:∫
Γ

f(z) dz = 0. (16.3)

On the other hand, by the additive property,∫
Γ

f(z) dz =

∫
C

f(z) dz +
n∑
k=1

(∫
γ+k

f(z) dz +

∫
γ−k

f(z) dz

)
︸ ︷︷ ︸

=0 since γ−k =−γ+k

+
n∑
k=1

∫
−Ck

f(z) dz

=

∫
C

f(z) dz −
n∑
k=1

∫
Ck

f(z) dz. (16.4)

Comparing (16.3) and (16.4) yields (16.1). �
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There is another version of Theorem 16.1 along the same lines as Theorem 15.6
presented here as a remark.

Remark 16.2. If we assume in Theorem 16.1 that f ∈ C(E), then the contours
Ck can be deformed to the very boundary ∂E.

Example 16.3. Evaluate

∫
C

dz

(z + 1) (z2 + 1)
for the following contours.

−1

−i

i

(a)

C

−i

i

(b)

C

−1

(c)

C

Solution We note that f(z) =
1

(z + 1) (z2 + 1)
is analytic on C\ {−1, i,−i}, and:

f(z) =
1

(z + 1) (z2 + 1)
=

1
2

z + 1
+

1
(1+i)2i

z − i
+

1
(1−i)(−2i)

z + i

=
1

2

(
1

z + 1
+

1

i− 1

1

z − i
− 1

1 + i

1

z + i

)
.

We construct positively oriented circles of radius ρ, and respectively of centers
z1 = −1, z2 = i, and z3 = −i. For a small enough ρ (in our example ρ = 1

4
would be

sufficiently small), all Cρ are disjoint and therefore for k = 1, 2, 3, and ak being the
coefficients in the partial function decomposition, we have:∫

Cρ(zk)

f(z)dz =

∫
Cρ(zk)

a1dz

z − z1

+

∫
Cρ(zk)

a2dz

z − z2

+

∫
Cρ(zk)

a3dz

z − z3

by linearity

=

∫
Cρ(zk)

akdz

z − zk
(16.5)

by Cauchy’s Theorem since we have zj /∈ IntCρ(zk) whenever j 6= k, and thus∫
Cρ(zk)

ajdz

z − zj
= 0.

Furthermore, from Example 14.3, we have:∫
Cρ(zk)

akdz

z − zk
= 2πiak. (16.6)
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(a) All Cρ(zk) defined above are in IntC. Hence, by applying Theorem 16.1, we
obtain that:∫

C

dz

(z + 1) (z2 + 1)

(16.5)
=

1

2

(∫
Cρ(−1)

dz

z + 1
+

1

i− 1

∫
Cρ(i)

dz

z − i
− 1

1 + i

∫
Cρ(−i)

dz

z + i

)
(16.6)
=

1

2

(
2πi+

1

i− 1
2πi− 1

1 + i
2πi

)
= πi

(
1 +

1

i− 1
− 1

1 + i

)
= πi

(
1 +

1 + i− i+ 1

(i− 1) (1 + i)

)
= πi(1− 1) = 0.

(b) In this case, only Cρ(i) and Cρ(−i) are in IntC, hence:∫
C

dz

(z + 1) (z2 + 1)
=

1

2

(
1

i− 1

∫
Cρ(i)

dz

z − i
− 1

1 + i

∫
Cρ(−i)

dz

z + i

)

=
1

2
2πi

(
1

i− 1
− 1

1 + i

)
= −πi.

(c) Now, only Cρ(−1) is in IntC. Therefore,∫
C

dz

(z + 1) (z2 + 1)
=

1

2

∫
Cρ(−1)

dz

z + 1

=
1

2
2πi = πi.

2. Indefinite Integral

If f is analytic in a simply connected region E and z0, z ∈ E, then∫
Cz0z

f(ξ)dξ =

∫
C′z0z

f(ξ)dξ if Cz0z ∼ C
′

z0z
.

I.e.

∫
Cz0z

f(ξ)dξ is determined by z0, z and not Cz0z. This allows us to introduce

F (z) =

∫ z

z0

f(ξ)dξ

which we call the indefinite integral of f (or antiderivative).

Theorem 16.4. Let E be a simply connected region. Assume f ∈ C(E) and∫
C

f(ξ)dξ = 0 for any simple contour C in E. Then

F (z) =

∫ z

z0

f(ξ)dξ

is analytic on E, and

F
′
(z) = f(z) ∀z ∈ E.
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Proof. Consider any z, z + ∆z ∈ E. We define:

∆F (z) = F (z + ∆z)− F (z) =

∫ z+∆z

z0

f(ξ)dξ −
∫ z

z0

f(ξ)dξ

=

∫ z

z0

f(ξ)dξ +

∫ z+∆z

z

f(ξ)dξ −
∫ z

z0

f(ξ)dξ =

∫ z+∆z

z

f(ξ)dξ

where the integration is chosen along the segment [z, z + ∆z]. Then,

∆F (z)− f(z)∆z =

∫ z+∆z

z

f(ξ)dξ − f(z)

∫ z+∆z

z

dξ

=

∫ z+∆z

z

(f(ξ)− f(z))dξ

triangle ineq
=⇒ |∆F (z)− f(z)∆z| ≤

∫ z+∆z

z

|f(ξ)− f(z)| |dξ|

≤ max
ξ∈[z,z+∆z]

|f(ξ)− f(z)| |∆z|

⇒
∣∣∣∣∆F (z)

∆z
− f(z)

∣∣∣∣ ≤ max
ξ∈[z,z+∆z]

|f(ξ)− f(z)| −→
|∆z|→0

0

since f is continuous.
Hence, by definition, F (z) is differentiable, with F ′(z) = f(z), and since f(z) is

continuous, F (z) is analytic on E. �

Exercises

Exercise 16.1 Let C be a positively oriented simple closed contour, and α, β /∈ C.
What are the possible values of∫

C

dz

(z − α) (z − β)
?

Exercise 16.2 Show that if p(z) is a polynomial and z0 ∈ IntC, where C is a positively
oriented simple closed contour, then

1

2πi

∫
C

p(z)dz

z − z0

= p(z0).

Note that this is a particular case of the Cauchy formula to be studied in the
next lecture.





LECTURE 17

The Log Function Revisited; The Cauchy Formula

1. The Log Function Revisited

Theorem 16.4 offers a new definition of the log function.

Definition 17.1. The function f(z) defined by

f(z) =

∫ z

1

dξ

ξ
(17.1)

is called the logarithm of z, log z.

By Theorem 16.4, f(z) is analytic on any simply connected region excluding 0. If
z = x, x > 0, then

f(x) =

∫ x

1

dξ

ξ
= lnx.

2. The Cauchy Formula

This formula is the central formula of Complex Analysis.

Theorem 17.2 (The Cauchy Formula). Let f be analytic on E and C ⊂ E be a
positively oriented simple contour. Then

∀ z0 ∈ IntC
1

2πi

∫
C

f(z)

z − z0

dz = f(z0). (17.2)

Proof. Since
f(z)

z − z0

is analytic on E\{z0}, C ∼ Cρ(z0) for some ρ (see Figure 1).

E

z0

Cρ(z0)

C

Figure 1. The equivalent contours C and Cρ(z0)
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By Cauchy’s Theorem∫
C

f(z)dz

z − z0

=

∫
Cρ(z0)

f(z)dz

z − z0

=

∫
Cρ(z0)

f(z)− f(z0)dz

z − z0︸ ︷︷ ︸
=Iρ

+f(z0)

∫
Cρ(z0)

dz

z − z0︸ ︷︷ ︸
=2πi

. (17.3)

For Iρ in (17.3) we have

|Iρ|
triangle ineq

≤
∫
Cρ(z0)

∣∣∣∣f(z)− f(z0)

z − z0

∣∣∣∣ |dz|
≤ max

z ∈Cρ(z0)
|f(z)− f(z0)|·

∫
Cρ(z0)

|dz|
|z − z0|︸ ︷︷ ︸

=2π

→ 0 as ρ→ 0. (17.4)

Taking ρ→ 0 in (17.3), we have∫
C

f(z)

z − z0

dz = 2πif(z0) + lim
ρ→0

∫
Cρ(z0)

f(z)− f(z0)

z − z0

dz︸ ︷︷ ︸
=0 by (17.4)

.

�

Remark 17.3. If in Theorem 17.2 the region E is bounded and the function f is
continuous on ∂E then the contour C can be pushed all the way to ∂E. This simple
observation will be very important in the future.

Corollary 17.4 (Gauss Mean Value Theorem). If f is analytic on Dρ (z0) and

continuous on Dρ (z0) then

f(z0) =
1

2π

∫ 2π

0

f
(
z0 + ρeiθ

)
dθ. (17.5)

Proof. Taking in (17.2) C = Cρ (z0) we have

f(z0) =
1

2πi

∫
Cρ(z0)

f(z)

z − z0

dz =
1

2πi

∫ 2π

0

f(z0 + ρeiθ)

ρeiθ
iρeiθdθ =

1

2π

∫ 2π

0

f
(
z0 + ρeiθ

)
dθ.

�

Formula (17.5) says that the value of an analytic function at the center of a disk is
determined by its values on the circumference.

Example 17.5. As in Example 16.3, we will evaluate

∫
C

dz

(z + 1) (z2 + 1)
for vari-

ous contours, but this time using the Cauchy formula.

Solution Let

f1(z) =
1

z2 + 1
, f2(z) =

1

(z + 1) (z + i)
, and f3(z) =

1

(z + 1) (z − i)
.
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−1

−i

i

(a)

C

−i

i

(b)

C

−1

(c)

C

As before, we construct the following positively oriented circles: C1 = Cρ(−1),
C2 = Cρ(i), and C3 = Cρ(−i) where ρ is small enough so that C1, C2, and C3 are
disjoint. We also note that thus fk is analytic on Ck ∪ IntCk for k = 1, 2, 3.

(a) All Ck defined above are in IntC. Hence, by applying Theorem 16.1, we obtain
that:∫

C

dz

(z + 1) (z2 + 1)
=

∫
C1

f1(z)

z + 1
dz +

∫
C2

f2(z)

z − i
dz +

∫
C3

f3(z)

z + i
dz

Cauchy’s formula
= 2πi (f1(−1) + f2(i) + f3(−i))

= 2πi

(
1

2
+

1

(i− 1) (2i)
+

1

(−1 + i) (−2i)

)
= πi

(
1 +

1

i− 1
− 1

1 + i

)
= πi(1− 1) = 0.

(b) In this case, only C2 and C3 are in IntC, hence:∫
C

dz

(z + 1) (z2 + 1)
=

∫
C2

f2(z)

z − i
dz +

∫
C3

f3(z)

z + i
dz

Cauchy’s formula
= 2πi (f2(i) + f3(−i))

=
1

2
2πi

(
1

i− 1
− 1

1 + i

)
= −πi.

(c) Now, since C1 ∼ C, we have:∫
C

dz

(z + 1) (z2 + 1)
=

∫
C1

f1(z)

z + 1
dz

Cauchy’s formula
= 2πif1(−1) = 2πi

1

2
= πi.

Exercises

Exercise 17.1 Show that Definition 17.1 is in agreement with Definition 9.5 with
arg z ∈ (−π, π] and the cut along R−.

Exercise 17.2 Let f , g be analytic on E and f(z) = g(z) ∀ z ∈ C where C is a
simple closed contour. Show that f(z) = g(z) ∀ z ∈ IntC.
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Exercise 17.3 Let f be analytic on E and C1(0) ⊂ E. Show that

1

2πi

∫
C1(0)

f(ξ)

(ξ − z) ξ
dξ =

f(z)− f(0)

z
∀z ∈ D, z 6= 0.



LECTURE 18

The Maximum Modulus Principle

In this lecture we start collecting some of the crop that Cauchy’s formula produces.

Theorem 18.1 (Maximum Modulus Principle). Let f be an analytic function on
a bounded connected region E and f ∈ C(E), then |f(z)| attains its maximum on the
boundary ∂E, or else |f(z)| = constant on E.

Proof. Assume to the contrary, that a maximum value M of |f(z)| is attained at
some z0 ∈ E but |f(z)| 6= constant on E, then

M = |f(z0)| ≥ |f(z)| ∀z ∈ E.
Since z0 ∈ E (as opposed to ∂E), for some ρ > 0, Dρ(z0) ⊂ E. By Cauchy’s

formula, ∣∣∣∣∣
∫
Cρ(z0)

f(z)

z − z0

dz

∣∣∣∣∣ = 2π|f(z0)| = 2πM. (18.1)

On the other hand,∣∣∣∣∣
∫
Cρ(z0)

f(z)

z − z0

dz

∣∣∣∣∣ triangle ineq

≤
∫ 2π

0

∣∣f(z0 + ρeiθ)
∣∣︸ ︷︷ ︸

≤M since z0 is a max

dθ ≤ 2πM. (18.2)

Combining (18.1) and (18.2) yields

2πM ≤
∫ 2π

0

∣∣f(z0 + ρeiθ)
∣∣ dθ ≤ 2πM.

Hence ∫ 2π

0

∣∣f(z0 + ρeiθ)
∣∣ dθ = 2πM. (18.3)

We now show that (18.3) implies |f(z)| = M , ∀z ∈ Cρ(z0). Assume to the contrary,
that

∃ ξ0 = z0 + ρeiθ0 ∈ Cρ(z0) : |f(ξ0)| < M.

Since f is continuous, there exists [θ1, θ2] (with θ0 ∈ [θ1, θ2]), and there exists ε > 0
such that

|f(z0 + ρeiθ)| ≤M − ε ∀ θ ∈ [θ1, θ2].

By additivity, for the integral on the LHS of (18.3) we have
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∫ 2π

0

|f | =
∫

[θ1,θ2]

|f |+
∫

[0,2π)\[θ1,θ2]

|f |

≤ (M − ε)(θ2 − θ1) +M(2π − (θ2 − θ1))

= 2πM − ε(θ2 − θ1) < 2πM,

which contradicts (18.3).
Thus, we have proved that

|f(z)| = M, ∀z ∈ Cρ(z0), ∀ 0 < ρ < dist(z0, ∂E). (18.4)

C

z0

z1

z2
zn
z∗

Cρ(z0)

Cρ(z1)

Cρ(z2)

E

Cρ(zn)

Figure 1. A path C from z0 to z∗

We now show that |f(z∗)| = M , ∀ z∗ ∈ E. To this end, consider the path C on
Figure 1. By (18.4), |f(z1)| = M . By repeating the above argument for z1 instead of
z0, we immediately conclude that |f(z)| = M, ∀ z ∈ Cρ1(z1), ∀ 0 < ρ1 < dist(z1, ∂E).
We now continue in the same fashion. It is clear that, if at each step we choose
ρk = 1

2
dist(zk, ∂E), then it will take a finite number of steps to reach the neighborhood

of zn where z∗ is. Thus |f(z∗)| = M . So we get a contradiction.
�

Corollary 18.2 (Minimum Modulus Principle). Let f be an analytic function on
a bounded connected region E and f ∈ C(E). If f(z) 6= 0 ∀ z ∈ E then |f(z)| attains
its minimum on the boundary ∂E, otherwise |f(z)| = constant on E.

The proof is left as an exercise.

Remark 18.3. In the Maximum/Mininum Modulus Principle the last part “or else
|f(z)| = constant on E” can be replaced with “or else f(z) = constant on E”.

The proof is left as an exercise.

Remark 18.4. If in the Maximum/Minimum Modulus Principle f is not analytic
then the statement fails. A counterexample is produced by f(z) = 1/z on D. By the
same reason, the Minimum Modulus Principle fails if f has a zero in E. Take f(z) = z.
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Remark 18.5. If E is unbounded then the Maximum/Minimum Modulus Principle
no longer holds. Indeed, take f(z) = sin z and E = C+. The function sin z is analytic
on E and continuous on E = C+ ∪ R. On ∂E (that is R), | sin z| ≤ 1. However, if
z = iy then

| sin z| =
∣∣∣∣ei(iy) − e−i(iy)

2i

∣∣∣∣ =

∣∣∣∣e−y − ey2i

∣∣∣∣ =
ey − e−y

2
→∞, as y →∞.

So in this case, |f(z)| does not attain a maximum on either E or ∂E.

Remark 18.6. Connectedness is also essential in the Maximum/Minimum Modulus
Principle. Indeed take E = E1 ∪ E2, where E1 = D, E2 = D4 \ D3 as on Figure 2.

E1

E2

C2(0)

1 2 3 4

Figure 2. An unconnected region E = E1 ∪ E2

Now consider

f(z) =
1

2πi

∫
C2(0)

dξ

ξ − z
.

The region E is bounded but not connected. The function f is analytic on E and
continuous on E. Moreover, as we know

f(z) =

{
1, z ∈ E1

0, z ∈ E2.

Notice that max |f(z)| = 1 and it is attained at any point z ∈ E1, but |f(z)| 6=
constant on E.
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Remark 18.7. In the Maximum/Minimum Modulus Principle, |f(z)| cannot attain
even a local maximum in E. Indeed, if z0 ∈ E were a local maximum of |f(z)| then by
the Maximum Modulus Principle |f(z)| would be constant on some Cρ(z0). Then this
property would spread through the whole of E.

The following versions of the Maximum/Minimum Modulus Principle are useful.

Corollary 18.8. Suppose E is a bounded connected region and f is analytic on
E and f ∈ C(E). Then

(1) |f | attains its maximum M on ∂E,
(2) either f is constant or |f(z)| < M ∀z ∈ E.

The proof is left as an exercise.

Corollary 18.9. Suppose E is a bounded connected region and f is analytic on
E, f ∈ C(E), and f(z) 6= 0 ∀z ∈ E. Then

(1) |f | attains its minimum m and maximum M on ∂E,
(2) either f is constant or m < |f(z)| < M ∀z ∈ E.

The proof is left as an exercise.

Exercises

Exercise 18.1 Prove Corollary 18.2, the Minimum Modulus Principle.

Exercise 18.2 Let f be analytic on E, prove that if |f(z)| = constant on E then
f(z) = constant.

Exercise 18.3 Prove Corollary 18.8.

Exercise 18.4 Prove Corollary 18.9.

Exercise 18.5 Let f be analytic on a region E then ∀z0 ∈ E, the function gz0 defined
as

gz0(z) =


f(z)− f(z0)

z − z0

, z 6= z0

f ′(z0), z = z0

is analytic on E.

Exercise 18.6 (Schwarz’s Lemma) Prove that if f is analytic on D, |f(z)| ≤ 1 for all
z ∈ D, and f(0) = 0 then |f ′(0)| ≤ 1 and |f(z)| ≤ |z| ∀z ∈ D (hint: use the
previous exercise).



LECTURE 19

An Analytic Function is Infinitely Differentiable

In this lecture we get yet another portion of consequences of the Cauchy formula.

Lemma 19.1 (Binomial Series). For all z ∈ D we have

1

(1− z)n
=
∑
k≥0

(n+ k − 1)!

k!(n− 1)!
zk. (19.1)

Proof. Consider the geometric series

1

1− z
=
∑
k≥0

zk

which as we know is uniformly convergent on Dρ(0) for ρ < 1. By Corollary 6.5,
1

1− z
is infinitely differentiable and

dn−1

dzn−1

(
1

1− z

)
=

∑
k=≥n−1

k(k − 1) . . . (k − n+ 2)zk−n+1

reindexing
=

∑
k≥0

(k + 1)(k + 2) . . . (k + n− 1)zk

=
∑
k≥0

(k + n− 1)!

k!
zk.

But
dn−1

dzn−1

(
1

1− z

)
=

(n− 1)!

(1− z)n

and (19.1) follows. �

Theorem 19.2. Let f be analytic on a simply connected region E and C ⊂ E be a
positively oriented simple contour. Then f is differentiable on E infinitely many times
and

f (n)(z) =
n!

2πi

∫
C

f(ξ)

(ξ − z)n+1
dξ. (19.2)

Proof. We will proceed by induction. For n = 0 (19.2) becomes the Cauchy
formula. Assume then that (19.2) holds for n− 1. We need to prove that (19.2) holds
for n. To this end consider

f (n−1)(z + ∆z)− f (n−1)(z)

∆z
− n!

2πi

∫
C

f(ξ)

(ξ − z)n+1
dξ.
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By the induction hypothesis we have

f (n−1)(z + ∆z)− f (n−1)(z) =
(n− 1)!

2πi

∫
C

[
1

(ξ − z −∆z)n
− 1

(ξ − z)n

]
f(ξ)dξ

and hence

f (n−1)(z + ∆z)− f (n−1)(z)

∆z
− n!

2πi

∫
C

f(ξ)

(ξ − z)n+1
dξ

=
(n− 1)!

2πi∆z

∫
C

[
1

(ξ − z −∆z)n
− 1

(ξ − z)n
− n∆z

(ξ − z)n+1

]
︸ ︷︷ ︸

=:ϕ(α,∆z),α:=ξ−z

f(ξ)dξ. (19.3)

For ϕ we have

ϕ(α,∆z) =
1

αn

[
αn

(α−∆z)n
− 1− n∆z

α

]
=

1

αn

[
1

(1− ∆z
α

)n
− 1− n∆z

α

]

=
1

αn

[∑
k≥0

(k + n− 1)!

k!(n− 1)!

∆zk

αk
− 1− n∆z

α

]

=
1

αn

∑
k≥2

(k + n− 1)!

k!(n− 1)!

∆zk

αk
reindexing

=
∆z2

αn+2

∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

∆zk

αk
.

Hence

|ϕ| =

∣∣∣∣∣ ∆z2

αn+2

∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

∆zk

αk

∣∣∣∣∣
≤ |∆z|

2

|α|n+2

∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

∣∣∆zk∣∣
|αk|

.

Now, let d = dist(z, C) and choose |∆z| < 1
3
d. Then for all ξ ∈ C we have

|ξ − z| ≥ d. This gives us

|∆z|
|α|

=
|∆z|
|ξ − z|

<
1
3
d

d
=

1

3
.

Consequently

|ϕ| ≤ |∆z|
2

|α|n+2

∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

∣∣∆zk∣∣
|αk|

<
|∆z|2

|d|n+2

∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

1

3k
.

Furthermore, we know that ∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

1

3k
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converges to some N . Hence |ϕ| < |∆z|
2

|d|n+2N = |∆z|2N(n, d). Taking the modulus of

(19.3) we have∣∣∣∣(n− 1)!

2πi∆z

∫
C

[
1

(ξ − z −∆z)n
− 1

(ξ − x)n
− ∆z

(ξ − x)n+1

]
f(ξ)dξ

∣∣∣∣
≤ (n− 1)!

2π |∆z|

∫
C

|ϕ| |f(ξ)| |dξ| < (n− 1)!

2π |∆z|

∫
C

|∆z|2N(n, d) |f(ξ)| |dξ|

=
(n− 1)!

2π
|∆z|N(n, d)

∫
C

|f(ξ)| |dξ| . (19.4)

Notice, as we take ∆z to 0, (19.4) also goes to 0. Therefore (19.2) is proven for
n. �

Corollary 19.3 (Morera’s Theorem). Let f be continuous on a simply connected
domain E and ∫

C

f(z)dz = 0

for all C ⊂ E. Then f is analytic on E.

The proof is left as an exercise.

Corollary 19.4 (Liouville’s Theorem). Let f be analytic on C and sup
z∈C
|f(z)| =

M <∞. Then f(z) is constant.

The proof is left as an exercise.

Exercises

Exercise 19.1 Prove that ∑
k≥0

(k + n+ 1)!

(k + 2)!(n− 1)!

1

3k

converges.

Exercise 19.2 Prove Corollary 19.3.

Exercise 19.3 Prove Corollary 19.4.





LECTURE 20

Stronger Version of Morera’s Theorem; Fundamental
Theorem of Algebra

Recall the exact statement of the Cauchy Theorem (Theorem 15.5). If f is analytic
on a simply connected region E, then∫

C

f(z)dz = 0 ∀ C ⊂ E.

One can easily see that Morera’s Theorem (Corollary 19.3) is a converse of the
Cauchy Theorem, and we can state

Theorem 20.1. Let f be continuous on a simply connected region E. Then

f is analytic on E ⇐⇒
∫
C

f(z)dz = 0

for all simply connected closed contours C ⊂ E.

Remark 20.2. Theorem 20.1 is fundamental in Complex Analysis but does not
appear to have a name. It can also be used for a new (equivalent) definition of an
analytic function.

1. A Stronger Version of Morera’s Theorem

Remark 20.3. Morera’s Theorem (and hence Theorem 20.1) can also be stated for
multiply connected regions since each such region can be split into a union of simply
connected regions. Thus, such a statement is unnecessary.

The conditions of Morera’s Theorem can be relaxed. Namely, the following theorem
will be important in the next lecture.

Theorem 20.4 (a stronger version of Morera’s Theorem). Let f be continuous on a

simply connected region E. If

∫
T

f(z)dz = 0 for any triangle T ⊂ E then f is analytic

on E.

Proof. Without loss of generality we may assume that E is a disk (do you see
why?) DR(z0). Let

F (z) :=

∫
[z0,z]

f(ξ)dξ , z ∈ DR(z0),

where [z0, z] is the segment connecting z0 and z. Now consider (as we did in Theorem
16.4)

F (z + ∆z)− F (z) =

∫
[z0,z+∆z]

f(ξ)dξ −
∫

[z0,z]

f(ξ)dξ. (20.1)
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Let T be the triangle with vertices z0, z, z + ∆z (without any specific orientation).
By the condition

0 =

∫
T

f(ξ)dξ =

∫
[z0,z]

f(ξ)dξ +

∫
[z,z+∆z]

f(ξ)dξ −
∫

[z0,z+∆z]

f(ξ)dξ.

Thus, ∫
[z0,z+∆z]

f(ξ)dξ =

∫
[z0,z]

f(ξ)dξ +

∫
[z,z+∆z]

f(ξ)dξ. (20.2)

Substituting (20.2) into (20.1) yields

F (z + ∆z)− F (z) =

∫ z+∆z

z

f(ξ)dξ. (20.3)

Consider now

F (z + ∆z)− F (z)

∆z
− f(z) =

F (z + ∆z)− F (z)− f(z)∆z

∆z

(20.3)
=

1

∆z

(∫ z+∆z

z

(f(ξ)− f(z))dξ

)
.

Then by the triangle inequality∣∣∣∣F (z + ∆z)− F (z)

∆z
− f(z)

∣∣∣∣ ≤ 1

|∆z|

∫ z+∆z

z

|f(ξ)− f(z)||dξ|

≤ 1

|∆z|
max

ξ∈[z,z+∆z]
|f(ξ)− f(z)| · |∆z|

= max
ξ∈[z,z+∆z]

|f(ξ)− f(z)| → 0 as ∆z → 0

since f is continuous. Thus, F (z) is analytic on E and F ′(z) = f(z). Moreover, by
Theorem 19.2, f(z) is also analytic on E. (recall Exercise 19.2). �

Remark 20.5. Theorem 20.4 lets us replace arbitrary contours C with arbitrary
triangles T . This will be crucial in the next lecture.

2. The Fundamental Theorem of Algebra

We will now discuss some important corollaries of the Liouville Theorem. First
of all (although we have previously shown this) the Liouville Theorem immediately
implies that | sin z| is unbounded. Note that | sinx| ≤ 1 in Real Analysis.

But perhaps the most striking corollary is the following famous statement.

Theorem 20.6 (Fundamental Theorem of Algebra). Every polynomial of order
n ≥ 1 has exactly n zeros (counting multiplicity).

Proof. We will first show that a polynomial

pn(z) =
0∑

k=n

akz
k, n ∈ N

has at least one zero. Assume to the contrary that pn(z) has no zeros.
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Thus, min
z∈C
|pn(z)| = m > 0. Moreover, f(z) :=

1

pn(z)
is analytic on C and

max
z∈C
|f(z)| =

(
min
z∈C
|pn(z)|

)−1

=
1

m
<∞.

By the Liouville Theorem f(z) is then constant. Hence, so is pn(z). Which is
a contradiction. Therefore, pn(z) has at least one zero. Call it z0. It follows that
pn(z0) = 0 and

pn(z) = pn(z)− pn(z0) =
1∑

k=n

ak(z
k − zk0 ). (20.4)

Recalling the formula (k = 1, 2, ..., n)

zk − zk0 = (z − z0)(zk−1 + zk−2z0 + · · ·+ zk−1
0 ),

(20.4) yields that
pn(z) = (z − z0)qn−1(z)

with some polynomial of order n − 1. Thus, by induction we can now recover all n
zeros of pn(z). �

It is a note of interest that before the advent of Complex Analysis, the Fundamental
Theorem of Algebra was the topic of the doctoral thesis completed by Gauss in 1798.
Needless to say, Complex Analysis has simplified this proof.

Exercises

Exercise 20.1
(1) Show (differently from what you did before) that ∀ n ∈ Z

1

2πi

∫
C1(0)

zndz =

{
1 if n = −1
0 if n 6= −1.

(2) Show that

1

2πi

∫
C1(0)

(
z +

1

z

)n
dz

z
=

2n−1

π

∫ 2π

0

cosn θdθ.

(3) Use (1) and (2) to prove Willis’ formula∫ 2π

0

sin2k θdθ =
(2k)!π

22k−1(k!)2
.

Exercise 20.2 Evaluate

∫
C10(0)

sin z

(z − π)3
dz.

Exercise 20.3 Evaluate
1

2π

∫ 2π

0

exp
(
eint
)
dt, for n ∈ Z.





LECTURE 21

The Goursat Theorem

So far, we have defined analytic functions as continuously differentiable functions.
I.e., we have always verified that the derivative of a function not only exists, but is
also continuous. In this lecture, we will prove that verifying the continuity condition
is unnecessary.

To prove this, we will first need a well-known statement from real analysis adjusted
here for our purposes.

Recall that if Ω is a set, then diam Ω
def
= sup

x,x′∈Ω
dist(x, x′).

Lemma 21.1 (Cantor’s Theorem). Let {Ωn} be a sequence of sets in C such that
(a) each Ωn = Ωn for all n, (b) Ω1 ⊃ Ω2 ⊃ . . ., and (c) diam Ωn → 0 as n→∞. Then

Ω :=
⋂
n≥1

Ωn = {z0}.

Proof. For each n, pick up an arbitrary zn ∈ Ωn. By (b), zn, zm ∈ Ωn for all
m > n, and hence

|zn − zm| ≤ diam Ωn
by (c)−→ 0, as n→∞.

Thus, {zn} is a Cauchy sequence, and therefore it converges. We define z0 := lim
n→∞

zn.

From this, we can see that z0 ∈ Ωn for all n, and therefore, z0 ∈ Ω.
It remains to show that z0 is the only point in Ω. To that end, let w ∈ Ω. Then

w ∈ Ωn for all n, and hence |z0 − w| ≤ diam Ωn. By (c), we can conclude that
z0 = w. �

Theorem 21.2 (Goursat’s Theorem). If f is differentiable on E, then f is analytic
on E.

Proof. Without loss of generality, we may assume E is an open disk. The stronger
version of Morera’s Theorem will be a crucial argument in our proof.

Let T be a triangle and ∆ := IntT . Partition ∆ as shown in Figure 1.
Note that T need not be isosceles. Denote Tk := ∂∆k, and orient each triangle

positively. We can see from Figure 1 that∫
T

f(z) dz =
4∑

k=1

∫
Tk

f(z) dz.
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∆3

∆2

∆4

∆1

Figure 1. First partition of ∆ into {∆k}4
k=1

Let ∆(1) be one of the triangles {∆k}4
k=1 such that∣∣∣∣∫

T (1)

f(z) dz

∣∣∣∣ = max
1≤k≤4

{∣∣∣∣∫
Tk

f(z) dz

∣∣∣∣} .
We then have 

∣∣∫
T
f(z) dz

∣∣ ≤ 4
∣∣∫
T (1) f(z) dz

∣∣
|T (1)| = 1

2
|T |

∆ ⊃ ∆(1)

diam ∆(1) = 1
2

diam ∆.

(21.1)

We can now repeat the same procedure with ∆(1) and get ∆(2), and so on. So for
each n, we get ∣∣∣∣∫

T

f(z) dz

∣∣∣∣ ≤ 4n
∣∣∣∣∫
T (n)

f(z) dz

∣∣∣∣ (21.2a)

|T (n)| =
(

1

2

)n
|T | (21.2b)

∆ ⊃ ∆(1) ⊃ ∆(2) ⊃ . . . ⊃ ∆(n) (21.2c)

diam ∆(n) =

(
1

2

)n
diam ∆. (21.2d)

By Lemma 21.1, ⋂
n≥1

∆(n) = {z0}.

By our assumption, f is differentiable at z = z0. So we know that for a given ε > 0,
there exists a δ > 0 such that for every z ∈ Dδ(z0),

|f(z)− f(z0)− f ′(z0)(z − z0)| ≤ ε|z − z0|. (21.3)

Now, choose n such that

diam ∆(n) =

(
1

2

)n
diam ∆ < δ.
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We can see that ∆(n) ⊂ Dδ(z0). Since the functions 1 and z are analytic, then by
Cauchy’s Theorem, ∫

T (n)

dz = 0 =

∫
T (n)

z dz.

Therefore ∣∣∣∣∫
T (n)

f(z) dz

∣∣∣∣ =

∣∣∣∣∫
T (n)

f(z)− f(z0)− f ′(z0)(z − z0) dz

∣∣∣∣ .
By the triangle inequality, we get∣∣∣∣∫

T (n)

f(z) dz

∣∣∣∣ ≤ ∫
T (n)

|f(z)− f(z0)− f ′(z0)(z − z0)| |dz|.

From equation (21.3), we get∣∣∣∣∫
T (n)

f(z) dz

∣∣∣∣ ≤ ε

∫
T (n)

|z − z0|︸ ︷︷ ︸
≤diam ∆(n)

|dz| ≤ ε diam ∆(n)

∫
T (n)

|dz|︸ ︷︷ ︸
|T (n)|

.

From (21.2d), we see that diam ∆n =

(
1

2

)n
diam ∆ and from (21.2b), we have

|T (n)| ≤
(

1

2

)n
|T |. Therefore∣∣∣∣∫

T (n)

f(z) dz

∣∣∣∣ ≤ ε

(
1

4

)n
diam ∆|T |.

Letting C := |T | diam ∆, a constant, we get∣∣∣∣∫
T (n)

f(z) dz

∣∣∣∣ ≤ ε

4n
C. (21.4)

It follows from (21.2a) and (21.4) that∣∣∣∣∫
T

f(z) dz

∣∣∣∣ ≤ 4n
ε

4n
C = εC. (21.5)

Since ε is arbitrary, (21.5) implies∫
T

f(z) dz = 0

for every T ⊂ E. By the stronger Morera’s Theorem, f is analytic on E. �

Corollary 21.3. If f is differentiable, then f ′ is continuous.

This means that in the original definition of analytic functions we could have re-
moved the extra condition of continuity of f ′. But we did not have all the necessary
tools then.
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Exercises

Exercise 21.1 Show that if you drop any condition of (a), (b), or (c) in Lemma 21.1,
then Cantor’s Theorem fails.

Exercise 21.2 Consider the function f(z) =
1

z2
. We know from Exercise 20.11 that∫

C

dz

z2
= 0. (21.6)

for any contour C such that 0 ∈ IntC.
(a) Discuss why Morera’s Theorem doesn’t apply.
(b) Does (21.6) hold for every C? If not, provide a counterexample.



LECTURE 22

Taylor Series

In Lecture 4, we introduced the important concept of a convergent power series.
We later proved that a convergent power series was an analytic function, and used this
fact to define ez, sin z, cos z, among others. In this lecture, we prove that the converse
is also true. But first, an important proposition.

Recall, we say a sequence of functions {fn} defined on C converges uniformly to f
if

sup
z∈C
|fn(z)− f(z)| → 0 as n→∞. (22.1)

and write fn ⇒ f .

Proposition 22.1 (on passing to the limit under the integral sign). Let {fn(z)}
be a sequence of continuous functions defined on a contour C of finite length. Then

fn ⇒ f =⇒
∫
C

fn(z) dz →
∫
C

f(z) dz, n→∞

Proof. Observe:∣∣∣∣∫
C

fn(z) dz −
∫
C

f(z) dz

∣∣∣∣ =

∣∣∣∣∫
C

(fn(z)− f(z)) dz

∣∣∣∣ ≤ ∫
C

|fn(z)− f(z)| |dz|

≤
∫
C

sup
z∈C
|fn(z)− f(z)| |dz| ≤ sup

z∈C
|fn(z)− f(z)| · |C|.

which we can see goes to zero as n goes to infinity. �

Corollary 22.2. Let C be a contour of finite length, and {fn} be a sequence of

continuous functions on C. If
∑
n≥0

fn(z) converges uniformly on C, then

∫
C

∑
n≥0

fn(z) dz =
∑
n≥0

∫
C

fn(z) dz. (22.2)

Proof. Note that as N →∞, the sequence

SN(z) =
N∑
n=0

fn(z) dz

converges uniformly to S(z) :=
∑
n≥0

fn(z), and satisfies the conditions of Proposition

22.1, and thus

lim
N→∞

∫
C

SN(z) dz =

∫
C

S(z) dz. (22.3)
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On the other hand,

lim
N→∞

∫
C

SN(z) dz = lim
N→∞

N∑
n=0

∫
C

fn (z) dz
def
=
∑
n≥0

∫
C

fn (z) dz. (22.4)

Combining (22.3) and (22.4) yields (22.2). �

Remark 22.3. Proposition 22.1 and Corollary 22.2 actually say when we can pass
to the limit under the integral sign and when we can integrate series term-wise. That
is

lim
n→∞

∫
C

fn(z) dz =

∫
C

lim
n→∞

fn(z) dz,

∫
C

∑
n≥0

f(z) dz =
∑
n≥0

∫
C

f(z) dz.

Theorem 22.4 (Taylor’s theorem). Every function which is analytic on a disk
DR(z0) can be uniquely expanded into the Taylor series

f(z) =
∑
n≥0

an(z − z0)n, (22.5)

where

an =
1

n!
f (n)(z0), (22.6)

and the series (22.5) is absolutely convergent on DR(z0).

Proof. Consider g(z) := f(z + z0). Notice that g will be analytic on DR(0) and
by Cauchy’s Theorem,

g(z) =
1

2πi

∫
Cρ(0)

g(ξ)

ξ − z
dξ, ∀z ∈ Dρ(0), for ρ < R (22.7)

Notice that

∣∣∣∣zξ
∣∣∣∣ < 1, and transform

1

ξ − z
as follows:

1

ξ − z
=

1

ξ
· 1

1− z
ξ

=
1

ξ

∑
n≥0

(
z

ξ

)n
But we know

∑
n≥0

(
z

ξ

)n
uniformly converges to

1

1− ξ/z
, and hence

1

2πi

∫
Cρ(0)

g(ξ)

ξ − z
dξ =

1

2πi

∫
Cρ(0)

∑
n≥0

g(ξ)

ξ

(
z

ξ

)n
dξ

by Cor. 22.2
=

∑
n≥0

(
1

2πi

∫
Cρ(0)

g(ξ)

ξn+1
dξ

)
︸ ︷︷ ︸

=
g(n)(0)
n!

zn =
∑
n≥0

anz
n, an :=

g(n)(0)

n!
.

Thus,

g(z) =
∑
n≥0

anz
n, an =

g(n)(0)

n!
. (22.8)
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Recall that f(z) = g(z−z0) and observe that g(n)(0) = f (n)(z0). With this in mind,
we substitute z − z0 for z in (22.8), and we arrive at (22.5) and (22.6). We leave the
proof of uniqueness as an exercise. �

From this, we see that if a function f is analytic on some E ⊆ C, then the power
series of f will converge on DR(z0), where R is chosen such that DR(z0) ⊆ E, for all
z0 ∈ E.

Recall Theorem 6.3, in which we proved that if
∑

n≥0 an(z − z0)n converges on
DR(z0), then f(z) :=

∑
n≥0 an(z − z0)n is analytic on DR(z0). This combined with

Taylor’s Theorem gives us:

Theorem 22.5. A function f is analytic on DR(z0) if and only if

f(z) =
∑
n≥0

an(z − z0)n, an =
f (n)(z0)

n!

converges on DR(z0).

Example 22.6. Consider the function f(z) =
1

1− z
. This function is analytic

everywhere except at z = 1. So we can only consider its Taylor series expansion on
D since otherwise 1 would get inside the disk and then f would not be analytic inside
such a disk. Hence

∀ z ∈ D
1

1− z
=
∑
n≥0

zn.

Exercises

Exercise 22.1 Prove the expansion in (22.5) is unique.

Exercise 22.2 Show that

log(1 + z) =
∑
n≥1

(−1)n+1 z
n

n
,

and find where the series converges.





LECTURE 23

Laurent Series

As we know, Taylor series are very common in calculus. The main object of this
lecture, the Laurent series, is not typically considered in calculus but is a central object
of complex analysis.

Definition 23.1. A series of the form

∞∑
n=−∞

an(z − zo)n (23.1)

is called a Laurent series.

Note that n in (23.1) is any integer.

Proposition 23.2. The domain of convergence of

f(z) =
∞∑

n=−∞

an(z − zo)n (23.2)

is the annulus

R1 < |z − z0| < R2 (23.3)

where

R1 = lim sup
n→∞

n
√
|a−n|,

R2 =

(
lim sup
n→∞

n
√
|an|
)−1

.

We also have that f(z) is analytic on the same annulus.

Proof. Without loss of generality we may set z0 = 0. Split (23.2) as follows:

f(z) =
∑
n≤−1

anz
n

︸ ︷︷ ︸
f1(z)

+
∑
n≥0

anz
n

︸ ︷︷ ︸
f2(z)

.

The series f2(z) is a Taylor series and hence its domain of convergence is the disk
DR2(0), where by the Cauchy-Hadamard formula

R2 =

(
lim sup
n→∞

n
√
|an|
)−1

.
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Turn then to f1 where we have

f1(z) =
∑
n≥1

a−n

(
1

z

)n
which is a Taylor series with respect to

1

z
which converges on

{
z : |1

z
| < r

}
where

r =

(
lim sup
n→∞

n
√
|a−n|

)−1

.

But

{
z : |1

z
| < r

}
=

{
z : |z| > 1

r

}
, i.e. denoting R1 :=

1

r
we conclude that the

domain of convergence of f2 is therefore C \ DR1(0) and f1 and f2 both converge on
DR2

⋂(
C \ DR1(0)

)
which is the annulus {z | R1 < |z| < R2}. Notice that both f1 and

f2 are analytic because they are Taylor series. Hence their sum, f(z) is also analytic
on the region where they are both analytic. �

Remark 23.3. If an = 0 for all n ≤ −1, then the Laurent series (23.2) becomes
a Taylor series. The only condition on R1 and R2 in Proposition 23.2 is R1 < R2.
Moreover, R1 could be 0 and R2 could be ∞.

Example 23.4. The series
∑
n≥−1

zn,
∑
n≥0

1

n!zn
, and

∑
n≥1

z1−n are all Laurent series.

And now the main theorem of this lecture.

z0

R1

R2

C

Figure 1. The contour C in Laurent’s Theorem

Theorem 23.5 (Laurent’s Theorem). Any function f(z) that is analytic on an
annulus

R1 < |z − z0| < R2

can be expanded into the Laurent series

f(z) =
∞∑

n=−∞

an(z − z0)n, (23.4)
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where

an =
1

2πi

∫
C

f(ξ)

(ξ − z0)n+1
dξ, n ∈ Z,

where C is any contour like in Figure 1.

Proof. As in the proof of the Taylor Theorem, we introduce

g(z) = f(z + z0), R1 < |z| < R2.

By the Cauchy formula

g(z) =
1

2πi

∫
Cρ2

⋃
(−Cρ1 )

g(ξ)

ξ − z
dξ =

1

2πi

∫
Cρ2

g(ξ)

ξ − z
dξ︸ ︷︷ ︸+

1

2πi

∫
−Cρ1

g(ξ)

ξ − z
dξ︸ ︷︷ ︸ (23.5)

g2(z) g1(z)

where Cρ1 and Cρ2 are like in Figure 2.

0 z0

R1

R2

Cρ1

Cρ2

Figure 2. The contour Cρ2 ∪ (−Cρ1)

As we did in the proof of Taylor’s formula, consider

1

ξ − z
=

1

ξ
· 1

1− z
ξ

=
1

ξ

∑
n≥0

(
z

ξ

)n
. (23.6)

If ξ ∈ Cρ2 then

∣∣∣∣zξ
∣∣∣∣ < 1 and (23.6) uniformly converges on IntCρ2 and hence

g2(z) =
1

2πi

∫
Cρ2

g(ξ)

ξ

∑
n≥0

(
z

ξ

)n
dξ =

∑
n≥0

anz
n, (23.7)

where

an =
1

2πi

∫
Cρ2

g(ξ)

ξn+1
dξ =

g(n)(0)

n!
, n ≥ 0.
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If ξ ∈ Cρ1 then

∣∣∣∣ξz
∣∣∣∣ < 1 and

1

ξ − z
= −1

z
· 1

1− ξ
z

= −1

z

∑
n≥0

(
ξ

z

)n
converges uniformly on ExtCρ1(ExtC

def
= D \ IntC) and hence

g1(z) =
1

2πi

∫
−Cρ1

g(ξ)

(
−1

z

)∑
n≥0

(
ξ

z

)n
dξ

= −
∑
n≥0

(
1

2πi

∫
−Cρ1

g(ξ)ξndξ

)
z−(n+1)

reindexing
=

∑
n≥1

(
1

2πi

∫
Cρ1

g(ξ)

ξ−n+1
dξ

)
z−n. (23.8)

Plugging (23.7) and (23.8) into (23.5) we have

g(z) = g1(z) + g2(z) =
∞∑

n=−∞

anz
n

where

an =
1

2πi


∫
Cρ1

g(ξ)

ξn+1
dξ, n ≤ −1∫

Cρ2

g(ξ)

ξn+1
dξ, n ≥ 0

.

But Cρ1 ∼ Cρ2 ∼ C where C is an contour in R1 < |z| < R2 enclosing 0 and hence

an =
1

2πi

∫
C

g(ξ)

ξn+1
dξ, n ∈ Z.

Therefore the theorem is proven for z0 = 0 and hence by the shifting argument it’s
also proven for any z0. �

Remark 23.6. The Laurent representation of an analytic function is not unique
and depends on the choice of the annulus. For example,

1

1− z
=
∑
n≥0

zn, 0 < |z| < 1

1

1− z
= −

∑
n≥1

z−n, 1 < |z| <∞.

Exercises

Exercise 23.1 Find the domains of convergence of the series in Example 23.4 and find
the functions to which these series converge.
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Exercise 23.2 Use known Taylor series to derive the Laurent series of the given func-
tions in the indicated annuli.

(1) z +
1

z
, |z − 1| > 1

(2)
sin(1/z) cos(1/z)

z
, |z| > 0

(3)
1

(3z − 1)(2z + 1)
,

1

3
< |z| < 1

2

Exercise 23.3 Evaluate ∫
C1(0)

ez
2+ 1

z dz

by using an appropriate Laurent series.





LECTURE 24

Singularities of Analytic Functions

Recall the notation: D̊R(z0) = DR(z0)\{z0}.

Definition 24.1. A point z0 is called an isolated singularity of an analytic function

f(z) if there exists some R > 0 such that f is analytic on D̊R(z0).

In other words, f is analytic in some neighborhood of z0 but not at z0 itself. E.g.
z = 0 is an isolated singularity of 1/z. In some sources, any point z0 at which a function
fails to be analytic is called singular. E.g. if we define f(z) =

√
z with the branch cut

along R+, then f(z) fails to be analytic for any z ∈ R+. However, such singularities are
not isolated. There is a huge difference between isolated and not isolated singularities.
The former are much more important which will be demonstrated throughout the rest
of the course. For this reason, we reserve the right to refer to isolated singularities as
just singularities.

If a function f(z) has an isolated singularity at z0, then by the Laurent Theorem

(Theorem 23.5) it can be represented on some annulus D̊R(z0) as

f(z) =
∑
n≥1

a−n(z − z0)−n︸ ︷︷ ︸
f1(z)

+
∑
n≥0

an(z − z0)n. (24.1)

The following definition is very important.

Definition 24.2. Let z0 be an isolated singularity of an analytic function f(z).

(1) If f1(z) = 0 then z0 is called a removable singularity.

(2) If f1(z) =
N∑
n=1

a−nz
−n, where N < ∞ and a−N 6= 0 then z0 is called a

pole of order N .
(3) If f1(z) has infinitely many nonzero terms then z0 is called an essential sin-

gularity.

Example 24.3. Show that

(1) f(z) =
sin z

z
has a removable singularity at z = 0.

f(z) =
1

z

∑
n≥0

(−1)nz2n+1

(2n+ 1)!
=
∑
n≥0

(−1)nz2n

(2n+ 1)!
.

Thus f1(z) = 0, and by definition, this implies that z = 0 is a removable
singularity.
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(2) f(z) =
sin z

z3
has an order 2 pole at z = 0.

f(z) =
1

z3

∑
n≥0

(−1)nz2n+1

(2n+ 1)!
=
∑
n≥0

(−1)nz2n−2

(2n+ 1)!
=

1

z2
+
∑
n≥0

(−1)n+1z2n

(2n+ 3)!
.

Thus f1(z) =
1

z2
is a finite sum with N = 2, and by definition, this implies

that z = 0 is a pole of order 2.
(3) f(z) = e1/z has an essential singularity at z = 0.

f(z) =
∑
n≥0

1

n!

(
1

z

)n
=
∑
n≥1

1

n!
z−n + 1.

Thus f1(z) is an infinite sum, and by definition this implies that z = 0 is an
essential singularity.

Proposition 24.4. Let z0 be an isolated singularity of f(z). Then

(1) lim
z→z0

f(z) exists if and only if z0 is removable.

(2) If for some N ∈ N, there exists lim
z→z0

(z − z0)Nf(z) 6= 0, and if for all n > N

lim
z→z0

(z − z0)nf(z) = 0, then z0 is a pole of order N .

The proof is left as an exercise.

Remark 24.5. If z0 is a removable singularity of f(z), then the ‘hole’ z0 can be
‘patched’ by assuming that f(z0) = lim

z→z0
f(z). It immediately follows from (24.1) that

lim
z→z0

f(z) = lim
z→z0

∑
n≥0

an(z − z0)n
unif conv

=
∑
n≥0

an lim
z→z0

(z − z0)n = a0.

I.e. the function

f̃(z) :=

{
f(z) , z 6= z0

a0 , z = z0

is analytic on DR(z0). I.e. indeed, the ‘patched’ function f̃ becomes analytic at z0. In

the future we will make no distinction between f and f̃ . E.g. we will call the function

f(z) =
sin z

z
analytic on C. Thus, removable singularities are ‘innocent’ and don’t

cause any problems.

Poles on the contrary cannot be fixed this way as the following proposition suggests.

Proposition 24.6. If z0 is a pole then lim
z→z0
|f(z)| =∞.

The proof is left as an exercise.

Proposition 24.7. If f(z) is analytic on D̊R(z0) and sup
z∈D̊R(z0)

|f(z)| ≤ M < ∞,

then z0 is a removable singularity.
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The proof is left as an exercise.

Proposition 24.8. If z0 is a removable singularity of f(z) then

∃ DR(z0) : f(z) = (z − z0)mϕ(z)

with some m ∈ N0; ϕ(z) is analytic on DR(z0) and ϕ(z0) 6= 0.

The proof is left as an exercise.
Essential singularities are the worst of the three. As the important theorem below

shows, lim
z→z0
|f(z)| does not exist.

Theorem 24.9 (Casorati-Weierstrass Theorem). If z0 is an essential singularity of
f(z), then

f
(
D̊δ(z0)

)
= C ∀ δ > 0,

that is the closure of the image of any punctured δ-neighborhood of z0 under f is the
whole complex plane.

Proof. By contradiction. Assume that there exists a c ∈ C such that

∃ ε, δ > 0 : ∀ z ∈ D̊δ(z0) : |f(z)− c| ≥ ε > 0. (24.2)

Consider ψ(z) =
1

f(z)− c
. By (24.2), ψ(z) is bounded on D̊δ(z0) and hence, by

Proposition 24.7, z0 is a removable singularity of ψ. Then by Proposition 24.8

ψ(z) = (z − z0)mϕ(z) , ϕ(z0) 6= 0.

Thus

f(z) = (z − z0)−mϕ̃(z) + c (24.3)

where ϕ̃(z) =
1

ϕ(z)
is bounded on Dδ(z0) for δ small enough.

But (24.3) means that z0 is either removable or a pole! We have reached a contra-
diction. �

Remark 24.10. Using f(z) = e1/z and z = 0, we can see how f
(
D̊δ(0)

)
= C\ {0}.

I.e. f takes on all values in the complex plane except for 0.

A stronger version of this statement can be found in the following theorem which
we present without proof.

Theorem 24.11 (Picard’s Theorem). If f has an essential singularity at z0 then
f(z) = c has infinitely many solutions in any punctured neighborhood of z0 and for any
value of c in C except perhaps one.
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Exercises

Exercise 24.1 Prove Proposition 24.4

Exercise 24.2 Prove Proposition 24.6

Exercise 24.3 Prove Proposition 24.7

Exercise 24.4 Prove Proposition 24.8

Exercise 24.5 Verify the Picard Theorem for f(z) = e
1
z . Namely, you must show

that f
(
D̊δ(0)

)
= C\ {0} ∀δ > 0 and f(z) takes on every value at infinitely

many points zn ∈ D̊δ(0), ∀δ > 0.



LECTURE 25

Singularities at Infinity

As we know, infinity is not a specific point, but sometimes it is convenient to treat
infinity as a specific point. One of the ways to do it follows from the picture below.

CZ
y

x

z

N

z

S

Figure 1. Stereographic projection onto the complex plane

We can identify any z ∈ C with a unique point Z ∈ S where

S :=
{

(x, y, z) : x2 + y2 + z2 = 1
}
.

For each point z ∈ C we associate a point in S by drawing a straight line throught
the North Pole, N , and z. The northern hemisphere can then be associated with |z| > 1
and the southern hemisphere can be associated with |z| < 1.

It is geometrically clear that if Z → N then |z| → ∞. The one-to-one correspon-
dence between S\ {N} and C can be extended to S by letting N map to ∞. This
correspondence is called stereographic projection and is denoted by P . One can then
define complex infinity by ∞ = P (N).

But for our purposes we will use a simpler way. Consider the function 1/z which
is analytic on C\ {0}. Now set

∞ :
def
= lim

z→0

1

z
. (25.1)

Let f(z) be analytic on some |z| > R. Then by the Laurent Theorem

f(z) =
∑
n≥1

a−nz
−n +

∑
n≥0

anz
n

︸ ︷︷ ︸
f2(z)

. (25.2)
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One notes that if f2 is not constant then the function f(z) ‘blows up’ as |z| → ∞,
and we can think of z = ∞ as a singular point of f(z). With this approach in hand,
we can classify ∞ as an ‘isolated’ singularity the same way we did for ‘finite’ isolated
singularities.

However, (25.1) prompts a simpler definition.

Definition 25.1. Let f(z) be analytic on |z| > R and g(z) := f
(

1
z

)
. Then z =∞

is called:

(1) a removable singularity at infinity of f(z) if z = 0 is a removable singularity
of g(z).

(2) a pole of order N at infinity of f(z) if z = 0 is a pole of order N of g(z).
(3) an essential singularity at infinity of f(z) if z = 0 is an essential singularity

of g(z).

Lemma 25.2. Assume that z0 is an essential singularity of f(z). Then z0 is an
essential singularity of h(z) = 1/f(z).

Proof. Assume that z0 is a removable singularity of h(z). Thus, lim
z→z0

h(z) exists.

If lim
z→z0

h(z) 6= 0, then lim
z→z0

f(z) exists. But then z0 is a removable singularity in f(z)

(by Proposition 24.4), a contradiction. If lim
z→z0

h(z) = 0, then lim
z→z0
|f(z)| = ∞. But

then z0 is a pole (by Proposition 24.6), a contradiction. Now assume that z0 is a pole
of h(z). Then lim

z→z0
|h(z)| =∞ (by Proposition 24.6). If follows that lim

z→z0
|f(z)| = 0 ⇒

lim
z→z0

f(z) = 0. But then z0 is a removable singularity in f(z) (by Propostion 24.4), a

contradiction. Thus, by reductio ad absurdum z0 is an essential singularity of h(z). �

Example 25.3.

(1) 1/z has a removable singularity at ∞.

(2) a polynomial pn(z) =
1∑

k=n

akz
k, where an 6= 0, has an order n pole at ∞.

(3) ez has an essential singularity at ∞.
(4) e1/z has a removable singularity at ∞.

Exercises

Exercise 25.1 Give a classification of singularities at ∞ similar to Definition 24.2
using representation (25.2). Show it is equivalent to Definition 25.1. Try to
make your statements as concise as possible.

Exercise 25.2 State and prove an analog of Proposition 24.7 for a removable singu-
larity at ∞.

Exercise 25.3 State and prove an analog of Proposition 24.8 for a removable singu-
larity at ∞.

Exercise 25.4 Describe all singularities (including ∞) of
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(1)
z

z2 + 1
− 1

z

(2)
ez

ez − 1
(3) sinh z





LECTURE 26

The Residue

In this lecture we finally get to the concept of residue.

1. Residue at an isolated singularity

Definition 26.1. Let z0 be an isolated singularity of f and C be a simply connected
contour enclosing z0 and laying in the domain of analyticity of f . Then

1

2πi

∫
C

f(z)dz =: Res{f(z), z0} (26.1)

is called the residue of f at z0. The residue can also be denoted as Res(f, z0), or
Res
z=z0

f(z).

Remark 26.2. The contour C in (26.1) can of course be deformed the way we
like and Definition 26.1 doesn’t depend on C. Thus the residue is determined by the
function. What is remarkable about this concept is that the residue can be evaluated by
certain simple formulas.

Theorem 26.3. Let f be analytic on E and z0 be an isolated singularity of f . Then

(1) Res(f, z0) = a−1 (26.2)

where a−1 is the corresponding coefficient in the Laurent expansion of f(z) on

some D̊R(z0).
(2) If z0 is a pole of order N ∈ N then

Res(f, z0) =
1

(N − 1)!
lim
z→z0

dN−1

dzN−1
{(z − z0)Nf(z)}. (26.3)

Proof. Start with (1). By the Laurent Theorem,

an =
1

2πi

∫
C

f(ξ)

(ξ − z0)n+1
dξ, n ∈ Z. (26.4)

In particular, setting n = −1 in (26.4), we have

a−1 =
1

2πi

∫
C

f(ξ)dξ
def
= Res(f, z0).

Derive now (2). If z0 is a pole of order N then on D̊R(z0)
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f(z) =
∑
n≥−N

an(z − z0)n = (z − z0)−N
∑
n≥−N

an(z − z0)n+N

reindexing
= (z − z0)−N

∑
n≥0

an−N(z − z0)n︸ ︷︷ ︸
a Taylor series

⇒ (z − z0)Nf(z) = a−N + · · ·+ a−1(z − z0)N−1 +
∑
n≥N

an−N(z − z0)n︸ ︷︷ ︸
=:g(z)

. (26.5)

Differentiating (26.5) N − 1 times, we have

dN−1

dzN−1
(z − z0)Nf(z) = (N − 1)!a−1 + g(N−1)(z). (26.6)

Pass to the limit in (26.6) as z → z0, one has

lim
z→z0

dN−1

dzN−1
(z − z0)Nf(z) = (N − 1)!a−1 + g(N−1)(z0).

But g(N−1)(z0) = 0 (make sure you see it) and we arrive at (26.3). �

Remark 26.4. Theorem 26.3 gives a remarkably useful way to evaluate contour
integrals without doing any integration. Indeed equations (26.2) and (26.3) don’t have
any integration but series expansion and/or differentiation.

Corollary 26.5. If z0 is a removable singularity of f then Res(f, z0) = 0.

Indeed, look at equation (26.2).

Remark 26.6. One can of course think of a point of analyticity z0 of a function f
as a removable singularity. Then Res(f, z0) will be zero.

Corollary 26.7. If z0 is a simple pole, i.e. N = 1, then

Res(f, z0) = lim
z→z0

(z − z0)f(z). (26.7)

Indeed, take in (26.3) N = 1. Recalling that 0! = 1 and the zero order derivative
is the function itself.

Corollary 26.8. If z0 is a simple pole of f and f can be represented in some
neighborhood of z0 as

f(z) =
ϕ(z)

ψ(z)

with some analytic functions ϕ, ψ such that ϕ(z0) 6= 0, ψ(z0) = 0 then

Res(f, z0) =
ϕ(z0)

ψ′(z0)
. (26.8)
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The proof is left as an exercise.
The following examples should demonstrate how useful Theorem 26.3 and its Corol-

laries are.

Example 26.9. Evaluate

∫
C1(0)

e1/zdz. By Theorem 26.3∫
C1(0)

e1/zdz = 2πiRes(e1/z, 0)
(26.2)
= 2πia−1.

But we know the Laurent expansion for e1/z

e1/z =
∑
n≥0

1

n!
(z)−n = 1 +

1

z
+ · · · ⇒ a−1 = 1.

So, ∫
C1(0)

e1/zdz = 2πi.

Example 26.10. Evaluate

∫
C1(0)

sin z

z3
dz. From Example 24.3(2), we know

sin z

z3

has a pole of order 2 at z = 0. Theorem 26.3 gives∫
C1(0)

sin z

z3
dz

(26.3)
= 2πi lim

z→0

d

dz

sin z

z
= 2πi lim

z→0

z cos z − sin z

z2

l’Hospital
= 2πi lim

z→0

−z sin z + cos z − cos z

2z
= 0.

Note that we could have obtained this result using (26.2).

Example 26.11. Evaluate

∫
C1(0)

sin z

z2
dz. We note that

lim
z→0

z
sin z

z2
= 1 6= 0. (26.9)

Hence, by Proposition 24.4, z = 0 is a simple pole for
sin z

z2
. Therefore we have∫

C1(0)

sin z

z2
dz = 2πiRes

(
sin z

z2
, 0

)
(26.7)
= 2πi lim

z→0
z

sin z

z2

(26.9)
= 2πi.

Example 26.12. Evaluate

∫
C1(i)

sin z

z2 + 1
dz. Let ϕ(z) = sin z, ψ(z) = z2 + 1. Note

that ϕ is analytic on D1(i), and since

lim
z→i

(z − i) sin z

z2 + 1
=

sin i

2i
6= 0,

it follows by Proposition 24.4 that z = i is a simple pole of
sin z

z2 + 1
. Hence∫

C1(i)

sin z

z2 + 1
dz = 2πiRes

(
ϕ(z)

ψ(z)
, i

)
(26.8)
= 2πi

ϕ(i)

ψ′(i)
= 2πi

sin i

2i
=
πi

2

(
e− 1

e

)
.
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2. Residue at ∞

Definition 26.13. Let f(z) be analytic outside of a bounded region Ω. Then for
any simply connected closed contour C enclosing Ω (see Figure 1)

Res(f,∞)
def
=

1

2πi

∫
−C

f(z)dz.

−C

Ω

Figure 1

Theorem 26.14. Let f be analytic outside of a bounded region Ω. Then

(1)
Res(f,∞) = −a−1

where a−1 is the corresponding Laurent coefficient in the Laurent expansion on
|z| > R with R so large that DR(0) ⊃ Ω.

(2)

Res(f,∞) = −Res

(
1

z2
f

(
1

z

)
, 0

)
.

The proof is left as an exercise.

Remark 26.15. Corollary 26.5 stated that if z0 is a removable singularity of f , then
Res(f, z0) = 0. This is only valid for z0 finite. I.e. if z =∞ is a removable singularity
of f , Res(f,∞) need not be zero. This is the main difference between isolated removable
singularities and removable singularities at ∞.

Exercises

Exercise 26.1 Prove Corollary 26.8.

Exercise 26.2 Prove Theorem 26.14.

Exercise 26.3 Give a counterexample supporting the claim in Remark 26.15.

Exercise 26.4 Do Example 16.3(a) using Theorem 26.14.
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The Residue Theorem

We now finally get to the main statement of this course - the residue theorem which
is originally due to, guess whom, Cauchy.

Theorem 27.1 (The Residue Theorem). Let f be analytic on a simply connected
region E except at a finite number of isolated singularities z1, z2, ..., zn. Then for any
simply connected closed contour C ⊂ E enclosing {zk}nk=1 (see Figure 1)∫

C

f(z)dz = 2πi
n∑
k=1

Res(f, zk). (27.1)

z1

z2

zn

E

−C1

−C2

−Cn

C

Figure 1

Proof. Consider the contour (see Figure 1)

Γ = C
⋃{

n⋃
k=1

(−Ck)

}
where Ck = Cρ(zk) with some ρ small enough. By the Cauchy Theorem for multiply
connected regions (Theorem 16.1)

0 =

∫
Γ

f(z)dz =

∫
C

f(z)dz +
n∑
k=1

∫
−Ck

f(z)dz︸ ︷︷ ︸
=−2πiRes(f,zk)

and (27.1) follows. �
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124 27. THE RESIDUE THEOREM

Remark 27.2. Coupled with the efficient ways to evaluate residues, the Residue
Theorem becomes a particularly powerful tool in evaluating integrals (not necessarily
contour). It will take us a few lectures to learn how to use this tool.

If in Theorem 27.1 E = C then we also have

Theorem 27.3. If f is analytic on C \ {zk}nk=1 then

n∑
k=1

Res(f, zk) + Res(f,∞) = 0. (27.2)

The proof is left as an exercise.
Theorem 27.3 allows us to generalize the Cauchy formula to the case of certain

unbounded regions.

Theorem 27.4. Let Ω be a bounded region and E = C\Ω. Assume f is analytic on
E and ∞ is its removable singularity. Then for any simple contour C in E enclosing
the region Ω

1

2πi

∫
C

f(z)

z − z0

dz =

{
f(∞), z0 ∈ IntC

f(∞)− f(z0), z0 ∈ ExtC

where f(∞) = lim
z→∞

f(z).

The proof is left as an exercise.
The following examples show some applications of Theorem 27.3.

Example 27.5. Evaluate

∫
C

dz

(z + 1)(z2 + 1)
where C is as in Figure 2 (it was in

Example 16.3(b)).

−1

−i

i

C

Figure 2
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Solution We do it in two ways

(1) By formula (27.1):
1

(z + 1)(z2 + 1)
is analytic in IntC \ {±i}. Hence∫

C

f(z)dz
(27.1)
= 2πi {Res(f, i) + Res(f,−i)}

= 2πi

Res
z=i

1

z2 + 1︸ ︷︷ ︸
1
ψ

1

z + 1︸ ︷︷ ︸
ϕ

+ Res
z=−i

1

z2 + 1

1

z + 1


(26.8)
= 2πi

{
1

2z

1

z + 1

∣∣∣∣
z=i

+
1

2z

1

z + 1

∣∣∣∣
z=−i

}
= 2πi

(
1

2(i)(i+ 1)
+

1

2(−i)(−i+ 1)

)
= π

(
1

1 + i
− 1

1− i

)
= −πi.

(2) By formula (27.2):∫
C

f(z)dz +

∫
C1(−1)

f(z)dz + 2πiRes(f,∞) = 0

⇒
∫
C

f(z)dz = −2πi{Res(f,−1) + Res(f,∞)︸ ︷︷ ︸
=0 by Exercise 26.4

}

= −2πi(
1

2
+ 0) = −πi.

Example 27.6. Evaluate

∫
C4(0)

dz

sin z
.

Solution The function
1

sin z
has three simple poles in IntC4(0) : z1 = −π, z2 =

0, z3 = π. ∫
C4(0)

dz

sin z
= 2πi{Res(f,−π) + Res(f, 0) + Res(f, π)}

= 2πi

{
1

cos z

∣∣∣∣
−π

+
1

cos z

∣∣∣∣
0

+
1

cos z

∣∣∣∣
π

}
= −2πi.

Exercises

Exercise 27.1 Prove Theorem 27.3.

Exercise 27.2 Evaluate

∫
C2(0)

dz

1 + z4
in two different ways by (27.1) and (27.2).
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Exercise 27.3

(1) Prove that if f is even then

∫
CR(0)

f(z)dz = 0 for any R > 0 such that no

singularities are on the contour.
(2) Conclude then that Res(f, 0) = 0.
(3) Use this fact to do Exercise 27.2 in yet another way.

Exercise 27.4 Prove Theorem 27.4.



LECTURE 28

Applications of the Residue Theorem to Evaluate Some
Definite Integrals

In this and a few of the following lectures, we are going to show that the residue
theorem turns out to be an indispensable tool in computing some definite integrals
which can hardly be computed by any other means.

1. Integrals of the type
∫ 2π

0
R(cos θ, sin θ)dθ

Let us consider the following type of integrals∫ 2π

0

R(cos θ, sin θ)dθ

where R is a rational function. Such integrals are called trigonometric and R is typically
a real function. Assume that R(cos θ, sin θ) is continuous for θ ∈ [0, 2π]. Since θ ∈
[0, 2π], z := eiθ ∈ C1(0) i.e., z runs along the unit circle when θ changes from 0 to 2π
(as seen in Figure 1).

0 2π

θ

z

0

θ

|z| = 1

Figure 1

We have

dz = izdθ ⇒ dθ =
dz

iz
,

cos θ =
1

2

(
eiθ + e−iθ

)
=

1

2

(
z +

1

z

)
,

sin θ =
1

2i

(
z − 1

z

)
.
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128 28. APPLICATIONS OF THE RESIDUE THEOREM

So, making these substitutions we get

I =

∫ 2π

0

R(cos θ, sin θ)dθ =

∫
|z|=1

R̃(z)dz, (28.1)

where R̃(z) is a new rational function of z such that

R̃(z) =
1

iz
R

(
z + z−1

2
,
z − z−1

2i

)
=

Pn(z)

Qm(z)

for some polynomials Pn(z), Qm(z). The function R̃(z) is analytic inside C1(0) except
for a finite number of poles {z1, z2, ..., zN}, N ≤ m. By the Residue Theorem,

I = 2πi
N∑
k=1

Res(R̃(z), zk). (28.2)

Remark 28.1. If the function R in (28.1) is real, then so is I. However, the RHS
of (28.2) looks complex. Make sure that in your computations the RHS will eventually
turn into real!

Example 28.2. Compute

I =

∫ 2π

0

dθ

1 + a cos θ
, a ∈ R, |a| < 1. (28.3)

Solution Put z = eiθ. We have

I =

∫
|z|=1

dz

iz
(

1 + a
z+ 1

z

2

) =
2

i

∫
|z|=1

1

az2 + 2z + a︸ ︷︷ ︸
R(z)

dz.

The function R(z) has two simple poles z1, z2 which are the solutions to az2+2z+a = 0.
One has

z1,2 =
−1±

√
1− a2

a
.

Note that

|z2| =
1 +
√

1− a2

|a|
=

1

|a|
+

√
1

a2
− 1 >

1

|a|
> 1.

But, by the Vieta Theorem z1z2 = 1 and hence |z1| = 1
|z2| < 1. Thus only z1 ∈ IntC1(0)

and hence, by the Residue Theorem

Res(R, z1) = Res

(
1

az2 + 2z + a
, z1

)
=

1

2az1 + 2
=

2

2(−1 +
√

1− a2 + 1)
=

1

2
√

1− a2
.

Therefore

I = 2πi
2

i
Res(R, z1) =

2π√
1− a2

.

If you remember, in calculus, evaluation of integrals like (28.3) would take much
more time and space.
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2. Integrals of the type
∫∞
−∞ f(x)dx

The computation of such integrals is based upon

Lemma 28.3. Let f be analytic on C+ \ {zk}nk=1. If there exists ρ > 0, M > 0,
δ > 0 such that

|f(z)| ≤ M

|z|1+δ
∀z ∈ C+, |z| > ρ (28.4)

then

lim
R→∞

∫
C+
R

f(z)dz = 0,

where C+
R := CR(0) ∩ C+ as in Figure 2.

C+
R

R0−R

znz1

z2

Figure 2

Proof. Let R be big enough so that all {zk}nk=1 are inside CR(0). Then∣∣∣∣∣
∫
C+
R

f(z)dz

∣∣∣∣∣ ≤
∫
C+
R

|f(z)||dz|
(28.4)

≤
∫
C+
R

M

|z|1+δ
|dz|

=
M

R1+δ

∫
C+
R

|dz| = M

R1+δ
πR =

πM

Rδ
→ 0 , as R→∞.

�

Example 28.4. f(z) =
1

1 + z4
satisfies the conditions of Lemma 28.3. Indeed, f(z)

has two isolated singularities in C+ and

|f(z)| = 1

|1 + z4|
triangle ineq

≤ 1

|z|4 − 1
=

1

1− |z|−4

1

|z|4
.

Fix ρ = 2 (e.g.) and consider

M := sup
|z|≥2

1

1− |z|−4
= ( inf

|z|≥2
(1− |z|−4))−1

= (1− sup
|z|≥2

|z|−4)−1 = (1− 2−4)−1 =
16

15
> 0.

Thus

|f(z)| ≤ sup
|z|≥2

1

1− |z|−4

1

|z|4
=

M

|z|4
, ∀|z| > 2.
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Definition 28.5. Let f(x) : R → C. A function f(z) : C+ → C is called an
analytic continuation of f(x) into C+ if f(z) is analytic on C+ except for a countable
number of isolated singularities and f(z)|z=x = f(x) ∀x ∈ R.

Example 28.6. Let f(x) =
1

1 + x4
. Consider f(z) =

1

1 + z4
. Notice f(z) has two

poles in C+ and is analytic everywhere else on C+. Moreover

1

1 + z4

∣∣∣∣
z=x

=
1

1 + x4
.

Thus
1

1 + z4
is indeed an analytic continuation of

1

1 + x4
into C+.

Not every f : R → C has an analytic continuation into C+ (we present this fact
without proof).

Theorem 28.7. Let f(x) have an analytic continuation into C+ and its analytic
continuation f(z) satisfies the conditions of Lemma 28.3 and has no poles on R. Then∫

R
f(x)dx = 2πi

n∑
k=1

Res(f, zk) (28.5)

where {zk}nk=1 are the poles of f in C+.

Proof. By condition f(z) is analytic on C+\{zk}Nk=1 and by the Residue Theorem∫
ΓR

f(z)dz = 2πi
N∑
k=1

Res{f(z), zk} (28.6)

where ΓR is as in Figure 3 and R is large enough so that all the poles of f(z) get inside
of ΓR.

ΓR

Figure 3

But

∫
ΓR

=

∫ R

−R
+

∫
C+
R

, where C+
R as in Lemma 28.3. It follows then from (28.6)

that ∫ R

−R
f(x)dx = 2πi

N∑
k=1

Res{f(z), zk} −
∫
C+
R

f(z)dz

Pass now to the limit as R→∞ in this equation and we get∫ ∞
−∞

f(x)dx = 2πi
N∑
k=1

Res{f(z), zk} − lim
R→∞

∫
C+
R

f(z)dz︸ ︷︷ ︸
=0 by Lemma 28.3

.
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and the theorem is proven. �

Example 28.8. Prove that

∫ ∞
−∞

dx

x4 + 1
=
π
√

2

2
.

By Example 28.6,

f(x) =
1

1 + x4

has an analytic continuation into C+, with two poles in C+:

z1 =

√
2

2
(1 + i) = eiπ/4,

z2 =

√
2

2
(−1 + i) = ei3π/4.

By Example 28.4, f(z) satisfies the conditions in Lemma 28.3 and hence∫ ∞
−∞

dx

1 + x4

Thm 28.7
= 2πi

(
Res
z=z1

f + Res
z=z2

f

)
= 2πi

(
1

4z3
1

+
1

4z3
2

)
=
πi

2

(
e−i3π/4 + e−iπ/4

)
=
πi

2

√
2

2
(−1− i+ 1− i) =

π
√

2

2
.

Remark 28.9. C+ is chosen for convenience. All arguments come through for C−
too.

Exercises

Exercise 28.1 Evaluate by residue

∫ π

0

dθ

1 + sin2 θ
.

Exercise 28.2 Show

∫ 2π

0

dθ

a+ b cos2 θ
=

2π
√
a
√
a+ b

for 0 < b < a.

Exercise 28.3 Show

∫ ∞
0

dx

(x2 + 1)3
=

3π

16
.

Exercise 28.4 Show

∫ ∞
−∞

dx

(x2 + 1)(x2 + 4)
=
π

6
.

Exercise 28.5 Show that for any rational function R(z) =
p(z)

q(z)
where deg q−deg p ≥

2, R(z) is subject to the conditions of Lemma 28.3.





LECTURE 29

Applications of the Residue Theorem; Some Integrals of the
Type

∫∞
0 f(x)dx

Consider now the next type of improper integrals which can be done by residues

I =

∫ ∞
0

dx

xα + 1
, α > 1. (29.1)

Use the substitution x = et, t ∈ R. Then

I =

∫ ∞
−∞

etdt

eαt + 1
. (29.2)

The function does admit an analytic continuation into C+, and it has infinitely
many simple poles zk subject to

eαzk + 1 = 0 ⇔ zk =
iπ

α
(2k + 1) = i(2k + 1)a, a =

π

α
, k ∈ Z. (29.3)

All the poles zk are on the imaginary axis and equally spaced. The contour ΓR

we used to evaluate

∫ ∞
−∞

f(x)dx is no longer good and we have to make up something

different.
Choosing a right contour is crucial and the most difficult part of the Residue The-

orem approach to certain definite integrals. Nothing guarantees that this will work at
all.

Consider the contour ΓR as on Figure 1.

−R R

ia

2ia

3ia

γ+
R

ΓR

γ−R

Figure 1
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134 29. APPLICATIONS OF THE RESIDUE THEOREM – CONTINUED

Let f(z) =
ez

eαz + 1
be the analytic continuation of f(t) into C+. By the Residue

Theorem∫
ΓR

f(z)dz = 2πiRes(f, ia) = 2πi
ez

αeαz

∣∣∣∣
z=ia

= 2πi
eia

−α
= −2iaeia. (29.4)

On the other hand ∫
ΓR

=

∫ R

−R︸︷︷︸
I1

+

∫ −R+2ia

R+2ia︸ ︷︷ ︸
I2

+

∫
γ+R︸︷︷︸
I3

+

∫
γ−R︸︷︷︸
I4

. (29.5)

Let’s take care of each integral Ik separately.

I1 =

∫ R

−R

et

eαt + 1
dt −→

R→∞

∫
R

et

eαt + 1
dt = I, (29.6)

where I, again, is our original integral. For I2,

I2 =

∫ −R+2ia

R+2ia

ez

eαz + 1
dz =

∫ −R
R

et+2ia

eα(t+2ia) + 1
dt

= −e2ia

∫ R

−R

et

eαt e2iπ︸︷︷︸
=1

+1
dt = −e2iaI1. (29.7)

As for I3,4, we cannot evaluate them explicitly but we show that they tend to 0 as
R→∞.

I3,4 =

∫
γ±R

f(z)dz = ±
∫ ±R+2ia

±R

ez

eαz + 1
dz = ±

∫ 2a

0

e±R+iy

eα(±R+iy) + 1
idy

⇒ |I3,4|
triangle ineq

≤
∫ 2a

0

e±R

|e±αReiαy + 1|
dy

triangle ineq

≤
∫ 2a

0

e±R

|e±αR − 1|
dy

=
2a

|e±(α−1)R − e∓R|
−→0, R→∞. (29.8)

Combining (29.4), (29.5), (29.7) we have

−2iaeia =
(
1− e2ia

)
I1 + I3 + I4.

But as R→∞, I1 → I by (29.6), and I3,4 → 0 by (29.8). Hence

−2iaeia =
(
1− e2ia

)
I

and

I =
2iaeia

e2ia − 1
=

2i

eia − e−ia
a =

a

sin a
.

Recalling that a =
π

α
we get∫ ∞

0

dx

xα + 1
=

π

α sin π
α

. (29.9)

Done!
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Exercises

Exercise 29.1 If n,m ∈ N and n ≤ 2m− 2, show that∫
R

xndx

1 + x2m
=

(1 + (−1)n) π

2m sin
π

2m
(n+ 1)

.

Exercise 29.2 The Fourier transform of a function f such that

∫
|f(x)|2 dx converges

is defined by the following:

f̂(λ) =
1√
2π

∫
R
e−iλxf(x)dx.

Evaluate the Fourier transform of the function f(x) = α2 sech2(αx) where
α 6= 0.

Exercise 29.3 Prove (29.9) for α = 3 using the contour in Figure 2.

2π
3

Figure 2

Exercise 29.4 Show that if 0 < α < 1 then∫ ∞
0

xα

(x+ 1)2
dx =

πα

sin πα
.





LECTURE 30

The Art of Contour Integration: Integrals of the Type∫∞
−∞ e

iaxf(x)dx and Jordan’s Lemma

Integrals of the form

∫ ∞
−∞

eiaxf(x)dx are particularly common in physics and en-

gineering due to their connection to Fourier Analysis which is at the core of applied
analysis. Evaluation of such integrals is based upon the following famous lemma.

Lemma 30.1 (Jordan’s Lemma). Let f(z) be analytic on C+ \ {zk}nk=1 and suppose

lim
R→∞

sup
0≤θ≤π

|f(Reiθ)| = 0. (30.1)

If a > 0 then

lim
R→∞

∫
C+
R

eiazf(z)dz = 0 (30.2)

where C+
R = CR(0) ∩ C+.

Proof. Set z = Reiθ = R(cos θ + i sin θ). Then∫
C+
R

eiazf(z)dz = iR

∫ π

0

eiaR cos θ−aR sin θf(Reiθ)eiθdθ.

By the triangle inequality∣∣∣∣∣
∫
C+
R

eiazf(z)dz

∣∣∣∣∣ ≤ R

∫ π

0

e−aR sin θ|f(Reiθ)|dθ

≤ sup
0≤θ≤π

|f(Reiθ)|R
∫ π

0

e−aRsinθdθ︸ ︷︷ ︸
=IR

. (30.3)

Consider IR. We can see in Figure 1 that sin θ ≥ 2

π
θ for all 0 ≤ θ ≤ π/2. We also

have ∫ π

0

e−aR sin θdθ = 2

∫ π/2

0

e−aR sin θdθ.

Therefore

IR = 2R

∫ π/2

0

e−aR sin θdθ ≤ 2R

∫ π/2

0

e−
2
π
aRθdθ

= 2R
1

− 2
π
aR

e−
2
π
aRθ
∣∣∣π/2
0

=
π

a
(1− e−aR) ≤ π

a
. (30.4)
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2
π
θ

0 π
2

1

sin θ

Figure 1

Combining (30.3) and (30.4) we get∣∣∣ ∫
C+
R

eiazf(z)dz
∣∣∣ ≤ π

a
sup

0≤θ≤π
|f(Reiθ)|︸ ︷︷ ︸

→0, R→∞ by (30.2)

. �

Notice that Jordan’s Lemma looks very similar to Lemma 28.3. The difference is
the rate of decay of f(z) as z →∞ for z ∈ C+. Recall that we require:
in Lemma 28.3

|R| sup
0≤θ≤π

|f
(
Reiθ

)
| → 0, R→∞,

and in Lemma 30.1

sup
0≤θ≤π

|f(Reiθ)| → 0, R→∞.

The reason for the different requirements on the rate of decay is the additional
factor eiaz in (30.2). Notice that if a > 0 and z → ∞ along any ray Reiθ in C+

different from R±, then eiaz = e−aR sin θ+iaR cos θ decays rapidly. If z → ±∞ along R±
respectively, then eiaz shows oscillatory behaviour. In other words, it is the decay of

eiaz in C+ and oscillations in R that ensure (30.2) happens while

∫
C+
R

|f(z)|dz may

blow up. We now apply Jordan’s Lemma to evaluate a broad class of the so-called
Fourier integrals.

Theorem 30.2. Suppose f(x) is continuous on R and admits an analytic contin-
uation f(z) into C+. If f(z) is subject to the conditions in Jordan’s Lemma, then the
improper integral (a > 0)

lim
R→∞

∫ R

−R
eiaxf(x)dx =

∫
R
eiaxf(x)dx



EXERCISES 139

converges and ∫
R
eiaxf(x)dx = 2πi

n∑
k=1

Res{eiazf(z), zk}

where {zk}nk=1 are the poles of f(z) in C+.

The proof is left as an exercise.

Remark 30.3. The assumption of continuity of f(x) can be relaxed, but it is not
our objective to deal with this in this lecture. One particularly important case where
f(x) is discontinuous will be covered in the next lecture.

Remark 30.4. If a < 0 then one can derive a similar theorem using f in C− or
using complex conjugates. The proof is left as an exercise.

Example 30.5. Evaluate

I :=

∫
R

cos ax

x2 + b2
dx ; a, b > 0.

Solution Since cos ax = Re eiax

I =

∫
R

Re eiax

x2 + b2
dx = Re

∫
R

eiax

x2 + b2
dx.

Observe that the function f(x) =
1

x2 + b2
is continuous and its analytic continua-

tion f(z) =
1

z2 + b2
satisfies the conditions of Jordan’s Lemma. By Theorem 30.2 we

have

I = Re

(
2πiRes

( eiaz

z2 + b2
, ib
))

= Re

(
2πi

e−ab

2ib

)
=
π

b
e−ab.

Thus,

I =

∫
R

cos ax

x2 + b2
dx =

π

b
e−ab.

Exercises

Exercise 30.1 Prove Theorem 30.2.

Exercise 30.2 Show the following
(1) Let a < 0. If f(z) is analytic in C− \ {zk}nk=1 and

lim
R→∞

sup
−π≤θ≤0

∣∣f(Reiθ)
∣∣ = 0

then

lim
R→∞

∫
C−R

eiazf(z)dz = 0

where C−R = CR(0) ∩ C−.
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(2) If f satisfies the conditions above then for any a < 0∫
R
eiaxf(x)dx = 2πi

n∑
k=1

Res
{
eiazf(z), zk

}
where {zk}Nk=1 are the poles in C−.

(3) Alternately use Theorem 30.2 to derive another formula for the case a < 0.

Exercise 30.3 Evaluate ∫
R

x sin ax

x2 + b2
dx.

Exercise 30.4 Show that ∫
R

cosx

(x2 + 1)2
dx =

π

e
and use this result to derive a formula for∫

R

cos x
a

(x2 + a2)2
dx , a > 0.
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The Art of Contour Integration: Fresnel Integrals, Indented
Contours

1. Fresnel Integrals

In this subsection we are concerned with computing two more integrals (a ∈ R):

F1(a) =

∫ ∞
0

cos(ax2)dx, (31.1)

F2(a) =

∫ ∞
0

sin(ax2)dx. (31.2)

These integrals were introduced by the French mathematician and physicist Fresnel
in the connection with diffraction theory. Integrals (31.1) and (31.2) are now referred
to as the Fresnel integrals.

Without loss of generality we may assume a > 0 and then, substituting
√
ax → x

in (31.1) and (31.2), we have

F1(a) =
1√
a

∫ ∞
0

cosx2dx, (31.3)

F2(a) =
1√
a

∫ ∞
0

sinx2dx. (31.4)

Note that the integrals on the right-hand side of (31.3) and (31.4) no longer depend
on a.

The question on everyone’s mind should be why integrals (31.1) and (31.2) converge.
The sin and cos functions don’t decay at infinity! But the Fresnel integrals do converge.
It happens due to the rapid oscillation of cos x2 and sinx2 as x→∞, but convergence
is very difficult (if not impossible) to prove without contour integration.

We now introduce the contour integral

I :=

∫
C

eiz
2

dz

where C is as in Figure 1.
Since eiz

2
is analytic on IntC, Cauchy’s Theorem gives us

0 = I =

∫
C1

eiz
2

dz +

∫
C2

eiz
2

dz +

∫
C3

eiz
2

dz

=

∫ R

0

eix
2

dx+

∫ π
4

0

ei(Re
iθ)2iReiθdθ +

∫ 0

R

ei(xe
i π4 )2ei

π
4 dx.

141
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R

π
4

C1

C2

C

C3

Figure 1

Equivalently, we have

0 =

∫ R

0

eix
2

dx+ iR

∫ π
4

0

e−R
2 sin 2θ+iR2 cos 2θeiθdθ − ei

π
4

∫ R

0

e−x
2

dx. (31.5)

Since

lim
R→∞

∫ R

0

e−x
2

dx =

√
π

2
,

it follows from (31.5) that

lim
R→∞

∫ R

0

eix
2

dx =

√
π

2
e
iπ
4 − lim

R→∞
iR

∫ π
4

0

e−R
2 sin 2θ+iR2 cos 2θeiθdθ︸ ︷︷ ︸

:=IR

. (31.6)

We will now show that IR → 0 as R → ∞. Indeed, since sin 2θ ≥ 4

π
θ (recall from

the proof of Jordan’s lemma), we have

|IR| ≤ R

∫ π
4

0

e−R
2 sin 2θdθ ≤ R

∫ π
4

0

e−
4
π
R2θdθ = Rπ

1− e−R2

4R2
≤ π

4R
.

Thus, lim
R→∞

|IR| = 0, and so (31.6) yields

lim
R→∞

∫ R

0

eix
2

dx =

√
π

2
ei
π
4 =

√
π

2

1 + i√
2

=
1

2

√
π

2
(1 + i). (31.7)

But ∫ R

0

eix
2

dx =

∫ R

0

cosx2dx+ i

∫ R

0

sinx2dx

and hence (31.7) implies

lim
R→∞

∫ R

0

sinx2dx = lim
R→∞

∫ R

0

cosx2dx =
1

2

√
π

2

and consequently

F1(a) = F2(a) =
1

2

√
π

2a
. (31.8)
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Remark 31.1. What we actually have shown is that∫
R+

eiz
2

dz =

∫
Rπ

4

eiz
2

dz (31.9)

where Rπ
4

is, as before, the rotation of R+ by
π

4
. The integral on the right-hand side

of (31.9), in turn, can be reduced to the Gauss integral

∫ ∞
0

e−x
2

dx.

2. Indented Contours

In this subsection we consider an important Fourier integral∫
R
eiaxf(x)dx , a > 0, (31.10)

where f(x) has a singularity on R. We restrict ourselves to f(x) =
1

x
.

Consider the contour integral

I :=

∫
C

eiaz

z
dz

where C is as in Figure 2.

−C+
ε

C+
R

C

−ε ε R−R 0

Figure 2

Note that
1

x
does not satisfy Theorem 30.2 as

1

z
has a simple pole on R. To avoid

0 we have to make an indentation Cε on our contour. Now
1

z
is analytic on IntC and

hence, by the Cauchy Theorem, we have

0 =


∫
C+
R︸︷︷︸

I1

−
∫
C+
ε︸︷︷︸

I2

+

∫
(−R,R)\[−ε,ε]︸ ︷︷ ︸

I3

 eiaz

z
dz. (31.11)
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Since
1

z
is subject to Jordan’s Lemma we have that

I1 → 0, R→∞. (31.12)

For I2, one has

I2 =

∫
C+
ε

eiaz

z
dz =

∫ π

0

eiaε(cos θ+i sin θ)

εeiθ
iεeiθdθ

= i

∫ π

0

eiaε(cos θ+i sin θ)dθ.

This integral cannot be explicitly computed for ε > 0, but

I2 → iπ , ε→ 0. (31.13)

The proof of this limit is left as an exercise. From (31.10) we have∫
(−R,R)\[−ε,ε]

eiax

x
dx = I2 − I1 (31.14)

and taking the limit of (31.14) as R→∞ and ε→ 0, we have

lim
R→∞
ε→0

(∫ −ε
−R

+

∫ R

ε

)
eiax

x
dx = lim

ε→0
I2 − lim

R→∞
I1 = iπ. (31.15)

The limit on the LHS of (31.15) is, by definition, the Cauchy principal value of∫ ∞
−∞

eiax

x
dx and is typically denoted V.P.

∫ ∞
−∞

f . Thus (31.15) implies

V.P.

∫
R

eiax

x
dx = iπ , a > 0. (31.16)

If a < 0 then taking the complex conjugate of (31.16) one has

V.P.

∫
R

eiax

x
dx = −iπ , a < 0. (31.17)

Equations (31.16) and (31.17) imply

V.P.

∫
R

eiax

x
dx = iπ sgn a (31.18)

V.P.

∫ ∞
0

sin ax

x
dx =

π

2
sgn a. (31.19)

Note that the integrals in (31.18) and (31.19) depend on the sign of a but not its
value. The integral in (31.19) is understood as follows:

V.P.

∫ ∞
0

f = lim
R→∞
ε→0

∫ R

ε

f.
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Exercises

Exercise 31.1 Prove that for all a > 0

lim
ε→0

∫
C+
ε

eiaz

z
dz = iπ.

Exercise 31.2 Show that

V.P.

∫
R

1− cosx

x2
dx = π.

Exercise 31.3 Show that

V.P.

∫
R

sin ax

x− b
dx = π sgn a cos ab.





LECTURE 32

The Art of Contour Integration: Integration Involving Branch
Cuts

In this lecture we will be concerned with integrals involving root functions.
As in certain cases before, we are able to derive a general formula for integrals of

the type:

∫ ∞
0

xαf(x)dx for 0 < |α| < 1. But first we introduce a new concept:

Definition 32.1. A function f(z) is called meromorphic if f is analytic on the
whole of C except for poles.

We have seen many meromorphic functions before. A rational function is meromor-
phic with a finite number of poles. tan z, cot z are meromorphic with infinitely many
simple poles. The function e

1
z is not meromorphic as 0 is not a pole, but instead an

essential singularity.

Definition 32.2. Let f(x) be a function defined on an interval (a, b). We say that
f admits a meromorphic continuation into C if there is a meromorphic function f(z)
such that f(z)|(a,b) = f(x).

An example is tanx =
sinx

cosx
which admits a meromorphic continuation into C

where tan z =
sin z

cos z
is its meromorphic continuation. Another example is the function

1

x2 + 1
which admits a meromorphic continuation

1

z2 + 1
. On the other hand, the

function
√
x, x ∈ R, does not admit a meromorphic continuation as

√
z, because

√
z

cannot be defined as analytic on the whole of C (only on C with a suitable branch cut.)
For any α ∈ R we define zα as

zα
def
= expα log z

with a sensible choice for the branch cut for log z. E.g. we take the principal branch
of log z, i.e. define log z on C \ R+ by

log z
def
= log |z|+ i arg z, arg z ∈ [0, 2π)

then zα will be defined on C \ R+ by

zα = eα(log |z|+i arg z) = |z|αeiα arg z, 0 ≤ arg z < 2π. (32.1)

Note that if α ∈ Z then the necessity of the branch cut disappears as

eiα·0 = eiα·2π,∀α ∈ Z.
147
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This, of course, no longer holds when α = 1/n, n = 2, 3, . . . Definition 32.2 turns
into Definition 9.1 from Lecture 9.

Similarly to (32.1), one can define zα on C \ R− or any other ray Rθ.

Proposition 32.3. Let a function f(x), x ∈ R+, have a meromorphic continuation
f(z). Assume f(z) has a finite number of poles {zk}nk=1, zk /∈ R+, and zf(z) has a
removable singularity at ∞. Then for any α ∈ (0, 1)∫ ∞

0

x−αf(x)dx =
2πi

1− e−2πiα

n∑
k=1

Res{z−αf(z), zk} (32.2)

where zα is defined on C \ R+.

Proof. Introduce a new function ϕ(z) = z−αf(z) where z−α is defined on C \R+

by (32.1). The function ϕ(z) is then analytic on C \ R+ except at a finite number of

poles {zk}nk=1. Consider the integral

∫
C

ϕ(z)dz where C is as in Figure 1.

Rγ+

CR
C

γ−−Cε

z1
z2

zn

Figure 1

We have, by the Residue Theorem, for R large enough to include all zk

2πi
n∑
k=1

Res(ϕ, zk) =


∫
CR︸︷︷︸
I1

+

∫
−Cε︸︷︷︸
I2

+

∫
γ+︸︷︷︸
I3

+

∫
γ−︸︷︷︸
I4

ϕ(z)dz. (32.3)

As before, we take care of each Ik separately. By the conditions of the proposition
we known that zf(z) has a removable singularity at ∞. I.e. lim

z→∞
zf(z) exists and

hence there exists M > 0 such that |zf(z)| ≤M for any |z| = R. Hence for all z ∈ CR

|ϕ(z)| = |z−α||f(z)| ≤ |z|−α · M
|z|

=
M

R1+α
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and therefore

|I1| ≤
∫
CR

|ϕ(z)||dz| ≤ M

R1+α
2πR =

2πM

Rα
→ 0 as R→∞. (32.4)

For I2 we have

|I2| ≤
∫
Cε

|ϕ(z)||dz| =
∫
Cε

|z|−α|f(z)||dz|

≤ sup
|z|=ε
|f(z)|︸ ︷︷ ︸

bounded as 0 is not a pole

· 2πεε−α︸ ︷︷ ︸
=2πε1−α

→ 0 as ε→ 0. (32.5)

For I3, we have I3 =

∫ R

ε

x−αf(x)dx. Now evaluate I4. If z ∈ γ− then z = xe2πi, x >

0 and by (32.1) z−α = x−αe−2πiα. Therefore

I4 =

∫
γ−

z−αf(z)dz =

∫ ε

R

x−αe−2πiαf(x)dx = −e−2πiα

∫ R

ε

x−αf(x)dx︸ ︷︷ ︸
I3

= −e−2πiαI3.

Now

I3 + I4 = (1− e−2πiα)I3 = (1− e−2πiα)

∫ R

ε

x−αf(x)dx. (32.6)

One the other hand, from (32.3)

I3 + I4 = 2πi
n∑
k=1

Res(ϕ, zk)− I1 − I2. (32.7)

Combining (32.6) and (32.7) yields

∫ R

ε

x−αf(x)dx =
1

1− e−2πiα

(
2πi

n∑
k=1

Res(ϕ, zk)− I1 − I2

)
. (32.8)

Taking (32.8) to the limit as R → ∞, ε → 0, by (32.5) and (32.6) we finally have
(32.2).

�

Example 32.4. Evaluate I =

∫ ∞
0

dx

xα(x+ 1)
, 0 < α < 1

Note that
1

x+ 1
, x ≥ 0 has a meromorphic continuation into C with one simple pole at

z = −1. Also lim
z→∞

z

z + 1
= 1 and hence we are in the conditions of Proposition 32.3
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and by (32.2)

I =
2πi

1− e−2πiα

1

(−1)α
=

2πi

1− e−2πiα

1

eiπα

=
2πi

eiπα − e−iπα
=

π

sinπα
.

The following proposition is also useful.

Proposition 32.5. Let a function f(x), x ∈ R+ have a meromorphic continuation
f(z). Assume f(z) has a finite number of poles {zk}nk=1 which are not on R+ and
z2f(z) has a removable singularity at ∞. Then for any α ∈ (0, 1)∫ ∞

0

xαf(x)dx =
2πi

1− e2πiα

n∑
k=1

Res{zαf(z), zk}. (32.9)

The proof is left as an exercise.

Exercises

Exercise 32.1 Prove Proposition 32.5.

Exercise 32.2 Show that if α ∈ (−1, 1) then∫ ∞
0

xα

(x+ 1)2
dx =

πα

sin πα
.

Exercise 32.3 Show that for any α ∈ (0, 1)∫ 1

0

xα−1

(1− x)α
dx =

π

sinπα
.

(Hint: Use the substitution y =
x

1− x
)



LECTURE 33

The Art of Contour Integration: Integrals of the Type∫∞
0 f(x) log xdx

In this lecture we derive a general formula for integrals of the type

∫ ∞
0

f(x) log xdx.

Proposition 33.1. Let f(x) be an even function which admits an analytic contin-
uation into C+. Assume that f(z) has finitely many poles {zk}nk=1 in C+, no poles on
R, and for sufficiently large R > 0 there exist M, δ > 0 such that

|f(z)| ≤ M

|z|1+δ
, ∀z : |z| ≥ R. (33.1)

Then

I :=

∫ ∞
0

f(x) log xdx = πi
n∑
k=1

Res

{
f(z)

(
log z − iπ

2

)
, zk

}
. (33.2)

Proof. We first introduce the function ϕ(z) = f(z) log z, z ∈ C+, where log z is

defined on C \ R+. Consider the integral

∫
C

ϕ(z)dz where C is as in Figure 1.

−C+
ε

C+
R

C

−ε ε R−R 0

Figure 1

By the Residue Theorem,

2πi
n∑
k=1

Res(ϕ, zk) =

∫
C

ϕ(z)dz =


∫
C+
R︸︷︷︸

:=I1

+

∫
−C+

ε︸ ︷︷ ︸
:=I2

+

∫ R

ε︸︷︷︸
:=I3

+

∫ −ε
−R︸︷︷︸

:=I4

ϕ(z)dz. (33.3)
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For I1 we have

|I1| ≤
∫
C+
R

|f(z)|| log z||dz| =
∫ π

0

∣∣f(Reiθ)
∣∣ | logR + iθ|Rdθ

≤
∫ π

0

M

R1+δ
(logR + π)Rdθ ≤ πM(logR + π)

Rδ

L’Hôpital−→ 0 , R→∞. (33.4)

For I2 one obtains

|I2| → 0 , ε→ 0. (33.5)

The proof of (33.5) is left as an exercise.
For I3,

I3 =

∫ R

ε

f(x) log xdx→ I , R→∞, ε→ 0. (33.6)

Now all that remains is to consider I4. On (−R,−ε), z = xeiπ where x > 0, so we
have

ϕ(z) = ϕ(xeiπ) = f(−x) log(xeiπ)
f is even

= f(x)(log x+ iπ).

Thus

I4 =

∫ −ε
−R

ϕ(z)dz =

∫ R

ε

f(x)(log x+ iπ)dx = I3 + iπ

∫ R

ε

f(x)dx. (33.7)

Since we have required f(z) to have no poles on R and f(x) is even, we have

lim
R→∞
ε→0

∫ R

ε

f(x)dx =

∫ ∞
0

f(x)dx =
1

2

∫
R
f(x)dx. (33.8)

But f satisfies (33.1) and so

∫
R
f(x)dx was evaluated in Theorem 28.7:∫

R
f(x)dx = 2πi

n∑
k=1

Res(f, zk). (33.9)

Now by (33.6) and (33.7),

I3 + I4 = 2I3 + iπ

∫ R

ε

f(x)dx (33.10)

and hence we have

lim
R→∞
ε→0

(I3 + I4) = 2 lim
R→∞
ε→0

∫ R

ε

f(x) log xdx+ iπ lim
R→∞
ε→0

∫ R

ε

f(x)dx

(33.9)
= 2

∫ ∞
0

f(x) log xdx+ (iπ)2

n∑
k=1

Res(f, zk).

Thus

I3 + I4 → 2I + (iπ)2

n∑
k=1

Res(f, zk) , R→∞, ε→ 0. (33.11)
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We now go back to (33.3) and let R→∞, ε→ 0. By virtue of (33.4), (33.5), and
(33.11),

2πi
n∑
k=1

Res(f(z) log z, zk) = 2I + (iπ)2

n∑
k=1

Res(f, zk). (33.12)

Solving for I we arrive at (33.2). �

Example 33.2. Evaluate

I =

∫ ∞
0

log x

1 + x2
dx.

Note that f(x) :=
1

1 + x2
satisfies (33.1) and has one pole in C+ at i. Thus, by

(33.2)

I = πiRes

{
1

1 + z2

(
log z − iπ

2

)
, i

}
= πi

log i− iπ
2

2i
= 0.

Exercises

Exercise 33.1 Prove (33.5).

Exercise 33.2 Show that ∫ ∞
0

log2 x

x2 + 1
dx =

π3

8
.

Exercise 33.3 Prove that∫ 1

0

log2 x

x2 + 1
dx =

∫ ∞
1

log2 x

x2 + 1
dx =

π3

16
.





LECTURE 34

The Art of Contour Integration: Integrals of the Type∫ 1

0 x
α−1(1− x)−αf(x)dx

The main obstacle here to evaluating integrals of the type

∫ 1

0

zα−1(1− z)−αf(z)dz

is making a suitable branch cut in order to define zα−1(1− z)−α.

Proposition 34.1. Let a function f(x), x ∈ (0, 1), have a meromorphic continua-
tion f(z). Assume f(z) has a finite number of poles {zk}nk=1 such that zk /∈ [0, 1], and
f(z) has a removable singularity at ∞. Then for any α ∈ (0, 1)

I :=

∫ 1

0

xα−1

(1− x)α
f(x)dx =

πf(∞)

sin πα
+

2πi

1− e2πiα

n∑
k=1

Res
{ zα−1

(1− z)α
f(z), zk

}
. (34.1)

Proof. We introduce a new function

ϕ(z) =

(
z

1− z

)α
f(z)

z
.

The main issue is how to define

(
z

1− z

)α
, which in turn will determine our choice

of the contour C.
Let’s define zα on C \ R+ the same way as in Lecture 32:

zα = |z|αeiαθ1 , θ1 := arg z ∈ [0, 2π). (34.2)

Similarly, define (1− z)α on C \ [1,∞) by

(1− z)α = |1− z|αeiαθ2 , θ2 := arg(1− z) ∈ [−π, π).

We now define ( z

1− z

)α
=

zα

(1− z)α
=
∣∣∣ z

1− z

∣∣∣αeiα(θ1−θ2) (34.3)

We show that

(
z

1− z

)α
defined by (34.3) is analytic on C \ [0, 1]. One can easily

see that
( z

1− z

)α
is analytic on at least C\R+ and hence it’s left to demonstrate that(

z

1− z

)α
is continuous across (1,∞). To this end let’s go around the origin along the

circle Cr(0), r > 1 as in Figure 1(a) and Figure 1(b).
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0 1

z

1− z

−r r
θ2

θ1

θ1 − θ2

(a) z ∈ C+, 0 ≤ θ1 ≤ π, θ2 < 0

1

z

1− z

−r r

θ2θ1

θ1 − θ2

(b) z ∈ C−, π < θ1 < 2π, θ2 > 0

Figure 1

Now consider the exponential eiα(θ1−θ2) on the right hand side of (34.3) as a function
of arg z where arg z ∈ [0, 2π). One can easily draw a graph of θ1 − θ2 as a function of
arg z. For your convenience we have included this picture in Figure 2.

arg z = θ1
0

π

2π

π 2π

θ1 − θ2

Figure 2

It follows from Figure 2 that eiα(θ1−θ2) is a continuous function of arg z having the

same value at 0 and 2π. (So called continuous on the circle). Therefore,
( z

1− z

)α
is

analytic on C \ [0, 1].

We now evaluate

(
z

1− z

)α
on the upper (lower) γ+ (γ−) bank of the branch cut

[0, 1]. Now look at Figure 3.
Consider as above the exponent eiα(θ1−θ2) on the right hand side of (34.3) as a

function of z running along Cr(0) with some r < 1. (Recall, in our previous case we
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0 1

z

1− z

−r r θ2

θ1

θ1 − θ2

γ−

γ+

Figure 3

chose r > 1.) The graph of θ1 − θ2 as a function of arg z ∈ [0, 2π) is given in Figure 4.
(Before reading on make sure that you understand this graph.)

arg z = θ1
0

π

2π

π 2π

θ1 − θ2

Figure 4

It follows from Figure 4 that eiα(θ1−θ2) is no longer continuous on the unit circle
since

eiα(θ1−θ2)
∣∣∣
γ+

= eiα0 = 1

and

eiα(θ1−θ2)
∣∣∣
γ−

= e2iαπ 6= 1.

Hence eiα(θ1−θ2) has a jump discontinuity across [0, 1].
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Thus, by (34.3),

z = xei0 ∈ γ+ =⇒
( z

1− z

)α
=
( x

1− x

)α
(34.4)

z = xe2πi ∈ γ− =⇒
( z

1− z

)α
=
( x

1− x

)α
e2πiα. (34.5)

Note that (34.4) and (34.5) show that
( z

1− z

)α
is discontinuous across the branch

cut [0, 1].

We have now defined

(
z

1− z

)α
as an analytic function on C \ [0, 1] and are ready

to construct our contour C.

R
−Cε(0) γ+ −Cε(1)

γ−

CR

C

z1

z2

zn

Figure 5

Take C as in Figure 5 and form the integral∫
C

ϕ(z)dz.

We choose R large enough to enclose all the poles {zk}nk=1. By the Residue Theorem

2πi
n∑
k=1

Res(ϕ, zk) =

∫
C

ϕ(z)dz =

(∫
CR

−
∫
Cε(0)

−
∫
Cε(1)

+

∫
γ+

+

∫
γ−

)
ϕ(z)dz

= I1 − I2 − I3 + I4 + I5. (34.6)

As opposed to all of our previous integrals I1 6→ 0 as R → ∞, but it can be
evaluated explicitly. Indeed ϕ(z) is analytic on ExtCR and hence by Theorem 26.14
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we have ∫
CR

ϕ(z)dz = −2πiRes(ϕ,∞) = 2πia−1

where a−1 is the corresponding Laurent coefficient.
We now find a−1 explicitly. We have

lim
z→∞

(
z

1− z

)α
= (−1)α = eαπi (34.7)

and hence

a−1 = lim
z→∞

zϕ(z) = lim
z→∞

(
z

1− z

)α
f(z)

= lim
z→∞

(
z

1− z

)α
︸ ︷︷ ︸

=eαπi by (34.7)

· lim
z→∞

f(z)︸ ︷︷ ︸
=f(∞) by assumption

= eαπif(∞).

Thus,
I1 = 2πif(∞)eπiα. (34.8)

Next, one can easily see that (though the details are left as an exercise) that

lim
ε→0

I2 = lim
ε→0

I3 = 0. (34.9)

For I4 we have

I4 =

∫
γ+

1

z

( z

1− z

)α
f(z)dz

(34.5)
=

∫ 1−ε

ε

1

x

( x

1− x

)αf(x)

x
dx

=

∫ 1−ε

ε

xα−1

(1− x)α
f(x)dx → I, as ε→ 0. (34.10)

For I5 we have

I5 =

∫
γ−

1

z

( z

1− z

)α
f(z)dz

(34.5)
=

∫ ε

1−ε

1

x

( x

1− x

)α
e2πiαf(x)dx

= −e2πiα

∫ 1−ε

ε

xα−1

(1− x)α
f(x)dx → −e2πiαI as ε→ 0. (34.11)

Taking ε→ 0 in (34.6) (Note that R doesn’t have to go to ∞!) and using (34.8) -
(34.11) we get

2πi
n∑
k−1

Res(ϕ, zk) = 2πif(∞)eπiα + I − e2πiαI

= 2πif(∞)eπiα + (1− e2πiα)I.

Solving for I,

I =
πf(∞)

sin πα
+

2πi

1− e2πiα

n∑
k=1

Res(ϕ, zk)
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and (34.1) follows. �

Example 34.2. If α ∈ (0, 1) then

I =

∫ 1

0

xα−1(1− x)−αdx =
π

sin πα
.

Remark 34.3. Example 34.2 was offered before as an exercise. As a matter of fact
the I in Proposition 34.1 could be reduced to∫ ∞

0

f(x)

xα
dx, 0 < α < 1,

which was evaluated before. However, it’s generally not a good idea to approach this
problem in this manner.

Exercises

Exercise 34.1 Prove (34.9), i.e. that lim
ε→0

I2 = lim
ε→0

I3 = 0.

Exercise 34.2 The beta function of two variables p, q is defined as

B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt.

Show that
B(p, 1− p) =

π

sin pπ
, 0 < p < 1.



LECTURE 35

Logarithmic Residue And The Argument Principle

In this lecture we apply the Residue Theorem to counting zeros and poles of analytic
functions.

1. Logarithmic Residue

Definition 35.1. Let f(z) be analytic on some neighborhood of z0 and f(z0) = 0.
We say that z0 is an m order zero of f(z) if

f(z0) = f ′(z0) = · · · = f (m−1)(z0) = 0

but f (m)(z0) 6= 0. The number m is called the multiplicity of z0.

In parallel to the definition of isolated singularity, we say that z0 is an isolated zero
of f(z) if there is a δ > 0 such that for all z ∈ D̊δ(z0) then f(z) 6= 0.

Proposition 35.2. Assume f(z) is analytic on E and z0 ∈ E is a zero of f . Then

(1) z0 has finite multiplicity.
(2) f(z) = (z − z0)mϕ(z) where ϕ is analytic at z0 and ϕ(z0) 6= 0.

The proof is left as an exercise.

Remark 35.3. Proposition 35.2 says that there is a big difference between zeros of
analytic functions and non-analytic functions. Indeed, consider the real function:

∀x ∈ R : f(x) =

{
e−

1
x2 , x 6= 0

0, x = 0.
(35.1)

One can show (do it!) that x = 0 is a removable point of discontinuity of f (n)(x)
for all n ∈ N. Thus 0 is a zero of infinite multiplicity of f(x). By Proposition 35.2
this never happens to zeros of analytic functions.

Definition 35.4. Let f be analytic. Then

f ′(z)/f(z)

is called the logarithmic derivative.

Here is a simple but important Lemma.

Lemma 35.5 (The Logarithmic Residue Lemma). Let f(z) be analytic on some

D̊δ(z0)(i.e. it is analytic on some neighborhood of z0.) Then

(1) z0 is an order m zero ⇒ Res(f ′(z)/f(z), z0) = m
(2) z0 is an order p pole ⇒ Res(f ′(z)/f(z), z0) = −p

161



162 35. LOGARITHMIC RESIDUE AND THE ARGUMENT PRINCIPLE

(3) z0 is a removable singularity ⇒ Res(f ′(z)/f(z), z0) = 0.

Proof.

(1) By Proposition 35.2 we have f(z) = (z − z0)mϕ(z) with ϕ(z) analytic at z0

and ϕ(z0) 6= 0, then

f ′(z)

f(z)
=
m(z − z0)m−1ϕ(z) + (z − z0)mϕ′(z)

(z − z0)mϕ(z)
=

m

z − z0

+
ϕ′(z)

ϕ(z)
. (35.2)

Since ϕ(z0) 6= 0 there exists δ : ϕ(z) 6= 0 for all z ∈ Dδ(z0), the function
ϕ′(z)/ϕ(z) is analytic on Dδ(z0). It follows from (35.2) then z0 is a simple pole
of f ′(z)/f(z) with residue m. Part (1) has now been proved.

(2) Similarly to part (1), by Theorem 26.3 we have f(z) = (z − z0)−pϕ(z) with
ϕ(z) analytic at z0 and ϕ(z0) 6= 0 and

f ′(z)

f(z)
=
−p

z − z0

+
ϕ′(z)

ϕ(z)

and part (2) follows.
(3) Is trivial since we can think of a removable singularity as a pole of order zero.

�

Corollary 35.6 (The Counting Principle). Let f be analytic on E except for poles
and C be a closed simple contour in E with no zeros or poles on it. If C encloses n
zeros and p poles of f then

1

2πi

∫
C

f ′(z)

f(z)
dz = N − P (35.3)

where

N =
n∑
k=1

mk, P =

p∑
k=1

pk

and mk(pk) is, in turn, the order of the kth zero (kth pole) in IntC.

The proof will be left as an exercise.

2. The Argument Principle

Let f(z) be a continuous function on a contour Cz0z1 and f(z) 6= 0 on Cz0z1 (i.e.
f(z) has no zeros on Cz0z1). One can write f(z) in exponential form

f(z) = |f(z)|eiθ(z). (35.4)

Since f(z) is continuous we can choose the function θ(z) to be continuous on Cz0z1 .
Set

Var argCz0z1 f
def
= θ(z1)− θ(z0)

which is called the variation of the argument of f along Cz0z1 .
One can easily see that Var arg does not depend on the choice of θ(z) and is deter-

mined by the function and contour.
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Example 35.7. Let f(z) = z3 and C1,−1 = C+
1 (0). Then

f(z) = |z3|︸︷︷︸
=1

eiθ(z) = eiθ(z), z ∈ C1,−1.

Choose θ(1) = 0. Then

θ(z) = 3 arg z, arg z ∈ [0, 2π) (35.5)

and hence θ(−1) = 3 arg(−1) = 3π. Thus,

Var argC1,−1
z3 = θ(−1)− θ(1) = 3π.

Example 35.8. Let f(z) = z3 and

(1) C = C1(0). Then by (35.5)

Var argC1(0) z
3 = 6π,

which means that f(C1(0)) is a contour (not simple) going around 0 three
times.

(2) C = C1(2). Then to make θ(z) continuous we let arg z ∈ [−π, π). We have

Var argC1(2) z
3 = 0.

(Draw a picture and see it for yourself.)

Lemma 35.9. Let f1, f2 be analytic on a simple contour C and f1, f2 have no zeros
on C. Then

(1)
Var argC f1f2 = Var argC f1 + Var argC f2

(2)

Var argC

(
f1

f2

)
= Var argC f1 − Var argC f2.

The proof will be left as an exercise.

Theorem 35.10 (The Argument Principle). Let f and C be as in Corollary 35.6
(i.e. let f be analytic on E except for poles and C be a closed simple contour in E with
no zeros or poles on it.) Then

1

2π
Var argC f = N − P

where N and P are as in Corollary 35.6 (i.e. N =
n∑
k=1

mk, P =

p∑
k=1

pk.)

Proof. It follows from (35.3) that the integral on the left-hand side of (35.3) is
independent of C and we can make it smooth. We only need to show now that

iVar argC f =

∫
C

f ′(z)

f(z)
dz. (35.6)

But if C is smooth, we can parametrize it. That is, there is a smooth function γ(t)
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γ : [0, 1]→ C

such that γ′(t) 6= 0 and γ(0) = γ(1) = z0, a fixed point on C. By (14.2) We have∫
C

f ′(z)

f(z)
dz =

∫ 1

0

f ′(γ(t))

f(γ(t))
γ′(t)dt. (35.7)

On the other hand
f(γ(t)) = r(t)eiφ(t),

where r(t) = |f(γ(t))| and φ(t) = θ(γ(t)), where θ is defined as in (35.4).

[f(γ(t))]′

f(γ(t))
=
f ′(γ(t))γ′(t)

f(γ(t))
=
r′(t)eiφ(t) + ir(t)eiφ(t)φ′(t)

r(t)eiφ(t)

=
r′(t)

r(t)
+ iφ′(t) =

d

dt
ln r(t) + iφ′(t). (35.8)

Plugging (35.8) into (35.7) we get:

∫
C

f ′(z)

f(z)
dz =

∫ 1

0

d

dt
(ln r(t) + iφ(t))dt

= ln r(1)− ln r(0)︸ ︷︷ ︸
=ln |f(z0)|−ln |f(z0)|=0

+i φ(1)− φ(0)︸ ︷︷ ︸
Var argC f

= iVar argC f,

and (35.6) is proven. �

Remark 35.11. The Argument Principle is hard to use!

Remark 35.12. Figure 1 below illustrates the Argument Principle for N = 5,
P = 3.

0

C

0

f(C)

Figure 1
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Exercises

Exercise 35.1 Prove Proposition 35.2.

Exercise 35.2 Prove every statement in Remark 35.3 and argue what happens to f(z)
if we allow x in (35.1) to be complex.

Exercise 35.3 Prove Corollary 35.6.

Exercise 35.4 Prove Lemma 35.9.





LECTURE 36

The Rouché Theorem

The Argument Principle is hard to implement in reality. The following statement
has much more value in application to zero counting.

Theorem 36.1 (Rouché’s Theorem). Let f and g be analytic inside and on a closed
simple contour C (i.e., analytic inside C and at every point of C).

If

|f(z)| > |g(z)| ∀z ∈ C, (36.1)

then inside C,

N(f + g) = N(f).

Proof. By the Triangle Inequality,

|f(z) + g(z)| ≥ |f(z)| − |g(z)|︸ ︷︷ ︸
>0 by (36.1)

∀z ∈ C.

Hence the function f(z) + g(z) has no zeros on C. Due to (36.1), f(z) has no zeros
on C either. By the Argument Principle,

N(f + g)−N(f) =
1

2π
Var argC(f + g)− 1

2π
Var argC(f) (36.2)

Lemma 35.9
=

1

2π
Var argC

f + g

f

=
1

2π
Var argC(1 +

g

f
).

Consider the function ϕ(z) = 1 + g(z)/f(z). We have

|ϕ(z)− 1| = |g(z)|/|f(z)|
(36.1)
< 1 ∀z ∈ C.

Thus |ϕ(z) − 1| < 1 ∀z ∈ C, which means that the contour ϕ(C) is in the disk
Dρ(1) for some ρ < 1 and 0 /∈ Dρ(1), as shown in Figure 1.

Hence f(C) does not go around the origin and so Var argC(1 + g/f) = 0. Thus the
right hand side of (36.2) is 0 and Rouché’s Theorem is proven.

�

Remark 36.2. Rouché’s Theorem tells us, for an analytic function f in a given re-
gion, a sufficiently small perturbation will not change the number of zeros of f counting
multiplicity.

167
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10

Cρ(1)

f(C)

Figure 1

Example 36.3. Find the total number of zeros (N) of F (z) = z8 − 5z5 − 2z + 1
inside D.

Solution We have

F (z) = −5z5 + 1︸ ︷︷ ︸
=f(z)

+ z8 − 2z︸ ︷︷ ︸
=g(z)

.

For all |z| = 1, we have

|f(z)| = | − 5z5 + 1| ≥ 5|z|5 − 1 = 4,

|g(z)| = |z8 − 2z| ≤ |z|8 + 2|z| = 3.

Thus
|f(z)| > |g(z)| > 0 ∀z ∈ C1(0).

Hence, by Rouché’s Theorem, inside C1(0), N(F ) = N(f + g) = N(f). By the
Fundamental Theorem of Algebra,

N(f) = N(−5z5 + 1) = 5,

and hence N = 5.

Exercises

Exercise 36.1 Derive the Fundamental Theorem of Algebra from Rouché’s Theorem.

Exercise 36.2 Find the number of zeros of z3 + 3z + 1 inside C1(0).

Exercise 36.3 Find the number of zeros of ez
2 − 4z2 inside C1(0).

Exercise 36.4 Find Var argC1(0)

z3 + 2

z
.



LECTURE 37

The Art of Contour Integration: Sums for some Series

Our last application of the Residue Theorem is related to the exact evaluation of
numerical series like ∑

n≥1

1

n2
,
∑
n≥1

1

n4
.

You probably remember from calculus that these series can be evaluated exactly.
Now we are going to understand how. The approach is based on the following elemen-
tary lemma.

Lemma 37.1. Consider f analytic at z ∈ Z. Then

Res {f(z) cotπz, n} =
1

π
f(n). (37.1)

Proof. Since cot πz has simple poles at any integer,

Res {f(z) cotπz, n} = lim
z→n

f(z) cosπz

(sinπz)′
=
f(n)

π
.

�

Our main statement is

Theorem 37.2. Let f(z) = p(z)/q(z) be a rational function and deg q− deg p ≥ 2.
If f(z) has no integer poles then

∞∑
−∞

f(n) = −π
K∑
k=1

Res {f(z) cotπz, zk} (37.2)

where {zk}Kk=1 are the poles of f .

Proof. Consider the contour CN in Figure 1.
Choose N large enough to enclose all poles of f(z). By the Residue Theorem

IN :=

∫
CN

f(z) cotπzdz = 2πi

 N∑
n=−N

Res (f(z) cotπz, n)︸ ︷︷ ︸
=f(n)/π by (37.1)

+
K∑
k=1

Res (f(z) cotπz, zk)


= 2i

N∑
n=−N

f(n) + 2πi
K∑
k=1

Res (f(z) cotπz, zk) . (37.3)

169
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CN

−N − 1
2

N + 1
2

−N − 1
2

N + 1
2

z1

z2

zk

−N − 1 −N −1 0 1 N N + 1

Figure 1

It’s left to show that IN → 0 as N →∞. One can show that

sup
z∈CN

| cot πz| ≤ 2. (37.4)

The proof is left as an exercise. Then

|IN | ≤
∫
CN

|f(z)| | cotπz|︸ ︷︷ ︸
≤2 by (37.4)

|dz|

Exercise 28.5

≤ M

N2

∫
CN

|dz| = 4(2N + 1)M

N2
→ 0 as N →∞.

Taking the limit in (37.3) as N →∞, we get

lim
N→∞

N∑
n=−N

f(n) = −π
K∑
k=1

Res f(z) cotπz.

Under our conditions on f , the series on the left-hand side is absolutely convergent
and the theorem is proven. �
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Remark 37.3. With certain modifications Theorem 37.2 can be extended to func-
tions f which may have a pole at z = 0. Then (37.2) reads∑

n∈Z\{0}

f(n) = −π
K∑
k=1

Res (f(z) cotπz, zk)

where {zk}Kk=1 is the set of all the poles of f(z), including 0.

Exercises

Exercise 37.1 Prove (37.4).

Exercise 37.2 Prove Remark 37.3.

Exercise 37.3 Show that ∑
n∈Z

1

n2 + 1
= π cothπ.

Exercise 37.4 Show that ∑
n≥1

1

n2
=
π2

6
.
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Abel’s Theorem, 21
Analytic continuation, 130
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characterization
Cauchy and Morera theorems, 93
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Taylor series, 103
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Cantor’s theorem, 97
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Chain rule, 35
Change of variable formula, 65
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Complex integration, 59–63
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conjugate, 8
properties, 8

exponential form, 37
imaginary part, 7
modulus, 8

properties, 8
real part, 7
standard form, 8
trigonometric representation, 34

Complex valued function, 14
Conformal maps, see Mapping
Connected set, 13
Continuity of a complex valued function, 14
Continuous deformation

of a path, 69
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of a path, 72

Continuous differentiability, 27
Contour, 70

disjoint, 75
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Contour deformation, 77, 82
Contour integration, 120, 124

analytic continuation, 130
conditions, 129, 137, 147
evaluating series, 169
Fourier integrals, 137–139, 143, 144
Fresnel integrals, 141, 142
indented contours, 143
integrals of the type∫ ∞

0

x−αf(x)dx, 148∫ ∞
0

xαf(x)dx, 150∫ ∞
0

1

xα + 1
, 134∫ ∞

0

dx

xα + 1
, 133∫ ∞

0

f(x) log xdx, 151∫ 1

0

xα−1(1− x)−αf(x)dx, 155∫
R
f(x)dx, 130

Convergence
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of a power series, 21, 31
of a sequence, 11, 12
of a series, 13

Counting principle, 162

de Moivre’s formula, 34
Derivative, 27
Differentiability of a function, 27
Domain of convergence of power series, 21, 22

Elementary functions
exponential ez, 34
logarithmic function log z

principal branch of log z, 45, 47
properties of log z, 48

nth root, 39
principal branch of n

√
z, 44

power function zn, 43
trigonometric functions, 37

Euler’s formula, 37
Evaluating∫

C

dz

(z + 1) (z2 + 1)
using Cauchy’s theorem for multiply

connected regions, 77
using the Cauchy formula, 82
using the residue theorem, 125

trigonometric integrals, 127
Exponential function

definition, 34
power series, 34
properties, 37

Fourier integrals, see Contour integration
Fourier transform, 135
Fresnel integrals, see Contour integration
Fundamental theorem of Algebra, 94

Gauss integral, 143
Gauss mean value theorem, 82
Geometric series, 24
Goursat’s theorem, 97
Green’s theorem, 69

Imaginary unit, 7
Indefinite integral

definition, 78
property, 78
redefining the log function, 81

Independence of path, 71
Infinite differentiability, 33
Infinity, 115
Inverse of a complex number, 8

Jordan’s lemma, 137

Laplace equation, 29
Laurent series, 105

domain of convergence, 105
Laurent’s theorem, 106
Limit

of a complex valued function, 14
of a sequence, 11
superior, 23

Line integral
definition, 60
properties, 60

Liouville’s theorem, 91
Logarithmic

derivative, 161
function, see Elementary functions
residue lemma, 161

Möbius transform
definition, 55
properties, 55–57

Mapping
cos z, 50
log z, 45
sin z, 49
n
√
z, 44

ez, 44
z2, 41
zn, 43
conformal maps, 54
definition, 40

Maximum modulus principle, 85, 88
Meromorphic

continuation, 147
function, 147

Minimum modulus principle, 86
Morera’s theorem, 91

a stronger version, 93
Multiplicity, 161

finite, 161
infinite, 161

Multiply connected region, 75

nth derivative formula, 89
nth root

definition, 39
formula, 39

Neighborhood, see Open disk

Open disk, 11, 13
punctured disk, 11

Open set, 13
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Parameterization, 65, 66, 127, 133, 137
Path, see Contour
Path integral, 63
Picard’s theorem, 113
Piecewise smooth curves

examples, 59
types, 59, 61, 62

Poles, see Singularities

Radius of convergence, 21, 22
Residue, 119, 169

at a pole of order N , 119
at a removable singularity, 120
at a simple pole, 120
at infinity, 122, 124

Residue theorem, 123, 128
Riemann sum, 60
Rouché’s theorem, 167

Schwarz’s lemma, 88
Sector, 40
Sequence, 11
Series

binomial series, 89
geometric series, 24, 89, 103
Laurent series, 105
power series, 21

representation of cos z, 37
representation of sin z, 37
representation of ez, 34

Taylor series, 102
Set of complex numbers, 7
Simply connected region, 69
Singularities, 111

at infinity, 116
essential, 111, 113, 116
isolated, 111
poles, 111, 112
removable, 111–113, 122, 124

Stereographic projection, 115
Strip, 44

Taylor series, 102
Taylor’s theorem, 102
Triangle inequality, 9

for integrals, 63
Trigonometric functions

definition, 37
properties, 38

Uniform convergence, 101
sequence, 17
series, 18

Univalent functions, 40, 54

Variation of argument, 162
properties, 163

Weierstrass M -test, 19
Willis’ formula, 95

Zero of a function, 161


