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Chapter 1. The Orbits of One-Dimensional Maps.

1.1 rteration of F\rnctions and Examples of Dynamical Systems.

Dynamical systems is the study of how things change over time. Examples include
the growth of populations, the change in the weather, radioactive decay, mixing of
liquids and gases such as the ocean currents, motion of the planets, the interest in a
bank account' Ideally we would like to study these with continuously varying time
(what are called fiows), but in this text we will simplify matters by only considering
discrete changes in time. For example, we might model a population by measuring
it daily. Suppose that rn is the number of members of a population on day n, where
rs is the initial population. We look for a function / : IR. --+ IR, (where IR : set of ali
real numbers), for which

rt: f (ro),n2: f ("r) and generally r,: f (rn_t),, n:1,2,....
This leads to the iteration of functions in the following way:

Definition 1.1.1 Given u6 € IR, the orbi,t of 16 under / is the set

O("0): {ro, f (*o), f,(*o),...},
where f'(*o): f (f (ro)), fr(ro): f (f2(ro)), and continuing indefinitely, so that

f"(r): f o f " f o...o f(r); (n_timescomposition).

Set r, : f"(ro), q: f (ro), n2: fr(ro), so that in general

rn*t : f"*' (ro) : f(f"(ro)) : f("*).

More generally, f may be defined on some subinterval 1 of IR., but in order for the
iterates of. r € 1 under / to be defined, we need the range of / to be contained in 1,
so/:I-,L

This is what we call the iteration of one-dimensional maps (as opposed to higher
dimensional maps .f : IR" -* IR,, n ) l, which will be studied briefly in a later
chapter).

DefinitionL.L.zA( isafunction/:I_+I
where 1 is some subinterval of IR.

Given such a function /, equations of the form rn+7 : f ("r) are examples of
d'ifference equations. These arise in the types of examples we mentioned above. For
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example in biology rn may represent the number of bacteria in a culture after n hours.
There is an obvious correspondence between one-dimensionai maps and these differ-
ence equations. For example, a difference equation commonly used for calculating
squargroot|s,

"1 L

corresponds t o t he f l l nct i on∫
( ″ ) =: ( ″ 十

: ) . I f  We st art  by set t i ng″
0=2( or i n

f act  any real  number) , and t hen i nd″
1, ″ 2 et C. , we get  a sequence whi ch rapi dl y

approaches の   ( see page 9 of  St ernberg [ 491) .  One of  t he i ssues we exami ne i s what

exact l y i s happeni ng here.

Exampl es of  Dynanl i cal  Syst el l l l l s l 。 1. 3

1. The ■■ i gonomet ri c Funct i ons Consi der t he i t erat i ons of  t he t r i gonomet ri c

f unct i ons st art i ng wi t h∫ : R→ R, ∫
( χ ) =Si n( χ ) . Sel ect  

χO∈ R at  random, e. g. ,

"0=2 and set "π

+1=si n( χ η) , η
=0, 1, 2, … …

Can you guess what  happens t o″ れas

n i ncret t es? One、
ア
ay t o i nvest i gat e t hi s t ype of  dynal ni cal  syst em i s t o ent er 2 i nt o

our cal cul at or, t hen repet t edl y press t he 2nd, Answer and Si n keys( you wi l l  need

t o do t hi s many t i l nes t o get  a good i dea― i t  may be et t i er  t o use WI at hemat i ca, or

some si mi l ar comput er al gebra syst em) . Do t he same, but  repl ace t he si ne f l l nct i on

wi t h t he cosi ne f unct i on. Ho、 v do Ⅵ
re expl ai n l Ⅳ

hat  appears t o be happeni ng i n each

case? These are quest i ons t hat 、 Ⅳe ai l l l  t o ans、 、
rer qui t e soon.

2. Li near Maps Probabl y t he si mpl est  dynami cal syst em( and l et t t  i nt erest i ng f rom

a chaot i c dynami cal  poi nt  of 宙 ew) , f Or pOpul at i on growt h ari ses f I ・ om t he i t erat i on of

ιれθαr  mTs: maps of  t he f orm∫
( ″ ) =α

・″ 。Suppose t hat ″ れ=si ze of  a popul 就 10n

at  t i l l l e η
, 、

vi t h t he propert y

″
η +1==α

・
″

π

f or some const ant  α >0. Thi s i s an exampl e of  a l ` η θαr  t t θ ごθι f or t he gro、 、
Zt h of  t he

popul at i on.

I f  t he i ni t i al  popul at i On i s■ 0>0, t hen″ 1=α ″
0, ″ 2二=α ″

1二=α

2″

0, and i n general

″
π =α

η

″
O f Or 

η =0, 1, 2, … … Thi s i s t he exact  sOl ut i on( or c10Sed f orm sOl ut i on)

t o t he di 5erence equat i on″
π+1=α

・″ η
. Cl earl y∫

( ■ ) =α
χ i S t he cOrrespondi ng

dynal l l i cal  syst em.  ヽヽ石e can use t he sol ut i on t o det erl l ni ne t he l ong t erm behavi or of

t he popul at i on:

″ η i s very wel l  behaved si nce:

( i ) i f  
α >1, t hen″ η

→ ∞ as η → ∞
,

/41｀ : チ

｀ef 八 欲
》

°

鶴■=: けれ十
部
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(ii) if 0 < a < l then rn +0 as n --+ oo (i.e., the population becomes extinct),
(iii) if a:7, then the population remains unchanged.

3. Affine maps These are functions / : R _, R. of the form f(r) : ar lb α
≠ 0) ,

for constants o and b. consider the iterates of such maps:

f'(") : f(ar + b) : a(ar1-b) +b: a2tr * ab+b,

ft(") : a3t + a2b I ab 1- g,

fn(r) : a4t: + asb + a2b + ab + b,

and generally

f"(r) : o,ntr + a"-rb + a"-2b+ ... + ab + b.

Let rs € IR and set rn: f.(ro), then we have

frn : anro * (a'-r * an-2 + . .. + a _f l)b

: anno-, (=) ir a I t,

a finite geometric series:
n_l

>-'- :';: - |k:0
when r + l). If .L--_-L, the solution is r, : ro I nb .

We can use these equations to determine the long term behavior of. rn. We see
that:

(i) if lal < l then an ---+ 0 as n -> oor so that

Jg,,:*,
(ii) if a ) L, then lim.- x rn : oo for b, 16 > 0,

(iii) if a : 7, then lim,* a rn : oo if b > 0.

The limit won't exist if a { _L.
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4. The Logistic Map .L, : IR. -* IR, Lr(r) : pr(l - z) was introduced to model
a certain type of population growth (see [29]). Here p is a real parameter which
is fixed. Note that if 0 < p < 4 then L, is a dynamical system of the interval

[0, 1], i.e. Lr:10,1] --+ [0, 1]). For example, when p:4, Ln("):4r(l - r), with
Ln(10,1]) : [0, 1] with graph given below. If p > 4, then .L, is no longer a dynamical
system of [0,1] as Ir([0, 1]) is not a subset of [0,1].

Recurrence Relations 1.1.4
N4any sequences can be defined recursi,uelg by specifying the first term (or two),

and then stating a general rule which specifies how to obtain the nth term from the
(n - 1)th term (or other additional terms), and using mathematicai induction to see

that the sequence is "well defined" for every n e Z+ : {1, 2,3,. . .}. For example,
nl: n-f.actorial can be defined in this way by specifying 0! : 1, and n! : n.(n - 1)!,
for n e Z+. The Fibonacci sequence Fn, can be defined by setting

Fo : 1, Ft :1, and Fn+7 : Fn I Fr-t, for n € Z+,

so that Fz :2, f,s : 5 etc.

The orbit of a point rs € R. under a function / is then defined recursively as follows:
we are given the starting value 16, and we set

r,:f(r,-1), for neZ+.

The principle of mathematical induction then tells that r,, is defined for every n :) 0,
since it is defined for n :0, and assuming it has been defined for k : n - 1 then
rn: f (rr-r) defines tt f.or k : n.
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1deal l y,  gi ven a recursi vel y dei ned sequence″

れ,  
、ve、voul d l i ke t O have a speci nc

f ormul a f or″
れi n t erms of  el ement ary f unct i Ons( sO cal l ed cι

οsθ ご
ル

ηn sο t t ι づθη
) , but

t hi s i s Of t en very di f ncul t , 。
r  i mpossi bl e t O achi eve.  I n t he case Of  at t ne maps and

cert ai n l ogi st i c l naps, t here i s a c10sed f ornl  sOl ut i On. ( ) ne can use t he f ormer t o st udy

probl ems of  t he f 0110wi ng t ype:

Exal r l pl e l 。 1. 5 An amOunt  S T i s deposi t ed i n your bank accOunt  at  t he end of  each

mont h. The i nt erest  i s r%per peri Od. Fi nd t he amount ス

( η ) accumul at ed at  t he

end of  η mont hs( Assumeス
( o) =7) .

Answer. ス
( η ) Sat i si es t he di ■ rence equat i on

バ
η +1) =バ η

) 十 バ
η

) r  t t  T,  whereバ o) =T,

Or

バ
η +1) =バ η

) ( 1+r) 十 T,

α =1+r and b=T i n t he f Ormul a of  Exampl e l . 1. 3, t hen t he

バ→ 却 +ザT+T( 器

)

却+ゲT+子に+プ 刊.

Remark 1'1.6 It is conjectured that closed form solutions for the difference equation
arising from the logistic map are only possible when F : t2,4 (see Exercises L.l #
3 for the cases where LL:2,4, and#T for the case where H: _2and also [53] for a
discussion of this conjecture).

Exerci ses l . 1

1. I f  Zμ
( ∬ ) =μ

″
( 1- ″ ) i s t he l ogi st i c map, cal cul at e Lる

( ″ ) and L3( ″
) ・

2.  Use Exampl e l . 1. 3 f or乏
近五ngi f l pSt Onndt hesol ut i Onst Ot hedi l l erenceequat i Ons:

0) ″ れ+1- 争 =2, ″ 0=2,
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(ii) r"..,,1 *3rn:4, ro - -1.

3. A logistic difference equation is one of the form rn,,1 : ltr,(l - *,) for some fixed
p € lR. Find exact solutions to the logistic equations:

(i) *"*r:2r,(l - r.). Hint: use the substitution nn: (l - y;12 to transform the
equation into a simpler equation that is easily solved.

(ii) r,a1 :4rn(l_ *.). Hint: setu,,:sin2(0,)andsimplifytogetanequationthat
is easily solved.

4. You borrow $ P at r To per annum, and pay otr $ M at the end of each subsequent

month. Write down a difference equation for the amount owing A(n) at the end of
each month (so A(0) : P). Solve the equation to find a closed form for A("). If
P : 100,000, M : 1000 and r : 4, after how long will the loan be paid off?

( lt, if 0/-r<712 1 ,1 ,5. If Tr(r) : 
t p(r _ ,) if ll2 <; 1i , show that T, is a dynamical system of

[0,1] for p€(0,21

6. Let f : IR. -- IR. be the function defined below. For each of the intervals given,

determine whether f can be considered as a dynamical system f : I ---+ I:

(") f("):trs-3tr,,
(i) 1:[-1, 1], (ii) I:l-2,21.

(U) /(") :2rB - 6r,

(i) 7:[-1,1], (ii) r:l-rfi,rlh, (iii) 1:[__4,4).

7. FOr t he b110wi ng f unct i Ons, ■ ndノ
2( ″

) , ∫

3( ″

) and a general  brmul a br∫

η

( ″ ) :

0バ→=二 ①胸判″十吼m胸 ={ 2′ 1l  I みテξ」1(



軸 e mt t hm面 硼 h山面 ∞ ね 赫 協 」
胴 =島 声

詭 n

Д →=

9*. ShO、v t hat  a c10sed f Orl l l l  sol ut i On t O t he 10gi st i c di t t erence equat i onヽ

Ⅳhen 
μ =_2

i s gi ven by

乳 =: L″
卜

到
, 並

―

¨
川

規 幅

( プ ) ・

師
踊

れ =響 袖 d嘲
¨

酬 鉗 ね

則 〉
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1.2 Newton's Method and Fixed Points

Given a differentiable function / : IR - IR, Newton's method often allows us to
find good approximations to zeros of f (r), t.e., approximate solutions to the equation

f (*) -- 0. The idea is to start with afirst approximation /6 and look at the tangent
line to f (r) at the point (ro,f ("0)). Suppose this line intersects the r-axis at tr1,

then we can check that

f@o) .. "t,17:no-f if f'('o)*o'

For reasons that we will make clear, it is often the case that 11 is a better approxima-

tion to the zero tr : c than 16 was. In other words, Newton's method is an algorithm
for finding approximations to zeros of a function /(z). The algorithm gives rise to a
difference equation

ln+, :'"-H,

where z6 is a first approximation to a zero of f (r). The corresponding real function
is

持0=“

帰
, い 腕∽hК 伍司.

Not e t hat  i f バ ″
) =″

2_α

, t hen∫

′

( χ ) =2″
and

持0=″ 一三
七テ

■
=: o+り

,

so that

rn+t:;(r"* 
*) ,

the difference equation we mentioned in Section 1.1 that is used for approximating
Jd when a :2.
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The■ rst  t wO approxi mat i Ons f Or∫

( ″ ) =2- ″
2, st art i ng wi t h″

0=. 5,

NOt e t hat  we t t e l oOki ng f Or where∫

( ″ ) =0, and t hi s happens i f  and Onl y i f

ハ
7( ″ ) =χ

.

Dei ni t i On l . 2. l  For a f unct i Onノ
: R→ R, a poi nt  c∈

R f Or whi ch∫
( C) =c i s cal l ed

aF″ θご
ρ

οづηι of ∫ . I t  i s a pOi nt  where t he graph Of ∫

( ″ ) i nt ersect s t he l i ne 
ν =″ . 、 bヽ

denOt e t he set  Of J l xed pOi nt s Of ∫
by Fi x( ノ

) .

Fi xed pOi nt s Occur where t he graph of ∫

( ″ ) i nt ersect s t he l i ne ν =″ .

Exal l l pl e l . 2. 2 Suppose t hat ∫

( ″ ) =″

2, t hen″ 2=″
gi ves″

( ″
- 1) =0, st t  has■ xed

謬
1う

だ認編l i ∬ 盟f t t T」

・
・

∫0=が 一銑ぬenノ _″
=呻Кs

〕and c=土
νり

, Fi x( ∫ ) ={ 0, 土 νワ
} .
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The logistic map f(r) : 4r(l - r) : 4r - 4r', 0 I r < t has the properties:

/(0) : 0, (a fixed point), /(1) : 0, a maximum at r : 712 (with f(Uz) - 1).

Solving f (*) : r gives 4r - 4r2: u) so 4r2 :32, so the fixed points are c:0 and
c:314.

This map has what we call euentual fired poznts: /(1) : 0 and /(0) : 0, so we say
that c: 1 is eventually fixed. Also f Qla) :314, so c: Ll4 is eventually fixed, as is

c:(2+Ji)14.

Definition L.2.3 r* e IR. is at euentual fired po'int of f (r) if there exists a fixed point
cot f(r) andr €Z+ satisfying/'(**): c,but f"(*.)f cfor 0<s<r.

Example 1.2.4 The Tent Map

Define a function 7 : [0, 1] --+ [0, 1] by

r(r):
-r)

-1-2lr-ll2l.
7(z) is called the tent map, it has fixed points: 7(0) : 0 and T(213) : 213. Since
T(U4) : L12, T(L12): 1 and 7(1) : 0,7f 4,112 and 1 are eventually fixed. It is not
difficult to see that there are many other eventually fixed points (infinitely many).

２

１

″

打

＜

一

＜

一

″

″

＜

＜

肩

″

０

１

”

白

い

２

２

ｒ

ｉ

く

―

ヽ

0.0

Note that some maps do not

Example L.2.5 f (r) : 12 + I

have fixed points:

has no fixed points.
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f (r): 12 +l does not intersect the line A: r.

Question L.2.6 For what values of a € lR. does e"(") : 12 I a have fixed points?
we see below that certain functions always have fixed points:

Theorem 1.2.7 Let f : I ---+ I be a continuous function, where I : lo,b), o < b i,s a
bounded i,nterual. Then f (r) has a fired, point c e I.
Proof. Set 9(r) : f(") -r. We may assume that f(o) I a and f(b) I b, so that
f(")> aand f(b)<b.

The graph of f (r) always intersects the line A : !x.

g(a) : f(") - a) 0, and s(b) : f(b) -b < 0,

I t  f O110ws t hat
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so that g(z) is a continuous function which is positive at o and negative at b, so by
the Intermediate Value Theorem (IVT), there exists c e (a,b) (open interval) with
g(c):0, i.e., f (c): c, so c is a fixed point of f (r). n

Remark L.2.8 The above is an example of an existence theorem, it says nothing
about how to find the fixed point, where it is or how many there are. It tells us that
lf f (r) is a continuous function on an interval / with f (I) e 1, then /(z) has a fixed
point in /. It is also true that if instead /(1) I 1 then /(r) has a fixed point in 1 as

we see now:

Theorem 1.2.9 Let f : I --+ IR (/ : la,bl,a < b) be a cont'inuous functi,on wi,th

/(1) I I, then f (r) has a fired por,nt i,n I.

Proof. As before, set 9(r) : f (r) - r, then there exists c1 € (a,b) with f ("r) < 
",(in fact f("r) < a I c1). AIso there is c2 € (rz,b) with f("r) > rr.

Then g(ct) < 0 and g(c2) > 0 and sinceg(r) is acontinuous function, it follows by
the Intermediate Value Theorem that there exists c e I, (", <, I c2 or c2 I c( cr),
with e(c) :0; f (c) : c.

Remark L.2.LO It is often difficult to find fixed points explicitly:

Example L.2.LL Set /(z) : cos r. If f (c): c, then cosc: c. It is possible to find
an approximation to the fixed point c : .739085. . . using (for example) Newton's
method.

□



f (r): cosr has a fixed point inl0,rl2).

Exercises 1.2

1. Find all fixed points and eventual fixed points of the map /(r) : lr - 11.

2' Let "f , R --+ IR. be such that for some n e Z+, the nth iterate of / has a unique
fixed point c (i.e., f"("): c .nd c is unique). Then show that c is a fixed point of /.
3' Use the Mathematica command Nestlist (see betow) to find how the fbllowing
functions behave when the given point is iterated (comment on what appears to be
happening in each case):

(i) L1(r) : r(7 - r), with starting point uo: .TS.

(1i) L2(r) :2t(1- r), with starting point no: .!.
(iii) I3(r) : 3r(1 - z), with starting point no: .2.

(iv) Ls.2(r) :3.2r(t - r), with starting point ro : .gS.

(") f ("): sin(z), with starting point ro: g.5.

(vi) 9(z) : cos(e), with starting point ro : -15.3.

4. Show that the logistic map Lr(r): prr(t _ r), r € [0, 1], for 0 < tt < 4,the fixed
point r :0 has no eventual fixed points other than r : 1.

Showthat for 7 < p ( 2, thefixedpointr:L-tlp onlyhas r:rlpas an
eventual fixed point, but this is not the case for 2 < p, < 3.

To use Mathenatica, first define your function, say f(r) : sin(r) ,in an input
ceLL us,ing the syntar

f [x-] : = Sin [x] .

Erecute the cell by doi,ng shift and, Enter si,multaneously. The command,
Nestlist [f, g. S, 100]

when erecuted i,n a neu input cei-l wi.ll gi,ue 100 iterations of sin(r) u,ith starting
ualue rs: 9.5. If you want to graph f (r) on the ,interual la,bl, use th,e command,:

Plot[f [x], { x, a, b } l
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5. (a) Let f(r) : (1 +z)-r. Find the fixed points of / and show that there are
no points c with f'(r) : c and f (") * c (period 2-points). Note that /(-1) is not
defined, but points that get mapped to -1 belong to the interval l-2,-L) and are of
the form

‰=―

午
, η ≧L

where {F"}., n } 0, is the Fibonacci sequence (see 1.1.4). Note that un + -r as

r, --+ oo, where -r is the negative fixed point of / (see [7] for more details).

(b) If rs € (0, 1], set r, : 几 _1″ 0+鳥

Use mathematical induction to show thatFnro * Fn+r

xn*r: f(r"):
Fnr6 I Fnal

Fn+tro I Fn+z

Deduce that as rl ---+ oo, rn + lf r, the positive fixed point of f.

1.3 Graphical Iteration

It is possible to follow the iterates of a function f (r) at a point r0 using graphi,cal
i,terati,on (sometimes called web d,iagrams).^t .s6;,)qi, ) . ''., t j -/ -.jtc,i'r iii-;

We start at 16 on the r-axis and draw a line verticaily to the function. We then 
\

move horizontally to the line y : z, then vertically to the function and continue in this
way. Notice that in some examples the iterations converges to a fixed point. In others
it goes off to oo, whilst in others still, it oscillates between two points indefinitely.

Example 1.3.1 f(*) : r(r - r). In this example, an examination of graphical
iteration seems to suggest that the orbits of any point in [0, 1] approach the fixed
point r :0. This is an example of an attracti,ng fixed point.
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Example I.3.2Let f (r): rl2 * 1. This is an affine transformation with a: l/2,
b: 1. According to what we saw in Example 1.1.3, the iterates should converge to
*:2 since lrl < 1. What is actually happening is that c:2 is an attracting fixed
point of f (r) with the property that it attracts all members of IR (said to be gtobalty
attracti,ng.

Example 1.3.3 We see from the graph of f (r) : sin r that c : 0 seems to be an
attracting fixed point. We shall show later that it is actually globally attracting.
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We see two basic situations arising (together with some variations of these). In
particular, we notice that if the sequence trn: f"(ro) converges to some point c as
n --+ @) then c is a fixed point.
(i) Stable orbit, where the web diagram approaches a fixed point.
(ii) Unstable orbit, where the web diagram moves away from a fixed point.

1.0

Proposition 1.3.4 If A : f (r) it a continuous function and,
then f (c): c (i.e., ,if the orbit conuerges to a point c, then c is

Proof. We see that

lim,r-- f"(*o) :
a fired point of f)

Ｃ

　

　

・

)*f"("o) :' + /(E* f"(ro)) : f(c),

田

％

餌

鍼
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and si nce∫ i S COnt i nuous,

l i m∫
π+1( ″

0) =∫
( c) .

But  cl earl y c=l i mπ →∞∫

π+1( ″

0) , SO t hat  c=∫
( C) by t he uni queness Of l i mi t .

1. 4 At t ract ors and Repel l ers

Suppose that / : X --+ X is a function (where we assume that X is some subset of
lR such as an interval or possibly IR. itself). Let c e X be a fixed point of /. We define
the notions on attracting fixed point and repelling fixed that we looked at graphically
inthelastsection' 

, - ( - ,,

Definition L.4.L Let f : X --+ X with f (") : ". ;r,;; ,,,\,.::,i r',',r', i:.fl,r') ,i*" _'*,f*, ,.

(i) c is a $,abkfusd_pgrntif for all e ) 0 there exists d > 0 such that if r eX and
l" - "1< 

d, then lf"@) - cl < e for all n e Z+ .

If this does not hold, c will be called unstable.

(ii) c is said to b" Wdlgs if there is a real number 11 > 0 such that

l"_"1 <q+ ]yyf"("):r.
(iii) c is asymptoti,cally stable if it is both stable and attracting.

Remark L.4.2 We will show that a fixed point c of f : X --+ X (suitably differ-
entiable) with the property lf'k)l < 1 is an asymptotically stable fixed point. lf c
is an unstable fixed point, we can find e > 0 and r arbitrarily close to c such that
some iterate of r, say f"(r), will be greater than distance e from c. This is the case
when lf'k)l ) 1 as the next theorem shows. We call c a repeller (c is a repelli,ng

fired poi,nt), since the iterates move away from the fixed point (c is unstable). We will
also see that a fixed point can be stable without being attracting, and that it can be
attracting without being stable.

Definition L.4.3 A fixed point c of f is hyperboli,c it lf,(c)l + l. If lf,(c)l : 1 it is
non-hyperboli,c.

Thus if c is a non-hyperbolic fixed point, then f'(r) : I or f,(c) - -1, so the graph
of f (r) either meets the line A: tr tangentially, or at 90o:
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,y-I / Hyperbolic fixed points have the following properties:

+ Theorem 1.4.4 Let J : X ---+ X be a d,r,fferentr,able functi,on with continuous first
deri,uati,ue (we sag that f i,s of class Cl ).

(l If a ts a fired point for f(r) wi,th lf'(a)l < 1, then a i,s asymptoti,callE stable.

The i,terates of po'ints close to a, conuerge to a geometrically (i,.e., there i,s a constant
0 < .\ < I for whi,ch lf"@) - al < \1, - al for all n € Z+ and for all r e X
sfficiently close to a).

(1i) If a is afi,redpotntfor f (r) forwhi,chlf'@)l > 1, thena is arepelli,ng fi,redpoi,nt
for f.

Proof. (i) We may assume that X is an open interval with a e X. Suppose lf '@)l <
) < 1 for some ) > 0, then using the continuity of f'(r), there exists an open intervai
I with l/'(z)l < ) < 1 for all r e I.

By the Mean Value Theorem, if r e I there exists c e I,lying between r and a,

satisfying
∫ ( ″ ) 一 ∫ ( α )

ノ

′

( C) =

″ 一 α

so that

lf @) - al: lf'(c)ll" - ol < )lr - al.,

(i.e., f (r) is closer to a than r was).

Repeating this argument with /(z) replacing r gives

|∫
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Exampl e l . 4. 5 Denot e t he Logi st i c map by Lμ

( ″ ) =μ z( 1- ″
) =μ ″ ―

μ
χ

2. 、

、b

are i nt erest ed i n t hi s l nap f or o≦
″ ≦ l  and o<μ

≦ 4, si nce f Or t hese paramet er

val ues 
μ, Lμ  i s a f l l nct i on whi ch maps t he i nt erval  

Ю, 瑚
i nt o t he i nt er1/al  p, 」

, so i t

necessari l y has a nxed poi nt  and t t erat es st v i nsi de 

Ю, 司 ( i f  μ >4, Zμ
( ″ ) >l  f or

some val ues Of ″ i n 
Ю, 珂

and f urt her i t erat es wi l l  gO t O_∞

) .

Sol vi ng Lμ
( ″ ) =″

gi ves″
=o Or″ =1_1/μ . I f  O<μ

≦1, t hen l _1/μ
≦0, so

c=O i s t he onl y■ xed poi nt  i n l o, l l  i n t hi s cat se.

For O<μ
≦ 1, Lん

( ″ ) =μ - 2μ ″
, sO Lt ( 0) =μ

 and O i s an at t ract i ng f l xed pOi nt

f or O<μ <1.
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Since )' ---+ 0 as n * N, it follows that f"(r) --+ o as n -+ 6.
The proof of (ii) is similar.

rf p> 1, then 0 and 1-tlp are both fixed points in [0, 1], but now 0 is repelling.

□
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Al so,

五
, ( 1- 1/μ ) =μ

- 2μ
( 1- 1/μ ) =2- μ ,

so t hat

l L, ( 1- 1/μ ) |=12- μ l <l  i f  l <μ <3.

I n t hi s case c=1- 1/μ
 i s an at t ract i ng nxed poi nt , and repel l i ng f or μ >3. Not e

t hat 五
1( 0) =l  and五 : ( 2/3) =l  sO We have non― hyperb01i c nxed poi nt s.

We wi l l  exal ni ne i n Chapt er 2 what  happens i n t he cases where 

μ ==l  and μ =3.

Exal npl e l . 4. 6 Let ∫
( ″ ) ==1/″

.  The t wO f l xed poi nt s″
=土 l a絶¶

与
perbol i c si nce

ノ( ″ ) =- 1/ ″

2, s。

ノ

′

( ±
1) =- 1. However, t hey arq st abl t t but  not  al t raCt i ng si nce

∫

2( ″

) =∫ ( 1ル ) =″ , and we see poi nt s c10se t O± l  nei t her move c10ser nor f urt her

apart .
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Example L.4.7 Consider instead the functio n f"(r) : { :" il ' : o" 
, where

t0 if r2a 'r''vrv
o is anylositive real number. Then c : 0 is an unstable (repelling) fixed point of
/" which is attracting i.e., lim,-oo f"("): 0 for all r € IR.. A fixed point having
this latter property is said to be gtoballg attracting.MfiE[ the function /, is not
continuous at tr : a. It has b"e, Jo*., try Seffih at faa) that a continuous mapping
of the real line cannot have an unstable fixed point that is globally attracting.

a〉 0

_3_2_t0123

The map /, (i" bold) where r :0 is an attracting but unstable fixed point.

":;Ji? -1;---d t, g\ g ,td -'o;1 ^**{-i-^,r,rr A: Xi,'#riil";\
.'alL'o" Example 1.4.8 Newton's Method Revisited.

Suppose that / : I --+ I is a function whose zero c is to be approximated using
Newton's method. The Newton function is.n[l(r) : n,- f(r)lf'@), where we are
assuming f'k) 10. Notice that since f (c):0, .n[y(c) : c, i.e., c is a fixed point of
Ny. Consider Ni(c):

叫0=卜    =W,

υ

so that

叫0=冊 =Q

since /(c) :6.

一
¨
　
ゝ
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It follows that llvi(c)l : O ( 1, so that c is an attracting fixed point for ly'y, and
in particular

;gg rvi(ro) : c,

provided 16, the first approximation to c, is sufficiently close to c.

Definition L.4.9 A fixed point c for f (r) is called a super-attracting fired,-por,nt rf
f,("):0'ThisgivesaveryfastConvergenCetothen""6ffiGt.nearby.

Remark 1.4.10 Suppose that f'(c): 0, then Nt@) is not defined at r : c, since the
quotient f(r)l f' @) is not defined there. Suppose we can write f(r) : (r - c)kh(t)
where h(") l0 and k e Z+ (for example if /(z) is a polynomial with a multiple root),
then we have

∫ ( ・ )

∫

′

( ″ )

( ″

― C) た ん
( ・ ) ( Z―

C) ん
( ・ )

=0,k(" - c)x-r1r1r, + (, - c)*h' (r) kh(r)+(*-c)h'(r)

when r: c, so that Nf@): c has a removable discontinuity at r: c (removed by
setting lfr(") : c). Then we can find lfi(z) and show that N'1@) has a removable
discontinuity at r : c, which can again be removed by setting lui(c) : (k - l)f k,, so
that llvi(c)l < 1 (see the exercises).

We summarize the above with a theorem:

Theorem L. .ll For a differentiable functzon f : , -- I, the zero c of f (r) i,s a
super-attracti,ng fi,red potnt of the Newton function Nr, if and onlE if f,(c) lo.

Example L.4.t2 Suppose f (r) : 13 - l, then /(1) : 0 and

持0=″ ―Д→〃0=″ ―
( 等 )

SO持
( 1) =l  and鋳 ( → =: 一

糸
, SO t hat 鋳 ( 1) =0・

We see■ Om graphc」 比 erat bn

( neXt  sect i on) , very f ast  cOnvergence t o t he■ xed poi nt  Of 」

vノ

.

‐

一
プ

＋

勿

一

３

〓
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Very fast convergence to the fixed point.

Exercises 1.4

1. Find the fixed points and determine their stability for the

2. For the family of quadratic maps e"@) : 12 * c, tr e
ica program webPlot below to give graphical iteration for

00

f unct i On∫
( ″ ) =4- 3.

[0, 1], use the Mathemat-
the values shown (use 20

iterations):

(i) c: 7f2, starting point no: L, (ii) c: 1/4, starting
starting point ro : .7.

poi nt ″
0=. 1, ( i i i ) C=1/8,

Mathematica Program: Use as in:

webPlot[Cos[x] 
: {*, O, Pi}, {.1, 20}, AspectRatio->Automaticl

webPlot[g-, {x-, xmin_, xnax_}, {a1_, n_}, opts_] .=
Module[{seq, r, pts, web, graph}, r[t_] := N[g /. x -> t];
seq = Nestlist[r, a1, nJ; pts = Flatten[

Tabre[{{seqtti]l,seq[[i + 1]J],{seq[[i + 1]l,seqt[:. + 1]l]],{i, 1, n}] , 1l;
web = Graphics[{Hue[0], LinelprependTo[pts, {seqttl]1, O}ll}l ;

graph = Plot[{x, r[x]], {x, xmin, xmax},
DisprayFunction -> rdentityl; print["rast iterate =,', Last[seq]l;

Show[web, graph, opts, Frame -) True,



PlotRange -> {{xmin, xmax}, {xmin, xmax}}]]

3. Let  
βμ( ∬ ) =μ  Si n( χ ) , 0≦ μ ≦2π

, 0≦ μ ≦π and Cμ
( χ ) =μ  COS( ″ ) , 一

π ≦″ ≦π

and O≦
μ ≦π.

( a) ShOW t hat  βμ haS&Super―
at t ract i ng■ xed poi nt  at ″ =π /2, when μ =π

/2.

( b) Fi nd t he correspondi ng■

/al ues f Or%havi ng a super―
at t ract i ng■ xed poi nt .

生 飾 呻 血 乱 ぬ em叩
胸

=島 魅
中

山 dC pOi nt s d t t d η >Ц Ⅲ 山

Use t he cl osed f ormul a i n Exerci se l . 1. 6) .

5. Let ハ
「

∫
be t he Newt on f l l nct i on of  t he map∫

( ″ ) =″

2+1, cl earl y t here are no

nxed poi nt s of  t he t he Newt on f unct i On as t here are no zeros of ∫ .  ShOヽ V t hat  t here

are poi nt s c whereハ

7( c) =C( Cal l ed Pθ
t t ο ご2- Pθ づηιs of  N/1.

6. ( a) SuppOSe t hat ∫
( c) =∫

′

( C) =O and∫

″

( c) ≠
0. I f ノ

″

( ″ ) i S COnt i nuous at ″ =c,

show t hat  t he Newt on f l l nct i on i v′
( ″ ) has a removabl e di scont i nui t y at ″ =c( hi nt :

appl y L' Hopi t al ' s rul e t o, v′ at ″ =C) ・

( b) I f i n addi t i on, ノ

″

( ″ ) i S COnt i nuous at ″ =c wi t h∫

″

( C) ≠
0, ShOw t hat i 路

( C) =1/2,

so t hat ″ =c i s not  a super― at t ract i ng f l xed poi nt  i n t hi s case.

( C) Check t he above f or t he f unct i On∫ ( ″ ) =″

3_∬2 wi t h c=0.

7. Cont i nue t he argument  i n Remark l . 4. 11( general i zi ng t he l ast  exerci se) , t o ShOW

t hat  t he der市 at 市e of  t he Newt on f l l nct i on i v′ has a removabl e di scOnt i nui t y at  χ =c,

whi ch can be removed by set t i ngハ

η( c) =( た
- 1) /た。

8. Let ∫ be a t Wi Ce di t t rent i abl e f unct i on wi t h∫
( c) =0. ShOw t hat  i f  we i nd t he

Newt on f unct i On Of  
θ( ″ ) =∫ ( ″ ) /ノ

′

( ″ ) , t hen″ =c wi l l  be a super― at t ract i ng nxed

poi nt  f or」

Ъ , even i f ノ

′

( C) =0( t hi S i s cal l ed Hal l ey' s met hod) .
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1. 5 Non… l l yperbol i c Fi xed POi nt s.

Example 1.5.1 We have seen that it f : X --+ X (where usually X is some subinterval
of IR) and a € X with /(a) : a,lf'@)l < t, with suitable differentiability conditions,
then a is a stable fixed poinl for f . This term is used because points close to a will
approach a under iteration. If we look at a function like f(r) : sinr, we see thatc:0 is a fixed point but in this case l/,(0)l : 1, so it is a non_hyperbolic fixed point.
However, graphical iteration suggests that the basin of attraction of / is all of lR., soc: 0 is a stable fixed point. Before considering non-hyperbolic fixed points in more
detail, let us prove the last statement analytically:

Proposition 1.5.2 The fired point c:0 of f (r): sin yis globally attracting .

Proof' First notice that c : 0 is the only fixed point of sin r. This is clear for if
sinr : r then we cannot have lrl ) 1 since lsinzl ( 1 for arl r. If 0 < r ( 1, the
Mean Value Theorem implies there exists c e (0, r) with

f'(r):W:Y,
sothat 

sinz: trcosc<tr,
since lcoscl < l for ce (0, 1). Similarlyif _1 < r <0.

To show that f (r) is globally attracting, let r e R. we may assume that _1 <r 1 7, since this will be the case after the first iteration.
suppose that 0 I r I 1, then we note that 0 < f ,(*) < 1 on this interval. By the

Mean Value Theorem, there exists c e (0, r) with

f'('): fu#, o, o < f (*): f'(c)r < r.
Continuing in this way, we see that

0 < f"(r) I fn-r@) < ... < f(*) < r,
so we have a decreasing sequence rn: f"(r) bounded below bv 0. It follows that this
sequence converges. But Proposition 1.4.5 implies that if this sequence converges, it
must converge to a fixed point. c:0 being the only fixed point gives f"(r) --+ 0 as
7?. --+ oo. A similar argument can be used for _1 < r 10. tr

Example 1.5.3 It is possible for the fixed point to be unstable, but to have a one-
sided stability (to be semi-stable). For example, consider f (r) : 12 + tl+ which has

γbl =|
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the single (non-hyperbolic) fixed point c: 712. This fixed point is stable from the
left, but unstable on the right.

In the following we give some criteria for non-hyperbolic fixed points to be asymp-

totically stable/unstable etc. It also gives a criteria for semi-stability.

Theorem t.5.4 Let c be a non-hyperboh,c fired point of f (r) wi,th f '(c) : 7. If f '(r),
f"(r) and f"'(r) are cont'inuous at r: c, then:

(i) if f"(c) 10, the c i,s sem'i-stable,

(1i) ,f f"("):0 and f"'(") ) 0, then c i,s unstable,

(iii) # f"(") :0 and f"'(") ,-0, then c i.s asymptoti,callE stable.

Proof. (i) If /'(c) :1then/(r) istangential\oy:trattr:c. Supposethat

f"(") > 0, then /(r) is concave up at r -- c and the picture must look like the
following:
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we see this gives stability on the left and instability on the right.
More formally, since the derivatives are continuous, and f,,(c) > 0, this will be

true in some small interval ("- 6,c+6) surrounding c. In particular, the derivative
function /'(r) must be increasing on that interval, so that since /,(c) : 1 then

f'(r)<1 forall re (c-6,"), and f,(r)>1 forall ue (c,c_15),

for some d > 0. Also, from the continuityof f,(r),we can assume that ft(r)> 0 inthis interval.
Now bv the Mean value Theorem applied to the interval [r,c) c ("- 6,c], there

exists q€(r,c) with

f,(q): f(") - f(") .r-c )

Now since 0 < f,(q) < 1 and c) n, we have

Or

″ <ノ
( ″ ) <c.

Repeat i ng t hi s argument , we see t hat  t he sequence∫ η

( ″ ) i s i ncreasi ng and bOunded

above by c, sO must  cOnverge t O a f l xed poi nt . There can be no ot her f l xed pOi nt ( Say

ご
≠

C) , i n t hi s i nt erval “
t he Mean Val ue TheOrem wOul d gi ve∫ ′

( 91) =l  f or sOme

91∈ ( ″ , C) , a Cont radi ct i Ono Consequent l y we see t hat  c i s st abl e on t he l ef t .

On t he Ot her hand, i f 降

, ″ ] ⊂ ( c, c+δ ) , t hen appl yi ng t he Mean Wbl ue Theorem as

above gi ves

ムの=Ψ >L嘲
→

>″ >ら

si nce″
_c>o.  Thi s t el l s us t hat  t he pOi nt  mOves a、

vt t  f rol n c under i t erat i On, sO

t he■ xed poi nt  i s unst abl e On t he r i ght . si l l ni l ar  cOnsi derat i Ons can be used when

ノ

′′

( C) <O and t he graph i s cOnca、
re down at ″

=c.

( i i ) i S Si mi l ar t o( i i i ) , so i s Omi t t ed.

( 五

i ) I n t hi s case∫
′′′

( C) <0, ∫

″

( c) =O and∫

′

( c) =1. ヽ bヽ wi l l  shOw t hat  we have a

poi nt  Of  i nf l ect i On at ″

=c t t  i n t he f o110、 vi ng pi ct ure:

<1,
0<∫

( ″ ) 一 ノ( c)

″ ― c



By the second derivative test, /'(r) has a local maximum at tr: c (the continuous
function /'(r) is concave down). It follows that

f'(r)<1 forall re (c-6,c*d),rf c,

for some d > 0 (f"(") ) 0 for r e (c-d, c), so f'(r) isincreasing there, and /,,(r) < 0
f.or r €. (c,cl d), so /'(r) is decreasing there). In particurar f'(r) + l if r I c.

Now use an argument similar to that of (i) above to deduce the result. tr

Example 1.5.5 Returning to the function f(r) : sinr, we see that /,(0) : 1,

f"(0):0 and f"'(0) - -1, so the conditions of rheorem 1.5.4 (iii) are satisfied and
we conclude that r : 0 is an asymptotically stable fixed point.

If f(r): tanz, then /'(0) : 1 and we can check that Theorem 1.5.4 (ii) holds
so that the fixed point r:0 is unstable. For f (*): 12 +lf 4,, with f(tl2): Ll2,
f'(Ll2): 1, we can appiy Theorem 1.5.4 (i).

How do we treat the case where /(c) 
-1 

at the fixed point? We use:

Definition 1.5.6 The Schwarzian deri,uatiue Sf (r) of f (r) is the function

sf(r) - f"'(r) _1lf"@)1'r, f'(r) zLf,@))'
so that

Sf (*): -f,,,(*) -f,[f,,td]r, when f,(r): - t.

２

．

０

“

Ю

い



Theorem l . 5。 7 SΨ pο sθ  t t α ι c t s α
 f ″

θご
ρ
οづηι

ル
r∫

( ″ ) α
ηα

∫

′

( C) =- 1. 」/ノ

′

( ″ ) ,

∫

″

( ″ ) α
ηご

∫

′′′

( ″ ) α
t t  Cο ηιづηυοt t s αι ″ =cι んθη」

( i ) ゲ
S∫

( C) <0, 流 θη ″ =c t s αη αsν t t ρ ιοιt Cα ιι
ν sι

αb′ θ
f ″

Cα
 ρ

οれι
,

( i i ) グ
S∫

( C) >0, 流 θη ″ =c, s αη zη sι αら′θ
ル

cご
Pο

れサ.

Prooi ( i ) Set  g( ″
) =∫

2( . ) , t hen g( C) =c and we see t hat  i f  c i s asympt Ot i cal l y

st abl e wi t h respect  t o g, t hen i t  i s asympt Ot i cal l y st abl e wi t h respect  t o∫

. Now

g′

( ″ ) =勇 げ( ∫ ( α ) ) ) =∫

′
( ∫ ( ″ ) ) ・ ∫

′
( ″ ) ,

so t hat  g′
( c) =∫

′

( C) ・ ノ

′

( C) =( - 1) ( - 1) =1.

The i dea i s t o appl y Theorem l . 5。
4( i i i ) t o t he f unct i On g( ″

) . Now

θ

′′

( Z) =ノ

′

( バ
%) ) ・

∫

″

( ″ ) +∫

″

( ノ ( ″ ) ) ・ I ∫

′

( ″ ) ] 2,

t hus

gノ

′

( c) =∫

′

( c) ∫

′′

( C) +∫

′′

( c) [ ∫

′

( C) 12=0,  si nce∫

′

( C) =- 1.

Al sO

g″

′

( ″ ) =∫

″

( ノ ( ″ ) ) ・ ∫

′

( ″ ) ・ ∫

″

( ″ ) 十 ノ( ∫ ( α ) ) ・ ∫

′′′

( α ) +ノ

′′′

( ノ ( ″ ) ) [ ノ

′

( ″ ) ] 3+ノ

′′

( ノ ( ″ ) ) ・

2∫

′

( ″ ) ノ

′′

( ″ ) .

Theref ore

θ

′′′

( C) =『

′′

( C) 12( _1) _ノ

′′

( c) 一 ∫

′′′

( c) +2ノ

″

( c) ( - 1) ∫

′′

( c)

=- 2ノ

′′′

( C) - 3[ ∫

′′

( C) ] 2

=2Sノ ( c) <0,

and t he resul t  f 0110ws i Om Theorem l . 5。
4 1i l ) 。

( i i ) Thi S now f 01l ows f rom Theorem l . 5. 4( i i )                     
□

Rel l l ark l . 5。 8 The above proof  shOws hOw t he Schwarzi an deri vat i ve ari ses f rom

di ■ rent i at i ng 
θ =ノ

o∫
=∫

2. I n t he case where∫ ′

( c) =- 1, i t  f o110ws t hat

〆0=O md SI の =ン0.

Exampl e l . 5。 9 For t he l ogi st i c map t t μ

( ″ ) =μ
″

( 1- ″ ) we have

Ll ( ″
) =μ - 2μ z, L“

( ″ ) =- 2μ  and Lz′
( ″ ) =0・
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When 
μ =1, ″ =O i s t he onl y■ xed poi nt  and TheOrem l . 5. 4( 1) shOWS t hat  

χ =o i s

semi ―st abl e( at t ract i ng on t he r i ght ) . HOWever, we regard t hi s as a st abl e nxed pOi nt

f or ι
μ dei ned on t he i nt erval  10, 11, Si nce poi nt s t O t he l ef t  of  O are not  i n t he domai n

of  Zμ .

When μ =3, c=2/3お ■xed and L, ( 2/3) =- l  gi 宙ng a nOn― hyperbol i c■ xed

poi nt . However, S∫
( 2/3) =0- : [ 612<0( negat i ve Schwarzi an deri vat i ve) , so by

Theorem l . 5, 7( i ) , ″
=2/3 i s asympt ot i cal l y st abl e.

Exercises 1.5

1. Show that /(r) : -2r3+2r2+r has two non-hyperbolic fixed points and determine
their stability.

2. For the family of quadratic maps Q.@) : tr2 * c, r e IR, use the Theorems of
Section 1.5 to determine the stability of the fixed points for all possible values of c.
Find any values of c so that Q, has a non-hyperbolic flxed point, and determine their
stability.
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3. Find the fixed points of the following maps and use the appropriate theorems to
determine whether they are asymptotically stable, semi-stable or unstable:

0胴 =手 +争
① 胴 =釘飢

叫 o胸 =が +ノ +Ъ

( i V) ∫ ( ″ ) =″

3_″ 2+″

,

4. Let f(*):ar2 +br*c, a+0., andp afixed point of /. provethefolrowing:

(1) It f'(fl : 1, then p is semistable.

(ii) If f'(p) : -1, then p is asymptotically stable.

5. I f ∫
( ″ ) =α

″ +わ

, 偽
b, Qα ∈ R i s t he hnear f ract i Onal  t ransf ormat i OL shOn「

t hat

i t s Schwarzi an deri vat 市
ei s Sノ

( ″ ) =O f or al l ″ i n i t s dOmai n.

２

２

／

／

＜

一

＞

″

　

″″

＆

　

一

０

＜
８０

ｒ

ｉ

く

―

ヽ

〓
″

∫
Ｖ

6. I f  S∫
( ″ ) i S t he schwarzi an deri vat i ve of ∫

( ″ ) , a 
θ

3 f l l nCt i On and F( ″

) =

show t hat  S∫
( ″ ) =F′ ( ″ ) ― ( F( ″ ) ) 2/2.

∫

′′

( ″ )

ノ

′

( ") '

[ I f l を、三ギl i 」l el l i l l I : ( 11: F: |∫
i l l ∫

1/″

)  l l ∬

: 1:  , f l nd t he peri odi C pOi nt s

) n― hyperbol i c.  Show t hat ″
=o i s not  an

i sol at ed i xed poi nt ( i . e。
, t here are Ot her■ xed pOi nt s arbi t rari l y cl ose t O o) . I s″

=0

a st abl e, at t ract i ng or repel l i ng l xed poi nt ?

8. ( 1371) Let 」
vノ

be t he Newt On f l l nct i On Of  a

f l l nct i On∫ . I f ノ
( α ) =0, show t hat  A7′

( α ) =

deri vat i ve of ∫
.

four times continuously differentiable
25f (a), where S/ is the Schwarzian
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9. (a) Use the Intermediate Value Theorem to show that /(r) : cos(r) has a fixed
point c in the interval l0,rl2). We can show experimentally that this fixed point is
approximately c : .739085. . ., for example by iterating any ro € IR.

(b) Show that the basin of attraction of c is ail of R (Hint: You may assume that
r € [-1, 1] - why? Now use the Mean value Theorem to show that l/(r)-cl < )lr-cl
forsome0<)<1).

(c) Does /(r) have any eventual fixed points?

(d) Can /(r) have any points p with f,(p) :p other than c?
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Chapter 2, Bifurcations and the Logistic Family

2.1 The Basin of Attraction

In this chapter we examine the basin of attraction of the logistic maps, i.e., for a
given p and fixed point r : c we look for the set of those z € [0, 1] which converge
to c under iteration bV LuQ) : pr(t - r).
Definition 2.1.1 The basi,n of attracti,on By@) of a fixed point c of f (r) is the set
of all r for which the sequence trn: f"(r) converges to c:

Btk): {r € X : f'(r) ---+ c, as n --+ oo}. . g..

The i,mmed'iate basin of attracti,on of f is the largest interval containing c, contained
in the basin of attraction of c. We first show that this is always an open interval when
c is an attracting fixed point.

Proposition 2.L.2 Let f : iR. --+ IR 6e a continuous functi,on hauing an attracting
fired po'int p. The immerd'iate basin of attracti,on of p i,s an open i,nterual.

Proof. Since p is an attracting fixed point there is e ) 0 such that for all r e I,:
(p - ,, p * e), f" (r) -+ p as rl ---+ oo. Denote by -I the largest interval containing p for
which f"(r) ---+ p f.or r € J, as n --+ oo.

Suppose that J : la,bl, a closed interval, then there exists r e Z+ with /"(a) e 1..
Now /' is also a continuous function, so points close to a will also get mapped into
1., leading to a contradiction.

More specifically, there exists d > 0 such that if lr-al < 5, then l/,(r)- f,(o)l < q,
where ri: min{l,f'(o) - (p- r)l,l(p+ e) - f' (r)l}. Thus there are points r < a close
to a for which f'(r) € .I., so f'"(t) ---+ p as r, --+ oo, a contradiction. We conclude
that a ( J (and similarlyfor b), so.I is an open interval. n
Example 2.1.31. It f (r) : tr2, the fixed points are c:0 and c: l, both hyperbolic,
the first being attracting and the second repelling. Clearly Br(0) : (-1,1) and
BrQ) : {-1, 1}. We sometimes regard c : oo as an attractive fixed point of /, so
that 81(m) : [--, -1) U (1, *].
2. If f : I ---+ I is a continuous function on a closed interval I : lo,b] having an
attracting fixed point p e (a,b), then we cannot exclude the possibility that the basin
of attraction includes either a or b, or both. On the other hand, if r : o is the
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attracting fixed point, the bsain of attraction may be a set of the form [a, c) for some
c€ (a,b]. Such a set can be regarded as being open as a subset of la,bl.

.l

2.2 The Logistic Family
The logistic maps Lr(r) : pr(l - r) are functions of two real variables p and z.

We usually restrict r to the interval [0, 1] and consider p € (0, a). p is a parameter
which we allow to vary, but then we study the function L, for specific fixed values of

/r. As the parameter p, is varied, we see a corresponding change in the nature of the
function Ir. This is what is called bi,furcati,on For example, for 0 < p < 1, Lrhas
exactly one fixed point in [0, 1] , c:0, which is attracting. As;; increases beyond 1, a

new fixed point c: l-Llp, is created in [0, 1]) so now Lrhas two fixed points. c:0
is now repelling and c - 1 - 7l p isattracting (for 1 I p { 3). At F : 3 the nature
of these fixed points changes again as we shall see. In this section we determine the
basin of attraction of these fixed points as pl increases from 0 to 3. We see that the
"dynamics" (long term behavior) of I, is quite uncomplicated for this range of values

of p.

The function Lr(r) : ptr(l- r), 0 I r 11 has a maximum value of p"l4 when

r:712. Consequently, for 0 < pr 14, L, maps the unit interval [0, 1] into itself. We

shall consider later what happens when pt > 4. We start by showing that the basin
of attraction of Lu for 0 < 1t" < 1 is all of the domain of Lp, namely [0, 1]. We say

that 0 rs a global attractor in this case.

Theorem 2.2.1 LetLu@): ptr(I-z),0 < r 3lbethelogi,sti,cmap. For0 < p1l,
8",(0): [0, 1] and for 7 < p" < 3, Br,,(t - tld: (0, 1).

\&Ie split the proof into a number of different cases:

Case2.2.2 0(p(1.,,.- .l

' t. ' 
,/ 

t, I

l

).' - ;

: ' 
" , C1=O - =;/,,

:t, ..r' ,-- ) , -r' ).., f .i

!' t . .-i l 
', . t. . = '--.1 .-l 't,'I i

f . 
-;

l,!

T″
4び
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00       02       o4       o6       o8       1 o

For O<μ <1, t he onl y■ xed pOi nt  i s o.

ヽヽb have seen t hat  f Or 
μ ∈

( o, 1) , Zμ  has Onl y t he One l xed pdnt ″ =oi n Ю, 司

( t he Ot her f l xed pOi nt  i s l _1/μ ≦0) . For 
μ <l  t hi S■ xed poi nt  i s asympt ot i cal l y

st abl e, but  i n any case

O<μ
≦ 1, 0<1- z<1⇒ 0<μ

( 1- ″ ) <1

→ 0<ι
μ( ″ ) =μ

″
( 1- ″ ) <″ , ″ ∈

( 0, 11,

and i n a si mi l ar wり
, Lる

( ″ ) <Zμ ( ″ ) et c. , so t he sequence Lβ
( ″ ) i S decreasi ng, bOunded

be10、v by O,  and hence must  cOnverge t O t he Onl y■

xed poi nt ,  namel y O.  I t  f ol 10ws

t hat  t he basi n Of  at t ract i On i s BLμ

( 0) =10, 11( Zμ ( 1) =0) .

Case 2. 2. 31<μ
≦ 3.



41

l-tltr<ll2 for 1< p,<2. l-tltr>Il2for21p,<3.

We have seen that for p ) 1 the fixed point 0 is repelling, but a new fixed point
c:7-Llp has been "born" which is attracting (for I < p ( 3), so by Proposition
2.1.2 there is a largest open interval I : (o,b) containing the fixed point for which
r e I implies tft(r) ---+ c as n --+ oo. If the basin of attraction of c is Br(c), then
0,7 4 Br(r) because Lr(O) : 0 and Lr(l) : 0, so Br(r) + 10,1). Furthermore, clearly
a,b e Brk).

From the Intermediate Value Theorem, Lr(o,b) is an interval which must be con-
tained in (a,b), for tf r e (o,b), Li,Qu@)) --+ c as rr, --+ oo. Let rn be a sequence

in (a,b) with lim,r** rn: a,, then by the continuityof Lu,lim,,-*Lr(r*): Lr(a).
Since rn e (a,b) for every n e Z+, we have Lr@") e (a,b) for all n e Z+. Since

Lr@) f (o,b), the only way this is possible is if Lr@) : a or Lr@) : b, and similarly
for b. This is only possible if a and b are fixed points, are eventual fixed points or
Lr(o) : b,Lr(b): a (we call {a, b} a2-cycle - see Section 2.3). We show that the
latter case cannot happen, and this leads to the conclusion that a : 0 and b : 1,

since there are no other fixed or eventual fixed points in [0,1] that can satisfy these

condition. Consequently, we must have Bu0 - Lld : (0, 1).

Now we can check that

t2r(r)-tr : lr'r(7-(p+l)r+2p"r2 - ur3)-tr : ,(lr'*'- pfu+L)r+p,*l)(pr- p,+r),

and a and b must satisfy this equation. We can disregard the linear factors as they
give the two fixed points. The discriminant of the quadratic factor i, p'0, + 1)' -
4p'(tr-tl) -- t-r'0l+t)(fr-3) < 0 for 1 < F { 3,so there is no 2-cyclewhen 1 < p < 3.

When p : 3, the discriminant is zero, the fixed point is c : 213 and the quadratic
factor gives rise to no additional roots, so again there is no 2-cycle. tr

Remark 2.2.4 Note that when F:2, r : 712 is a super attracting fixed point (since
LLOIZ): 0). As we saw above the basin of attraction will be (0, 1).

Exercises 2.2

7. rf Lr(r) : p"(1- r) is the logistic map, show that r : rlz is the only turning
point of L2(r) for0< p<2, butwhen p>2, twonewturningpointsarecreated.
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Use t hi s t O shOw t hat  f Or 2<μ
<3, t he i nt erval  11/μ

, 1- 1/μ l i s mapped by Li  Ont 。

t he i l l t ernl [ 1/2, 1- 1/ / t l .

2.3 Periodic Points

Points with finite orbits are of importance in the study of dynamical systems and
their long-term behavior:

Definition 2.3.L Let f : X --+ X bea function with c e X.
(i) cis aperi,odi,cpoi,ntotf(r) withperiodr e Z+ if f,(r): cand fk(c)lcfor0< /c < r (inparticular, cisafixedpoint of f,).wecallrthe peri,od,of candthe
set O(c) : {c, f (r), f'(r),..., f,-r(c)} is an r-cycle. We write

Per,(/) : {r e X : f,(r): r},
so that Fix(/) e Per"(/) , TL : 1,2,. .., since the points in per,(/) may not be of
period n, but of some lesser period.

(ii) cis euentually periodicforlif thereexists me Z+ suchthat f*(")isaperiodic
point of / (we assume that c is not a periodic point).

(iii) c rs stable (respectively asgmptoti,cally stable, unstable etc.) if it is a stable fixed
point of .f'.

The following criteria for stability now immediately follows from Theorem 1.3.3:

I4eorgm 2 .3.2 suppose that c 'is a po,int of peri,od, r for f and that f 
,(r) i.s continuous

at fr: c. If ci: fi(c), ,i:0,1,..., r - 1 then:

(i) c is asymptotically stable i,f

lf'ko) . f'("r) . f'("r)... f'(c,-,.)l < r.

(ii) c i,s unstable i,f

|∫

′

( CO) ・ ∫

′

( Cl ) ・ ∫

′

( c2) ・

…
ノ

′

( cr_1) |>1.
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Proof. Let us look at the case where r : 3 as this is typical;

0( C) ={ c, ∫
( C) , ∫

2( c) } ={ Q, cl , c2} ・

Then

勇
( ∫

3。

) ) =勇 ( ノげ
2。

) ) ) =ノ

′
げ

2し

) ) ( ∫

2( ″

) ) ′
=∫

′
( ノ

2( 0) ノ

( ノ ( → ) ノ

′
0)

=ノ

′

( C2) ノ

′

( Cl ) ∫

′

( Q) ,  when ″ =c.

The resul t  nOw f O110ws f l ・ Om l . 3. 3.

Example 2.3.3 If we look at the graph of the tent map T(r), we see it has two fixed
points, c : 0 and c :213. If we graph 73 it has eight fixed points: These arise from
two 3-cycles: {2f7,417,617} and {2lg,,4lg,Blg}, together with the two fixed points,
so that

Per3( T) ={ 0, 2/3, 2/7, 4/7, 6/7, 2/9, 4/9, 8/9} .

10

08

06

0. 4

02

00      02      04      06      08      1 0

The graph of  T2sh。 、vs t hat  T2 haS f Ourf l xed poi nt s cOmi ng f rOm a 2- cycl e( 2/5, 4/5}

and t he t wO■ xed poi nt s. Si nce l T′
( ″ ) |=2 and l ( T2) ′

( ″ ) |=I T′ ( ″ ) |I T′ ( T・ ) |=4, et c.

( eXCept  at  poi nt s of  non_di 5erent i abi l i t y) , al l  t hese peri Odi c pOi nt s wi l l  be unst abl e.

□
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Example 2.3.4Let f(r):!/r,r+0,r1*1. Notethat fr(*):r o,nd. f(r) *"
for all such z, giving rise to the 2-cycle {r,Llr}. In this case

lf' @) f' (U r)l : | - Il *' 1.r2)l : r,

so the theorem is inconclusive. However we see that the periodic points are stable
but neither attracting nor repelling.

Example 2.3.5 Consider the quadratic function f (r) : tr2 -2. We have seen that to
find the fixed points we solve f (*): tr, or tr2 -2 - r,, n2 -r-2: (r-2)(r*1) : g,

Sort:2orr--1.
To find the period 2-points we solve f, (") : tr or f, (r) - r :0. This is simplified

when we realize that the fixed points must be solutions of this equation, so that
(r -2)(r + 1) is a factor. We can then check that

f,(") - r, : ra - 4r2 - r * 2 : (r _ 2)(" + I)(r2+ r _ 1).



Solving the quadratic gives

.-t + J5 -r - Js_
so that | 2,- 2 ) is a 2-cycle. In general, finding periodic points of
quadratics can be complicated. If /(r) is a quadratic, f"(r) - r is a polynomial of
degree 2.

To check the stability, we calculate

l/'((-1 -JqDt,((-1 +\/5)12)l :l(_1 _loet+lql :11_51 :4)1,
giving an unstable 2-cycle.

Remark 2.3.6 t' As before, periodic points can be stable but not attracting (as
above with /(r) :7lr at r l1). They can also be attracting but not stable as in
Example 1.4.7).

2. Functions such as f (r): sin r canhave no period 2 points or points of a higher
period since this would contradict the basin of attraction of r : 0 being all of IR..

similarly, the logistic map Lp,0 < p ( 3 cannot have period n-points for n ) 1.

Exercises 2.8

1. For each of the following func[ions, c:0lies on a'periodic cycle. Classify this
cycle as attracting, repelling or neutral (non-hyperbolic). Say if it is super-attracting:

(i) f (") : ["orr. (ii) e(r) : -i*, - ]r, + t.

2. (a) show that cr(r):7-rcos(r) has a super-attracting 3-cycle {0, ),,r12} where
F: ) and ) satisfies the equation ) cos()) : r lZ.

(b) Give similar conditions for Sr(r) : prsin(z) to have (i) a super-attracting 2-cycle,
(ii) a super-attracting 3-cycle.

(c) Explain why for families of maps, say F1", one member of a super-attracting n-cycle
is a super-attracting fixed point (for a different value of p).

“

一

２

〓″
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3. Find the fixed points and the period two points of following maps (if any) and

determine the stability of the 2-cycle:

OA→ =写

弓

OH→ =け

: ・
刹 0バ →=掃 , 同 胴 判 刺 ・

4. Let Q.@) : 12 * c. Show that for c < -3f 4, Q" has a 2-cycle and find it explicitly.
For what values of c is the 2-cycle attracting?

5. Let f (*):ar2 +br*c, a+0.Let {16,11} be a2-cyclefor f (r),

(a) If f'(*o)f'(*r) : -1, prove that the 2-cycle is asymptotically stable.
(b) If f'(ro)f'(rr) : 1, prove that the 2-cycle is asymptotically stable.

6. Let f (r) : ar3 - br * l, 0,f 0. If {0, 1} is a 2-cycle for f (r), give conditions on o
and b under which it is asymptotically stable.

7. Let f (r) be a polynomial with f (r) : 
".

(i) If /'(c) : 1, show that (r - c)2 is a factor of g(r): f (r) - r.
(ii) If f'("):7, or f'(c) - -1, show that (r-r)' is a factor of h(r): f'(r)-r (r.e.,
lf f (r) has a non-hyperbolic fixed point c, then c is a repeated root of f'(") - ").Hint: Recall that a polynomial p(r) has (r - c)' as a factor if and only if both p(c) : g

and p'(c) : 6.

(iii) Show in the case that f'(") : -1 we actually have that (* - r), is a factor of
h(r):f'(r)-r.

(iv) Check that (iii) holds for the non-hyperbolic fixed point r : 213, of the logistic
map .L3(r) :3r(l - r).

(v) Check that (i), (ii) and (iii) hold for the (non-hyperbolic) fixed points of the
polynomial f (*): -2tr3 +2r2 + r.
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8. Let / :iR -* IR be afunctionwhichisdifferentiableeverywhere. rf {rs,rtt...,rn_t}
is an n-cycle for /, show that the derivative of f" is the same at each ri, ,i :
0, 1,...,D-L.

9. Show that if 16 is a peridic point of / with period n and f^(*o) : rs rrl e Z+,
thenm: knfor some k e z+. (Hint: write m:qn*r for some r,0 ( r ( n and
showthatr:0).

10. Show that if fo("): r a,nd fr("): rr, and n is the highest common factor of
p and q, then f"(*): r. (Hint: Use the previous question and the fact that every
common factor of p and q is a factor of n).

11. (a) Let f : IR -+ IR be an odd functi,on (f(-r) : -f(r) for alt r € R). Show that
r :0 is a fixed point and that the intersection of the graph of / with the line U : -tr
gives rise to points c of period 2 (when c + 0).

(b) Use part (a) to find the 2-cycles of /:lR. --+ R, /(r) : tr3 -3rf2 and determine
their stability.

(c)) Let "f , R ---+ IR be a\ euen functi,on (f (-r): f(r) for all z € R). Show that
the intersection of the graph of / with the iine a : -r gives rise to eventually fixed
points c (when c + 0). What are the eventually fixed points of /(r) : cos(z)?

12. (a) Let f (r) : { * sin(1/e) i{ ..t2 
. Find the fixed points of / and determineI o if r:o

their nature/stability. Show that r:0 is a non-i,solated, fixed, point of / (there are
fixed points of / that are arbitrarily close to 0). Find the eventual fixed points of ./
(note that /(r) is an even function).

(b) (Open ended question) Discuss the stability of the fixed points of /(z), their
basins of attractions and the existence of period 2-points. Note that f (r) ( e for all
r€IR.
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(c) Now set e(r) : { 'cos(1/r) if :t3. Find the fixed points of s, and show

that in this case there are period 2-points (Hint: note that g(r) is an odd function -
see the previous question).

2.4 Periodic Points of the Logistic Map

we try to find the 2-cycles of the logistic map Lr(r) : 1tr(l - u), 0 I r { 1. To
do this we solve the equation

L2r(r) : r,
or

pr(r - r)[1 - pr(\ - r)) - r : 0,

or

-lrtrn *2pf rz - (t' + lr')r, * lrr, - tr :0,
Clearlyz is a factor (since c:0 is a fixed point of Lr(r)) and similarly r-(t-tlp)
must be a factor so we get

ti@) - r, : -r(pr - p, * t)(p,r, - u(tt + t)r * 11, * t),,

giving a quadratic equation which has no roots if p, { 3:

t'r'-p@+L)r+1t,*I:0.
Solving using the quadratic formula gives

c=μ

( μ
+1) 土

ャ

/μ
2( μ

+1) 2_4μ
2( μ

+1)

( 1+μ ) 士

2μ
         

・

Thi s i s real  onl y f or 
μ ≧ 3( cal l ed t he“ bi rt h Of  peri Od t wo") . Let  us cal l  t hese t wO

root s cl  and c2( dependent  On 
μ ) .

Thi s 2- cycl e i s t t ympt ot i cal l y st abl e i f

l ( Lる ) ′ ( Cl ) |=I L, ( Cl ) 五
, ( C2) |<1,

Or

_1<μ 2( 1_2cl ) ( 1- 2c2) <1,

2μ

2

( μ

- 3) ( μ +1)

- 1<( - 1- ～/ / ( μ
2_2μ

- 3) ) ( - 1+ν

′

( μ

2_2μ
- 3) ) <1,
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- 1<1- ( μ
2_2μ

- 3) <1,

and t hi s gi ves r i se t o t he t n/o i nequaht i es

μ

2_2μ

- 3>O and 
μ

2_2μ

- 5<0,

and sol vi ng gi ves

3<μ <1+ν

“

.

Thi s i s t he condi t i on f or asympt ot i c st abi l i t y of  t he 2- cycl e{ cl , C2} ・

For 
μ =1+ν 5, l t  can be seen t h航

五
t ( Cl ) Z, ( C2) =~1,  and sL子 ( cl ) <0,

so Theorem l . 5. 7( i ) shOWS t hat  t he 2- cycl e i s asympt ot i cal l y st abl e. Al sO, t he 2- cycl e

i s unst abl e f or 
μ

>1+ν
/6. I n summary:

Theorem 2。 4。 1乃r3<μ ≦ 1+ν 5, ι んθ ι

“

づsι づε 鶴
叩

Lμ
( ″ ) =μ

Z( 1- ″
) ん

αS αη

αSν mpι θιづCα J り sι αbι θ 2- cν c; θ . コんθ 2- cν ε; θ づs t η sι αらιθ
ル

rμ >1+ν
/5.

The above sho、 vs t hat 、 ve have a bi f urcat i on、 ぼhen 
μ ==3、vhere a 2- cycl e i s creat ed

and whi ch was not  pre宙 ousl y present . There i s anot her bi f l l rcat i on at  
μ =1+ν

“

.

Thi s means t ht t  f or 3<μ
≦ 1+～て

, When we use graphi cal  i t erat i On of  poi nt s cl ose

t o cl  and c2, t hey wi l l  approach t he peri od 2 orbi t , and nOt  t he■ xed pOi nt ( Whi Ch i s

now unst abl e) . I nね Ct  i t  can be shown t hat  f or t hi s range of  val ues Of  
μ , t he b“

i n

of  at t ract i on of  t he 2- cycl e cOnsi st s of  al l  of ( o, 1) , ( exCept  f Or t he f l xed pOi nt  l - 1/μ

and event ual  f l xed poi nt s such as 1/μ
) . When μ exceeds l +ν て=3. 449499. …

, t he

peri od 2- poi nt s become unst abl e and t hi s no 10nger happens,  but 、
、shal l  see t hat

somet hi ng di ■ rent  happens. Mた have anOt her bi f urcat i on when 
μ =1+v5, wi t h

t he bi rt h Of  an at t ract i ng peri od 4- cycl e.

2.5 The Period Doubling Route to Chaos

We summarize what we have determined so far and talk about what happens as /-,
increases from zero to around 3.57.

For p I b1 :: l, c :0 is the only fixed point and it is attracting for these values of
p. There is a bifurcation at br : 1, where a non-zero fixed point c: l-tlptiscreated.
This fixed point is attractin g for pt < 3 (and c : 0 is no longer attracting) and super
attracting when F : sr : 2. The second bifurcation occurs when p : bz: 3. The
fixed point c: | * tlp becomes unstable, and an attracting 2-cycle is created for
3<p"<1+J6:bz.
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2. 5。 l  A Super… At t ract i ng Peri od 2- Cycl e

ヽ

～

b saw t hat  when 
μ =2, c=1/2 i s a super― at t ract i ng nxed pOi nt  f Or t t μ . ヽ 石ヽe

ncw l ook f Or a super_at t ract i ng peri od 2- cycl e f Or t t μ

 when 3<μ <1+ν 5, as i t

i l l ust rat es an i mport ant  general  I I l et hod t hat  can be used f Or i ndi ng恥
「here peri od

t hree i s bOrn:

Suppose t hat { χ
l , ″ 2} お a2- cycl e f Or t he l ogi suc map Lμ

, whi chお super_at t racung,

t hen

″ 1=μ Z2( 1~″ 2) ,  and″ 2=μ ″ 1( 1- ″ 1) ,

so mul t i pl yi ng t hese equat i ons t Oget her gi ves t he equat i on

μ

2( 1_″

1) ( 1- ″ 2) =1・

I n addi t i On恥 ア
e must  have

( 五
; ) ′

( ″ 1) =ι
, ( ″

1) ι
t ( ″

2) =0,

so t hat

μ

2( 1_2″

1) ( 1- 2″ 2) =0・

Thus ei t her″ 1=1/2, or″ 2=1/2, sO suppose t he f ormer hol ds, t hen″
2=μ

/4.

Subst i t ut i ng i nt O t he■ rst  equat i on gi ves

μ

2( 1_μ

/4) ( 1- 1/2) =1,

Or

μ

3_4μ 2+8=0.

μ
- 2 11nust  i s a f act Or of  t hi s cubi c, sO、

ヽ
ア
e have

( μ
- 2) ( μ

2_2μ

- 4) =0,

and t hi s gl ves 
μ =1+～石. ヽ、石e ha、

re shown:

鶏鷲稼1. 2ユ

2励θη
 μ=め =1+拓, ( 7at Fい α sη ″屯赫%動ηθ

ヽヽ
″
hen 

μ exceeds b3 == 1 +ヤ
/ /6,  t he 2- cycl e ceases t O be at t ract i ng an( i  becol l nes

repel l i ng.  I n addi t i on, a4- cycl e i s creat ed whi ch i s at t ract i ng unt i l  

μ exceeds a、
ral ue

b4恥
Zhen i t  becomes repel l i ng and an at t ract i ng 8- cycl e i s creat ed. Thi s t ype Of  peri Od

doubl i ng cont i nues sO t hat 、 vhen 
μ exceeds bれ , an at t ract i ng 2η

~1- cyCl e i s creat ed unt i l

μ reaches bπ +1. These cycl es become super at t ract i ng at  sOme sη
( bη

<sれ <bη
+1) .

Thi s behavi or cont i nueも l Ⅳ
i t h 2π ―cycl es f or al l  η ∈Zt t  bei ng creat ed, unt i l  

μ reaches
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approxi mat el y 3. 57. I n ot her恥「Ords, f orわ
れ<μ <ゎ

れ+1, 五 μ has a st abl e 2η

―
cycl e.  I t

can be shown t hat  b∞ =hm2_。。
bη ==3. 570 approxi mat el y.

Al t hOugh bπ
+1- bη

―
―〉0郎 η → ∞

, i t  can be shown t hat

鳳籍≒
=δ =生6692mに

,

( Cal l ed Fei genbaums' s number) 。
Ri genbaum shOwed t ht t  yOu get  t he same const ant  

δ

i n t hi s wt t  f or any f ami l y Of  uni modal  maps( ん

( ″ ) i S t t η
づ鶴οααιi f ん

( 0) =0, ん ( 1) =0,

ん
i S COnt i nuous on 10, 司 wi t h a si ngl e cr i t i cal  poi nt  bet ween O and l ) .

2. 6 The Bi f urcat i on Di agram。

The behavi or descri bed above can be i l l ust rat ed graphi cal l y usi ng a bt t urcα
; づ οη

ごづα
θ

rα m. To creat e a bi f urcat i on di agral n、 ve pl ot  
μ ,  0 ≦ μ ≦ 4 al ong t he″

―
axi s,

and ml ues of  L協
( ″ ) a10ng t he ν

―axi s. The i dea i s t o cal cul at e( sab/ ) f Or eaCh nl ue

of  
μ t he nrst  500 i t erat es of  some( 田 bi t rari l y chosen) pOi nt ″

0. ヽ
4ヽe i gnore t he■

rst

450 i t erat es and pl ot  t he next  50. So f Or exampl e, i f  l  <μ
< 3,  because t he nxed

poi nt  i s at t ract i ng, t he i t erat es wi l l  approach t he■
xed poi nt  l - 1/μ

, sO f Or 
η l arge,

what  we see pl ot t ed wi l l  be( very C10se t o) t he val ue l - 1/μ . For 3<μ <1+拓

t he nxed pOi nt  has becOme repel l i ng, sO t hi s no 10nger shOws up, but  t he 2- cyct  has

become at t ract i n旦
, so we See pl ot t ed t he 2 poi nt s of  t he 2- cycl e. Thi s cOnt i nues t t r i t h

t he興 8- cycl e et c. Thi s i s cal l ed t he pθ
rづ θα ごθυbJ づ ηg η zι θ ιο cん αοs.

We can create a bifurcation diagram for L, using Mathematica in the following
way:

First we define the logistic map for F : l, and then a function of two variables:

f [x-] := x(1-x)

h [x-, a-] : = axf [x]

For a given a e [0,4] we pick r € (0, 1) randomly and iterate h(r,a) 100 times.
Since this gives rise to a single number, we can define a function as the output:

g[ a_] : =(

k[ x_] : =h[ x, a] ;

A=Nest Li st [ k,  Random[ Real , { 0, 1} ] ,  100] ;



Ret urn[ A[ [ 100] ] ]

)

Now we genert t e a l i st  usi ng t he Tabl e command f or 
α ∈

[ 1, 41i

B=Tabl e[ g[ j /1000] , { j , 1000, 4000} ] ;

and now we plot this list:

ListPlot [B, Plotsty1e->PointSize tO. 001],Ticks->Falsel

‰イオ

4免<ǹ 5"

2.6.1. Where Does Period

If we look at the graph of
3-cycle is created:

Three( Э ccur f br t he Logi st i c hl ap

五
, f Or t t l ues Of  μ c10se t 0 3. 8, we see t hat  i s where a

The bifurcation diagram for the logistic map.
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041
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00       02       04       o6       08       1 0

The Graph of  Zi ( ″
) f Or μ

<1+悟 .

10

08

06

04

02

00       02       04       06       08       1 0

The Graph of  Li ( ″
) f Or μ =1+ν 客.
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00       02       o4       06       0. 8       1 o

The Graph of  L: ( ″
) f Or μ

>1+ν τ .

Ⅵた ai m t O shOw t hat  t hi s happens when 

μ =1+ν 毎. For nl ues Of  
μ sl i ght l y

smal l er t han t hi s we onl y see t he t wo l xed pOi nt s. FOr 

μ =1+ν 毎 we see t hat  a

3- cycl e i s bOrn,  and f Or l arger val ues Of  

μ , 恥

re see t 恥 ′
03- cycl es. FOr a smal l  range of

val ues Of  
μ , t he 3- cycl e i s at t ract i ng.

To show t hat  t he bi f l l rc乱 10n Occurs when 
μ =1+ν

/毎

we f ol l ow t he argument  of

Rng 1l q( see al so bl , 114 and降
劉) :

Peri od 3- poi nt s Of  t t μ

 Occur where t t λ ( ″ ) =″ , So we l ook at  where

L] ( ″
) 一

″
=0・

TO di sregard t he■ xed poi nt s Of  Lμ

 we set

%0=妥
°

~″

; μ

( ″ ) 一
″

・

Usi ng Mat hemat i ca( f Or eXampl e) we Can check t hat

θμ( ∬ ) =μ

6″ 6_( μ 5+3μ 6) χ 5+( μ 4+4μ 5+3μ 6) ″ 4_( μ 3+3μ 4+5μ 5+μ 6) ″ 3

+( μ

2+3μ 3+3μ 4+2μ 5) ″ 2_( μ

+2μ

2+2μ 3+μ 4) ″

+1+μ +μ

2.

Set  λ =7+2μ ―
μ

2and l et

ん
μ( Z) =%( ― z/μ

) ,

ん
μ( Z) =Z6+( 3μ +1) Z5+( 3μ

2+4μ

+1) z4+( μ
3+5μ 2+3μ

+1) z3

+( 2μ

3+3μ 2+3μ

+1) 22+( μ

3+2μ 2+2μ

+1) z+μ
2+μ

+1.



Then i f

た
μ( Z) = { Z3¬ 卜z2̀ 旦

些

らF」

立
十 Z( 2μ

―
卜3- : ) ―卜

( μ

~卜

5) _: }

t hen we can check t hat 螺
( 2) =んμ( Z) f Or dl  z( e. gっ

usi ng M

Not e t hat

λ >O f or 
μ <1+ν て,  λ =o f or μ =1+ν 毎,  and λ <o f Or 

μ >1+ν τ .

Thi s means t hat  f or 
μ <1+ν

g, ん

μ( z) >O f or al l  z( we Sり ん
μ( Z) i S Pο

s' ι

j υ

θご
げηづιθ

) ,

so cannot  hⅣ e t t y root s, i . eっ
ル ( ″ ) =O has no s01ut i On, sO Lμ

 cannot  have any

3- cycl es.  ヽ

～

b summari ze t hi s t t  f O1l o、 ァ
s:

Theorem 2. 6。 2 1l q( i ) 」
/0<μ <1+～C, ι んθη ん

μ( z) づ
S pθ sづ ι

j υ

θ αげηづιθ αηα ιんθ

θ
9鶴

αιづθη ん
μ( z) =0ご

οCS ηθι んαυθ αη
ν

“

αι t t θ ιs. θ θηsθ gzθ ηι
り, ι

んθι

"づ

sι づc mt t  Lμ
( ″ )

ごθθs ηθι んαυθ α θ
_cν

εJ θ .

( i i ) J μ
=1+ν

g, ι
んθη ん

μ( 2) =0ん
αS ιん

“

θ ごづsι づηcι  πЮιs, θ αcん
げ

mυ ιι
ウ

J づ εづι
ν 

ιυο.

助θsθ  ιんrθ θ t t ο おθθηsι づιzι θ α θ―
cν c′ θ

ル
r  t t μ

( ″ ) .

( 面 ) f /μ
>1+ν t t  

ι
t t ι ん

μ
―

( 1+～
C) St θ 76」 θ η ι

り
Smα ι

り, ι
んθ C9包 α ι づθ η ん

μ ( Z) =0ん
α S

Sづ″ Sれ
Pι

C"ο t t  υんづcん
θ
づυc rづsc ιο ιt t θ  θ―

cν cι θsル r  Lμ
( ■ ) .

Proo■
( i ) I f  μ

<1+～
/5, t hen si nceん

μ ( Z) i S pOSi t i ve dei ni t e t he resul t  f O110恥
「s.

( i i ) I f  μ =1+～
/5, t hen 

λ =O and t he equat i On becomes

んμO=( z3+υ +3の) z2+“ +げ) z+3+02.

The resul t i ng cubi c can be sol ved usi ng t he cubi c f ormul a t o gi ve t hree real  sol ut i ons,

Zl , Z2, Z3and t hese can be used t O gi ve t he t hree s01ut i Ons t o%( χ

) =0, COrrespondi ng

t o t he 3- cycl e of  t t μ
( ″ ) :

μ
＋Ｚ

判

　

ｉｃａ
＞

寺

¨

２

　

　

　

　

　

　

ａ

2+3ν ワ

,  
た=0, 1, 2,

(see the graph of gr(r) below).

(iii) For ) < 0 we can factor hr(r) : h(z)hz(z) using the difference of two squares,
and then use the Intermediate Value Theorem on each of fu(z) and h2(z), to see that
they each have three different roots corresponding to two 3-cycles, which can then be

zた =2∠
ヱ

cos( : arccOS( ―

】: 7~卜

: 篭

書

) ) 一

shown to be distinct (see [16] for details).
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ル ( ″ ) f Or μ =1+√ .

%( ・ ) f Or μ
>1+ν τ .
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Exampl e 2. 6. 3:  A Super… At t ract i ng 3- Cycl e f or t he Logi st i c Map

Recal l  t hat  super― at t ract i ng peri odi c poi nt s occur、vhere t he deri vat i ve i s zero, so

f or a super― at t ract i ng 3- cycl e { cl , C2, C3} ,  V`e requi re

( L3) ′ ( Cl ) =五
カ

( Cl ) L, ( C2) 五

' ( C3) =0,
1. e。

,

( 1- 2cl ) ( 1- 2c2) ( 1~2c3) =0,

so we m等 器sume cl =1/2. Thi s means t hat ″ =1/2 i s a sol ut i on of  t he equat i on

五
, ( ″

) =∬ , Or Z〕 ( 1/2) =1/2. But  i f  μ sat i sf l es t he equat i on t t μ ( 1/2) =1/2, t hen

i t  wi l l  al so sat i sf 57 t he equat i on i nvol vi ng t he t hi rd i t erat e, Consequent l y we sol ve

f or 
μ

: gμ
( 1/2) =1/2, where gμ ( ″ ) =( Li ( ″ ) 一

″
) / ( Zμ ( ″ ) 一

″
) as dei ned i n t he l ast

sect i on( t hi S el i mi nat es t he root  
μ =2 whi ch gave r i se t o t he superst abl e nxed pOi nt

at ″ =1/2) . ヽ Ve Obt ai n

上

( 64+32μ
+16μ

2_24μ 3_4μ 4+6μ 5_μ 6) =0.

Set

p( α
) =α

6_6α 5+4α 4+24α 3_16α 2_32α

- 64,

t hen Mat hemat i ca i ndi cat es t hat  t here i s a si ngl e real  root  μO l arger t han l +v毎
Wi t h

exact 、
ア
al ue

胸 =: { 6+2/3仲 +ト メ
β

95- 3ν
る

の

V3+ト
ノ

395+3緬

) V3) } .

NI at hemat i ca i s abl e t o sol ve t hi s equat i on exact l y because i t  can be reduced t o a

cubi c( and t hen t he cubi c f ormul a mt t  be used) :

Fol l owi ng Lee pq, repl ace α by α+l  and check( udng Mat hemauca) t hat

p( α +1) =α
6_1l α 4+35α 2_89=b3_1l b2+35b- 89,

a cubi c i n b=α

2whi ch can now be sol ved exact l y f or b, t hen f or 

α
, f rom whi ch t he

ori gi nal  equat i on can be sol ved. I t  i s seen t hat

μO==3. 8318740552. …
.

The ot her peri od 3- poi nt s mt t  now be f ound si nce cl =1/2, c2=Lμ
O( 1/2) =μ O/4=

0. 95796. . . , and c3=五
λ。( 1/2) =μ 3/4( 1- μ O/4) =0. 15248. … .

Exampl e 2. 6. 4: The 3- Cycl e when 
μ =4

When 
μ =4, L4( χ ) =4″ ( 1- χ ) . I n t hi S Ct t e t t  hNe

g4( ″
) =4096″

6_13312χ 5+16640"4_10048″ 3+3024χ 2_420″

+21,
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and we can check using Mathematica (see also Lee [27])

gq(rla) : tr6 - 1315 + 6bra - lb|r\ -f 1ggr2 - L}br * 2l
: (r3 - Tr2 * l4r - T)(r, _ 6z.2 f gr _ 3),

the product of two cubics. The solutions give a pair of 3-cycles, which we will show
are given by the following theorem:

Theorem 2.6.5 For the logi,stic map La(r) : 4r(l _ r) we haue:

(i,) fhe Z-cscte is {sin2(nlS),sin2(2rlb)}
(ii) The S-cycles are

{sin2(rl7), sin2(2rf7), sin2(znlz)} and, {sin2Qrlo), sin2(2rfg), sin2(+trlo) }.

Proof. Recall that the difference equation frn*t:4rr(l _ rn), n:0,1,2,..., has
the solution 

rn : sin2(2, arcsin \/*r)
This was obtained by setting r,, : sin2(0n) for some d, e (0,r l2l, (n :1, 2. . .), so
that

sin2(9,*1) : 4sin2 (0n)(1 - sin2(A,)) : 4sin2 (0n; cos2(g,) : sin2 (20.).
We can use this to show that sin2(g,+r) : sin2(40._), so in general

u,, : sin2(0*) : sin2(2"0s), where do : arcsin (\/"r)
In particular we have

Appl yi ng t hi s t O t he si t uat i On where、
ve have a 2- cycl e{ cO, cl } , i f  Q=si n2( θ

じ) , we
get  θ

O i s equal  t 0 4θ O, π - 2θ 。, 2π
- 4θ

00r π- 4θ
O. Thi s gi ves θ =o Or θ=π /3( gi vi ng

r i se t O t he t wO■ xed poi nt s) Or θO=π
/5, or 2π /5 f i ・

om whi ch t he resul t  f ol 10ws. A

si l ni l ar , but  l l nore comphcat ed anal ysi s gi ves t he 3- cycl es.                    

□

Remark 2. 6. 6 Usi ng t he above i deas, i f  we、
vant  t O■ nd t he peri od 

η
_pOi nt s Of 五

4,

we sol t t  t he equa伍
on ZT( ″

) =″
. When″

=si n2( θ
) , t hi s becOmes

si n2( θ
) =si n2( 2つ θ

) .                 

・

Thi s gi ves r i se t o t he t wcl  equat i Ons

土θ =2η θ +2たπ ,  Or t t  θ =( 2ん +1) π - 2π θ,  f Or sOme た∈z.

θ
l ==arcsi n( ysi n2 2θ 」

) = {  πf f 3θ

0 1l  π, どらだイ
, 2
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This can be summarized as a single equation:

*0 : 2n0 + kr ), : ;h, TL : 1,2,J..., k €Z

so that

lr;!!-), 0 < k < 2n-t) u {sin2(-in-), 0 < k s2,-r}.z - L r L '2"+l'

It follows lhat La has points of all possible periods. We shall see that the set of all
periodic points constitutes a "dense" set in [0, 1] and each of these points is unstable.

Exercises 2.6

1. Recall the family of maps definedby Sr(r): psin(z) for r e [0,r] and p,el0,r).
Use the Mathematica commands below together with the ManiputatePtot command

to estimate the values of p where periods two and three are born. Use

h[a-,x-]:= a*Sin[x]
g[a-,x-] := h[a,h[a,x] l
k[a-,x-] := h[a,h[a,h[a,x] ll

Manipulate[PIot[{x,g[a,x]], {x, 0, Pi}, PlotRange->{0,Pi},
AspectRatio-)Autonaticl , {a, 0 , Pi}l

(Click on the * at the end of the Manipulate line to obtain the Animation
Controls).

2. Modify the bifurcation diagram of the logistic maps to give a bifurcation diagram
for the family Sr, 0 S p < it.

3. Do the same as in question 1 for the family Cr("): pcos(r) , r e [-zr,z] and
p, e l0,r).

4. Can you use the method of question 1 to estimate a value of p for which ,5, has a
superattracting 2-cycle, or 3-cycle?



ユh瓢→=μ

□
脚刈.

( a) ShOw t hat %has a maxi mum at ″ =ν 2_l  and t he maxi mum ml uei s 

μ( 3- 2ν
7) .

( b) Deduce t hat  g i s a dynal ni cal syst em on l o, 1] f or o≦

μ ≦3+2ν 7( i . e. , ル
( 10, 11) ⊆

10, 11) .

( c) Fi nd t he■ xed pOi nt s Of %f Or 
μ ≧ 1,

( d) G市
e cOndi t i Ons On 

μ  f Or t he■ xed pOi nt s Of %t O be at t ract i ng.

l i l : 窟

Ⅳ[ at hemat i ca t O graph 9:  and g, ,  and eSt i mat e 

恥アhen a peri Od 2- poi nt  i s

( f ) USe Mat hemat i ca t o gi К  a bi f urcat i On di agram f Or%, f Or O≦

μ ≦3+2ν り.
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2.7 The Tent Family 7r.

We define another parameterized family in a piecewise linear manner: Tr: l0,l) --
[0, 1], 0 I p, .-2,

.pt^\_lp, if Oz-r<ll2tP\L)- 
1 p(t-") if ll2<r.-1.

When p : 2 we get the familiar tent map 7(r) seen earlier. We now look at the
parameter values 0 < p, < 2 (and later we shall see what happens when p" > 2, and
where 4,, IR -- R). If 0 < p. < lwe see that the only fixed point is c: 0. If p : l,
then all c € [0,712] are fixedpoints and if 1< p<2; then there are 2 fixedpoints.
We look at each of these cases separately.

Case 2.7.10 < p < 1. We seethat 0isthe onlyfixedpoint of 7, andif 0 < r <7f2,
then 0 aTr("): LLr < r, and if Ll2 1r 11, then

0 !Tu@) : p,(l - r) < L - r .l . r,
so in a similar manner to what we have seen previorrtr, ,"n" sequence f;@)is decreas-

ing, bounded below by 0, so must converge to the fixed point 0. Thus Br,(0) : [0, 1].

Case 2.7.2 F:7 Clearly if 0 < r l Lf 2, then fi(r) : z, so is a fixed point, and if
ll2 < r 1I, then r is an eventual fixed point since

r?@):rt(t-r):r.
The fixed points are stable but not attracting.

0.8 l-

I
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case 2.7.3 1 < p, < 2. There is a bifurcation at 11. 
:1 with a second fixed

created, 712 < c < 7. We solve Tr(r) : tr to find this point:

Tr(r) : p(\ - r) : r, so that c: 1*p
Since lTr(")l: p > 1 in this case, the fixed point is repelling.

Case 2.7.4 H:2. In this caseT2: I, the familiar tent map. The fixed points 0 and
2f 3 are repelling' This time the range of 7 is all of [0, 1]. r has the effect of mapping
the interval l0,ll2l onto ail of [0, 1] and then folding th" int".rrur lrl2,,1] back over
the interval [0, 1]' It is this stretching and folding that gives rise to the chaotic nature
of 7 that we wili see later, and is typical of many transformations of this type. wewill examine the periodic points of z in the next section.

2.8 The 2-Cycles and B-Cycles of the Tent Family

At some stage for p, ) L a 2-cycle is created. It is interesting to use Mathematica
to do a dynamic iteration of T, to see how this happens (use the Manipurateprot
command described in Exercises 2.6, but with

point c

h[x-,a_] ;= a*piecewise[{{x, x ( I/2},
in place of axsintxJ ). It can be checked that

{ ( 1- x) ,  1/2 < x} } ]

br 
μ >1, 電 i s」Ven by t he brmul a

⊥

２
μ

‐

ｉｆ

ｉｆ

ｉｆ

ｉｆ

″μ

″
物
い
同

ノ

μ
＜

μ
＜

ノ

〓

ｒ

ｉ

り

ヽ

ｉ

ｔ

〓α写
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The 2-cycle is created when TiO12) : ll2, i.e., when

t Q - pl2) : ll2, or (t, - 1)' : O, p: L,

so the 2-cycle appears when p, > t. For p ( 1, there are no period 2 points. The
2-cycle {q,cz} say, is unstable since

|( 電 ) ′ ( Cl ) |=1写 ( Cl ) 写 ( C2) |=μ

2>1.

For exampl e, i f  we sdve 
μ ( 1- μ

″
) =″ , We get  cl =寺 and SOI Vi ng 

μ

2( 1_″

) =″

J VeS C2=I +“ t he pe五 〇d2- pdnt s Sd宙 ngバ 1- μ +μ
→ =″ 」

ves c=七 お

t he( nOn_zero) f l Xed pOi nt .

10

08

06

04

0. 2

LO写
br μ <1・

00

l

08

06

04

0. 2

,.0 Ti for p, > 7 (but close to 1).



00 02 04 06 08 ■0写
br 

μ >1・

way t o t he dt ua伍 On brt he 2- cyd%we100k br where弯

( 1/2) =1/2 and we cOmput e

t he val ue of  t he l argest  r00t  Of  t hi s equt t i On. I n gener」

( see Hei del  l l q) t he smal l est

val ue of  
μ f Or whi ch t here exi st s a peri odi c orbi t  Of  peri Odた i s preci sel y t he val ue of

μ f or whi ch 1/2 has peri Odた 。Usi ng t he f ormul a f Or=多
( 1/2) =μ ( 1- μ /2) above,

t hen si nce 
μ( 1- μ /2) ≦

1/2 f or al l  
μ, we get

零( 1/幼 =μ

2( 1_μ

/2) =1/2 when μ

3_2μ 2+1=0,

Or( μ - 1) ( μ
2_μ _1) =0. Di sregardi ng 

μ =l  and s01vi ng t he quadrat i c gi ves

μ =( 1+ν 辱
) /2 as t he val ue of  μ where peri od 3■ rst  Occurs.

I n general i t  can be shown t hat  f Orた
>3 odd, peri odた f l rst  Occurs when 

μ i s equal

t o t he l argest  real  root  Of  t he equat i On

μ

ん

- 2μ
た
~1+2μ

た
~3_2μ

た
~4+. …

_2μ
+1

=( μ - 1) ( μ

た
~1- μ

た
~2_μ

た- 3+μ た- 4_μ た- 5+μ た- 6. …

+μ
_1) =0,

so has 
μ

- l  as a f act Or( see[ 191) . ヽ bヽ wi l l  ret urn t o 100k at  t he t ent  f ami l y i n Sect i On

6. 4.

Exercises 2.8

1. Find p € [0,2] such that c : Il2 is periodic of period 3 under the tent map T, (so
that {112, pl2, p(l - p,l2)} is a 3-cycle).

2. For p ) L, show that 4, h* no attracting periodic points.
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3. lf L*(r): p,r(L - r) is such that c: ll2 is n-periodic for some 2 e z+, prove
that ll2 is an attracting periodic point. Is it necessarily a super-attracting periodic
point?

4. Modify the bifurcation diagram of the logistic maps to give a bifurcation diagram
for the tent family T, r € [0, 1] and p, € [0, 2].
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Chapter 3. Sharkovsky,s Theorem

3.L Period 3 Implies Chaos. In 1975 in a paper entitled "Period three impiies
chaos", Li and Yorke proved a remarkable theorem:

Theorem 3.1.1 Let f : X --+ X be a continuous functron defi,ned, on an rnterual
X g R. If f (r) has a point of period three, then for any k : I,2,3,..., there is a
po'int haui,ng peri,od k.

This paper stirred considerable interest and shortly after it was pointed out that a
Ukrainian mathematician by the name of Sharkovsky had in 1964 published a much
more general theorem (in Russian) in a Ukrainian journal. His theorem was unknown
in the west until the appearance of the Li-Yorke Theorem. To state his theorem
we need to define a new ordering of the positive integers Z+. In the "sharkovsky
ordering", 3 is the largest number, followed by 5 then 7 (all of the odd integers), then
2'3, 2'5, (2 times the odd integers), then 22 times the odd integers etc., finishing off
with powers of 2 in descending order:

3>b>7>...>2.2>2.5>...>22.2>22.5>...>2n.2>2".5>...>2">2"_r>...22>22>2>L

Sharkovsky's Theorem says that if a continuous map has a point of period k, then
it has points of ail periods less than k in the Sharkovsky ordering. The converse is
also true in the sense that for each k e Z+ there is a map having points of period k,
but no points of period larger than k in the Sharkovsky ordering.

Theorem 3.I.2 (Sharkovsky's Theorem, L964.) Let f : X - X be a continuous
rnap on an'interual X (where X may be any bounded or unbound,ed subinterual of R).
If f has apo'int of periodk, then i,thas poi,nts of period,r for allr €z+ withk>r.

For example, this theorem tells us that if ,f hus a -cycle, then it also has a2-cycle
and a 1-cycle (fixed point). If / has a 3-cycle, then / has all other possible cycles. If
/hasa6-cycle,thensince6:2.3,/wil1 have2.b,2.7,...22.3,22.5...-cycles,etc.

We omit the proof of this theorem, but shall prove the case where k : Z (often
known as the Li-Yorke Theorem because of their independent proof of this result in
1975). James Yorke is a professor at UMD, College Park and Li was his graduate
student. A few years ago, Yorke and Benoit Mandelbrot were awarded the Japan Prize
(the Japanese equivalent of the Nobel Prize) for their work in Dynamical Systems and
Fractals (Mandelbrot is regarded as the "father" of fractals, and we will review some
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of his work later). In order to prove this result we shall need some preliminary iemmas.
The first was proved in Chapter 1 (Theorem 1.2.9).

Lemma 3.1.3 Let f : I -IR be a continuous map, I an,interual with J : f(I) ) I,
then f (r) has a fi,red point i,n I.

Lemma S.r.4 Let f : I ---+ lR. be a continuous map. If J e f e),is a closed, bound,ed,
interual, then there erists a closed bounded i,nterual K c I wi,th f (K) : l.
Proof. Write J : [o,b] for some a,b € IR, a < b.

There arer,s € l with f (r): a and /(r) : b. Set

0:U, where Ae I, la-rl isaminimum,and f(y):b,
(p exists from continuity and f (0 : b: g is the point of 1 that is closest to r with
the property that f (13) : b). Similarly, set

a: r, where r lies between p and r, l, - gl is a minimum, and f (r) : o

(possibly equal to r), so as before f (o) : o. In this way, there is no c e (a,0)
where f(") : a, or f(c) : $. Then the closed interval K (either K : [a,B) o,
K : [B,o]), has the propertq f @) : [a,b), since firstly, f (a) : a, f (p): b, so by
the Intermediate Value Theorem lo,bl e f @). On the other hand, if. w € /(K), then
*: f (r) for some z between a and p. This must give f (") e [a,b] since otherwise,
another application of the Intermediate Value Theorem would contradict the choices
of. a and B. tr

3.1.5 Proof of Sharkovsky's Theorem for k : 3

We are assuming that / has a point of period 3, so there is a 3-cycle {a,b,c} with
f(o):b, f(b): co,nd f(r): o. We assume that a <b < c (theother casewith
a < c ( b may be treated similarly).

We give the idea of the proof by showing why there must be points of period one,
two and four. Let

Observe that

I α
, bl =Lo and l b, cl =ι

l .

∫ ( Lo) ⊇
五l  and∫

( Ll ) ⊇
ZO∪ 五

1.

Case 1. / has a fixed point.
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Since

f (Lr) ) Lou LL ) L|,
Lemma 3.1.3 implies that / has a fixed point in .L1.

Case 2. f has a point of period 2.

This time we use

f (Lr) ) ,o u L1) Ls,

so by Lemma 3.1.4 there is a set B e Lt such that f (B):,L0. We then have

fr(B):f(Lo))Lt)8,
so by Lemma 3.1.3, B contains a fixed point c of. f2 . c is a period 2-point of / (and
not a fixed point of /) because

f(c)e Ls and c€L1, so f(c)lc.

Case 3. / has a point of period 4.

The above two constructions do not illustrate the general method, but the following
construction is easily generalized to any number of fixed points greater than 3. Our
aim is to show that there is a subset B of. Ll which is mapped first by / into .L1, then
into -L1 again, then onto -Ls and then onto .L1, so that f4(B) I B. Thus /a has a fixed
point cin B, which cannot be a point of lesser period because f (") e Lr, fr(") e Lr,
/'(r) e .Ls and fn(") e B (so cannot have /(c) : c, f2(c): c or fr("): 

").It is useful to think of 5 copies of ,Lo U.Lr with / mapping the first to the second
etc. as shown:

We■ nd set s 31, 32 and B3 aS f 01l ows:

ノ( Lo) ⊇
Ll ,  

∫ ( 五 1) ⊇ ι
o∪

Zl ,

so t here exi st s 31⊆ 五
l  suCh t hat ∫ ( 31) =LO.
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There exists Bz C tr1 such that f (82): Br and there exists & e I,r such that
f (Bt) - P,2. Set B : Be, then

f'(Br) : f (Br) : Bt, and so f'(B) : Lo, fn(B) ) Ll) BB.

In other words fn(B) I B, so there exists ce B, a fixed point of f4, which is not a
point of period 3 or less, so must be a point of period 4. n

In general if a function has points of period 4 the most we can deduce is that there
are points of period 2 and fixed points. However, the following is true:

Proposition 3.1.6 If f : I --- I i,s cont'inuous on an'interual I with

f(o):b, f(b):c, f(c):d, f(d):s, a<b1c1d,
then f (r) has a poi,nt of peri,od 3, so also has poi,nts of all other peri,ods.

Proof. We may assume that

f lo,bl : lb,c), f lb, ") 
: lc, dl, f 1", d) : la, dl.

In particular, there exists h e [c,d] with f (Br) : lc,d). There exists 82 e lc,d)
with /(82) : [b, c].

Take K1 e 81 with f (Kr): Bz, then

f'(Nr) : f2 (82) : f lb,") : lc, d,) ) Kt,

so /3 has a fixed point in Kl which is not a fixed point of f (r).

tr

The above proofs can be summarized with the following type of result:

Proposition 3.1.7 Let f : I ---+ I be a continuous map, and let 11 and 12 be two closed
subi,nteruals of I wi.th atmostonepoi,nt,in common If f (Ir) ) 12 and, f (Ir): I1U12,
thenf hasaS-cycle.

Proof. Exercise: Use the ideas of the proof of 3.1.5. tr

3.2 Converse of Sharkovsky's Theorem
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As t t e l nent i oned, f Or each m∈
Zt t  i n t he SharkOvsky orderi ng Of  Z十

, sharkOvsky

sho■
7ed t hat  t here i s a cOnt i nuOus map∫

: f → I ( f  an i nt erval ) , Such t h乱

ノ( ″ ) has

a poi nt  Of  peri Od η2, but  nO poi nt  Of  peri odた
f Orた >鶴 . [ rhe f o1101vi ng、

、re shO、 vn

( aS uSual , I お
ei t her t he real  l i ne or an i nt erval ) :

Theorem 3. 2. 1乃
r  θυθrν

 
λ ∈Z十

′
ιんθ

“

θ″づsι s a cθ ηιれ包θzs π
叩 ∫

: f → 」流αサんαs

α た
―

cν 6J θ
′

bzι んα s η ο  cν c; θ Sげ
PCrづ

θ ご η
ル

r  α η
ν  n Oppθ α rれ

θ  bqヵ
た た りη ι んθ , bα 7・LOυ Sた

ν

οt t θ r2R9.

Theorel m 3. 2. 2rん θ

“

θ″づsι s α cο ηιづηzο zs mの
∫

: f ―→I ι んαι んαs α 2π
- 6ν

cι θ
, ル r

cυ θrν
 
η ∈Z+ αηごんαs ηο οιんθr  cν c′ θs 9ノ αη

ν 
θιんθr  rerづοα.

St r i ct l y speaki ng,  sharkOvsky' s Theorel n i s real l y t he cOmbi nat i On Of 「

Fheorem

3. 1. 2, Theorem 3. 2. l  and Theorem 3. 2. 2( see 13劉

) , and somet i mes t he l at t er t wO

t heOrerns are ref erred t O as t he converse Of  SharkOvsky' s Theorern ( see l 151) .  

ヽヽb l ook

at  some part i cul ar cases Of  t hi s:

Exampl e 3. 2. 3 Dei ne a f unct i On∫
: [ 1, 司 →

[ 1, 司
as shown by t he graph bel ow( sO

∫ ( 1) =3, ノ( 2) =5, ∫ ( 3) =4, ノ( 4) =2, ノ ( 5) =1,

Wi t h∫
( ″ ) pi ecewi se l i near bet ween t hese pOi nt s) . Thenノ

has a pOi nt  Of  peri Od 5, but

no poi nt  Of  peri od 3.

ProOi  Cl earl y nO pOi nt  f rOm t he set { 1, 2, 3, 4, 5) i s Of  peri od 3, but  t hi s set  i s a

5- cycl e. Al sO, Theorem l . 2. 7 t el l s us t hat ∫

( ″ ) has a f l xed pOi nt  c, sO ci s a■ xed poi nt

f orノ

3.  

、

～

ζe shal l  shOⅥ ァ
t hat ∫

3 haS nO Ot her f l xed pOi nt s. SuppOse t o t he cOnt rary t hat
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/3 has another fixed point a. Now we can check that:

fr[1,2): [2,5] ,, fr[2,3] : [3, b], fr[4,s): [1,4],

so /3 cannot have a fixed point in the intervals [1,2), 12,3] or [4,5], so o must lie in
the interval [3,4]. In fact /'[3,4] : [1,5] f [3,4] and we show that /3 cannot have
another fixed point in [3,4].

If a € [3,4], then f(r) e [2,4], soeither f(") e [2,3] or f(") e [3,4]. If theformer
holds, then /2(a) € [4,5] and /3(a) e ll,zl which is impossible as we have to have
f'("): a € [3,4].

Thus we must have l@) e [3,4], so that f2(a) € 12,4). Again there are two
possibilities: if f2(a) € [2,3] then /'(o) e [4,5], another contradiction, so that
f'(") € [3,4].

We have shown that the orbit of a: {o,f (.),fr(")} is contained in the intervai
[3, 4]. On the interval [3, 4] we can check that /(r) is given by the straight line formula

f (*) : l0 - 2r, and f (1013) : I0lJ,

so c: 10/3 is the unique fixed point of /. Also

f'(r): -10 t 4r, f'("): 3o - 8r,

also with the unique fixed point r : 1013. It follows that / cannot have any points
of period 3. !
Remark 3.2.2 The above can be directly generalized to give a map having points of
period 2n * l, but no points of period 2n - l, TL :2,,3, . . .

Exercises 8.2

1. Use the ideas of Chapter 3 to show that if / , R ---+ IR. is continuous and has a
2-cyc\e {o,b}, then / has fixed point.

2. Show that the map /(r) : (r - rlr)12, r + o, has no fixed points but it has
period 2-points. Find the 2-cycle and by looking at the graph of fT(r), check to see
whether it has a 3-cycle. Why does this not contradict Sharkovsky,s Theorem?
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3. A map f , [1,7] --+ [1,7] is defined so that f (L) :4,f(2) : T,f (3) :6,f (4) :
5, /(5) : 3, 

"f 
(6) : 2, f (7) : 1, and the corresponding points are joined so the map

is piecewise linear. Show that / has a 7-cycle but no 5-cycle.

4. If Fy(r) - 1 - \r2 for r € IR, show

(i) F,) has fixed points for ) ) -L14.

(ii)F.\ has a 2-cycle for ). > Bl4.

(iii) The 2-cycle is attractin g for B l4 < 
^ 

< b l4.

5. Show that an increasing function / : IR --+ iR cannot have a 3-cycle. Can it have a
2-cycle? Answer the same questions when / is decreasing.
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Chapt er 5。  Devaney' s] Denni t i on of  Chaos

l n t hi s chapt er we wi l l  gi ve l Devaney' s dei ni t i on of  chaos f or one― di l nensi onal  l l naps

and al so f or more general  l l naps de■ ned on met ri c spaces. One― di l nensi onal  l naps are

f l l nct i ons∫ : f → R f Or sOme i nt ernl ∬
⊆ R. I t  t urns out  t hat  maps whose peri odi c

poi nt s f orm a dense set  of t en have hi ghl y chaot i c propert i es.

5。 l  The] Doubl i ngルI ap and t he Angl e] Doubl i ng Lt t ap

Exampl e 5。 1. 1 l rhe] Doubl i ng Map.

The douり
ぃ

g map D: Ю
, 」

→ p, l l お dei ned by
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It is useful to describe D in terms of the binary expansion of a real number in [0,1].
Let r € [0, 1] with binary expansion

tr:'ata2as... where 0t:0 or 1.

In other words,

-- a1 or_*or*...:$o,
':T* zrn D+"':1zr'

Suppose that a1 : 0 in the binary expansion of r, then
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On the other hand, if a1 : 1, then

D(r) :2r-r:(at*Z*$+ )-1 :\+ff+ .. :.a2a2....

We see that in general

D('a1a2as...) :'azaz... and D"('a1a2ar...) :'ana10,na2an*3....

Consequently,iftr:.o,ta2...anala2...anat...hasanexpansionwhichrepeatsevery
n places, then D^(r):*, so that r is periodic of period n.

For example D2(.0t0101. . .) : .010101. . . , so is a point of period 2. We use this
to show that the set of periodic points of D are dense in [0,1]. This can also be

used to count the number of periodic points of period n. Notice that since D'(r) > |
everywhere it is defined, all of the periodic orbits of. D are unstable.

Proposition 5.1.2 The peri,odi,c poi,nts of the doubli,ng map are dense in l0,l).

Proof. Let e > 0 andchoose ly'so large thatlf2N < e. If.r € [0, 1] it sufficesto
show that there is a periodic point y for D that is within e of r. Suppose that the

5o

( Where bじ
=o, l  or- 1) .

Exampl e 5。 1. 2 The Angl e Doubl i ng Map。   ル
2) 二 72

As before, we denote by C : {z: a*i,b: a,b e IR.}, the set of all complex numbers.

If z : a * i,b € C, then lt @:9@S yt"" (or modulus) is given bV lrl : \/AT@.
The conjugate of z is 2: a-i,b and we can check that z2:l"l'. We can represent

C using points in the (compler) plane {(r, b) : a, b e R}. The uni't ci,rcle,Sl in the

complex plane is the set

Sl ={ ZCC: I ZI =1) ・

Poi nt s i n Sl  may be represent ed as:

Z==Ct θ ==COs θ
_十

t Si n θ
,   f orsome 

θ ∈R.

0

binary expansion of r is

then we set

″=協 l α 2α 3… ・=西
多

,

ν =・ α
l α 2… ・

α
Nα l α 2・ …

α
Ⅳ

α
l ・ … ,
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Here θ i s t he α
η

%π θηι Of  Z( wri t t en Arg( z) ) , and i t  i S t he angl e subt ended b5/ t he

ray f rom( 0, 0) t O( α
, b) ( When z=α +づ b, α

, b∈
R) , and t he“ αJ  α

"づ

s.

Sl  i s a l l net r i c space i f  t he di st ance bet ween t wo poi nt s z, w∈ Sl  i s def l ned t o be

精FT] 薔町Nl 選ぶ t t t t rt t l l t t i 楊為脇械I s:

Of  t he ef ect  i t  has On θ =Arg( z) : ∫
( θ

こθ

) =C2t θ
. 、

～

b see t hat  t he angl e θ i s doubl ed.

I t  i s cl ear t hat  t here are a l ot  of  si l ni l ar i t i es bet ween t he doubl i ng map and t he angl e

doubl i ng l nap, andヽre shal l  exal ni ne t hi s i n t he next  sect i on恥″
hen、ve st udy t he not i on

of  cot t ugacy f Or dynami cal  syst ems. Fi rst  we show t hat  t he peri odi c poi nt s of ∫ are

dense l n Sl .

Consi der t he peri odi c poi nt s of ∫
( z) =22: s。

l vi ng z2=z gi ves z=1( we can

di sregard z=0) , ∫
2( z) =z gi Ves z4=z or Z3=l  and cont i nui ng i n t hi s wt t  we See

t hat  t he peri odi c poi nt s are cert ai n ηt h root s of  uni t y.

Proposi t i on 5。 1. 3動θ
 pθ

れθαづε
 pθ

れιsげ ιんθ α
ηゴ

θ
々

昴J づ ηg m叩
∫

: Sl → Sl  α

“

ダ4・4

竹, t hen z"=zマル
1=t . wI ・

比ez=♂
%t hen

_^2たπt / ( 2・ - 1) ム _∩  l  o    oπ   O _■
^__: _～

` ゝ

^̀

裁 _｀

山 嘔

鷲 ∬言
」

じ
#Fゴ

1[ i t ち
『

f l , 21・ Ft t h面

葛品

ぁな九 … … 

…Wノ

Hげ . l T
;;;; These points are equally spaced around the circle, a distance 2rl(2 - 1) apart,

ilf) which can be made arbitrarily small by taking n large enough. It follows that the
periodic points are dense in 51.

添慢し, ダ
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;?;2ff1t, "O Sometimes, given f , X ---+ x (X a metric space), when we iterate rs € X, the

)57'" orbit O(rs) : {ro, f(ro),...}, spreads itself evenlyover X, so that O(ro) is a dense

?L'-v set in X. This leads to:

-1 r-- 1^, Definition 5.2.L f : X ---+ X is said to be (topologi,cally) transi,ti,ae if there exists
J,-WrgeXsuchthato(,o)isadensesubsetofX.Atrans,it,iuepoi,nt.for/isapoint

{n tA
d"-_y e' " rs which has a dense orbit under /. If / is transitive, then there is a dense set of

transitive points, since each point in O(rs) will be a transitive point.
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Example 5.2.2 The doubling map D : [0,1] ---+ [0,1] is transitive: To show this
we explicitly construct a point zs € [0, 1] which has a dense orbit under D. rs is

defined using its binary expansion in the following way: first write down all possible

"l-blocks", i.e.,0 followed by 1. Then write down all possible "2-blocks", i.e.,00, 01,

10, 11, then all possible '3-blocks", i.e., 000, 001, 010, 011, 100, 101, 110, 111, and
then continue in this way with all possible "4-blocks" etc. (we could write them down
in the order in which they appear as in the binary expansion of the integers). This
gives:

ro : .01 00 01 10 11 000 001 010 011 100 101 110 111 0000 0001 . . . ,

a point of [0, 1].

To show that O(rs) is dense in [0, 1], Iet y e [0, 1] with binary expansion

a :.arwa, - : ,\#, ut: o or 1,

andletd>0.
Choose ly' so large that fr. < d. AII possible finite strings of 0's and 1's appear in

the binary expansion of rs,, so the string U*zUz . . .Ur,r must also appear in the binary
expansion of rs.

It follows that for some r e Z+ we have

,;;: 
D'(*o) : '{azat.- liqtt_., for some b.,r+r, bN+2,,...,

lD'(ro) - al: l'arar. . .axbx+rbx+2. . .- .aruz. . .axaN+taN+2. . .l

= nkr; 
:aT ' ' - n7 )'u" ^-'ii?

This shows that any point U € [0, l]G-rbitrarily close to the orbit of 16 under D, so

this orbit is dense in [0,1] tr

Remark 5.2.3 It is quite easy to see that for a transitive map ,f : X --+ X on a
metric space, given any non-empty open sets U and V in X there exists m € Z+ such
that

u.f*(v)+o. 
4LesseasytoseeistheConverseofthisstatement,whichho1dsfo,@

metric spaces (X is separable if it has a countable dense subset - see Chapter 7 for
the notion of completeness). This is lhe Birkhoff Transi,ti.ui,ty Theorem:
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0

中鰤 亀脇 , η θιt t c spα cθ 」X t s

("t ;,r,n."*uvtta*6q to tta6;gi,tg P ^u,,e+o)
Theorem 5.2.4 A cont'inuoyg map f
transi,ti,uei,f and only i,f for eaerA pai,rU andV of non-empty open subsets of X there

eri,sts m e Z+ with U a f*(V) + A.

Using this result it is easy to show directly that the angle doubling map is transitive,
however, the proof is beyond the scope of this text.

5.3 The Definition of Chaos

Devaney was the first to define the notion of chaos, saying that a function is chaotic

if it has a dense set of periodic points, it is transitive and also has what is called

sensi,t'iue dependence on i,ni,ti,al cond'iti,ons (known as the "butterfly effect" in the
popular literature). Subsequently it was shown that the first two requirements imply
the third, so we define chaos as follows:

Definition 5.3.1 Let f : X --+ X be a map of the metric space X, then
be chaoti,c tf.: .'5+ro\$\) ehootic) ;;1'Cuor,,

∫
i S Sai d t O

( i ) The set  of  peri odi c poi nt s of ∫
i s den

Oハ 飢n面ut 、
、

11浄

〃

′
慧́営t

Examples 5.3.2 1. Homeomorphisms or diffeomorphisms of an interval 1 g R
cannot be chaotic as they argger transitive. The same type of considerations apply
to functions such as sinu, cos r, arctanr and the logistic map tr, for 0 < /-l < 3. 

.

2. We have shown that the doubling map D : [0, 1] ---+ [0, 1] has a dense set of periodic
points and is transitive, so it is a chaotic map.

3. The tent map 7 : [0,1] ---+ [0, 1] is chaotic. Recall that if r e [0, 1] has a binary

expansion tr:.a1a2a3..., then Tr: { '"lo?o1"' if ot:0 r ': t ,i,i"i . ii ;::;, where a't: t ir
at:0 and a!o:0 if ar:1. More generally we can see using an induction argument
that ([47]):

.r1n- f 'or*ran*2an*3...if ar:01 .r : 
1 'rl*, aln+zan+s. . . if an: l.

We can use this to write down the periodic points of 7. For example, the fixed points
are tr:0 and r:.1010.. .:213, and the period 2-points are

17 : -01100110... :215 and n2:.11001100... : 415.
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The peri od 3- poi nt s are

・110110110110. … =6/7・100100100100. … =4/7,
・010010010010. . . =2/7,

and

・111000111000. … =8/9.
・011100011100. … =4/9,・001110001110. … =2/9,

, are al l ■
ost  i xed si nce t heyNot i ce t hat  poi nt s of  t he f orm∬ =た

/2れ
∈

( 0, 1) , た
∈Z+

have a bi nary expansi on of  t he f orm

″ =・ α
l  

α
2 

α
3・ ・・

, α れ00 . . . ,

、vhere α
π =O i f  λ i s even and αη =l  i f た i s odd.  I t  f 0110ws t hat  Tれ ″ =O i f た i s even

and Tη ″ =l  i f た i s odd.  I n part i cul ar

T17, 判 =E4

mt erval  l 宇
, 多

] ・

説nCe such mt er湘 s can be made arЫ t ranサ smdl  and cover dl  of

[ 0, 11, t he set  of  peri odi c poi nt s must  be dense i n[ 0, 11.

02   04

The nxed

t.0 0.0 0.2 0.4 0.6 0.8

2-points of the tent map.

We use these ideas to show that the periodic points of 7 are numbers in [0, t] of
the form r : r ls where r is an even integer and s is an odd integer.

Proof. If r € (0, 1) is a periodic point f.or T,lhen Tnr : r f.or some 7z e Z+. There
are two cases to consider: Suppose that r has a binary expansion

―

コ

06   08

and peri od

χ ==・ α
l  

α
2 

α
3・ ・・α

η 
α

η+1 …・,   Where α
π ==0,



Tntr : . an+lan+2... a2n. ..,
SO we must have Aj. : An+trA2 : An*2t . . .An: A2n :0, and

:f, :.AtA2...AnAtAZ...AnAt... t Whefe An:0,

Rewriting this gives

, : (+ *#* +H). *(+.fi+ *H) *
_ (at , a2 , ... + g) r___1_r- \t- Zr-"'-t Z!-1 )t1-11*t
_ at2-t + az2-2 + ... + an-t2 _ r

2"-l s'
where r is even and s is odd.

In the second case r - .a1 azas...,,anan*t .. ., where ar: L, so that

Tnfr : . aln+t a'n+2. . . o|n. . .,

and this gives o1 : atr+1., a2: a!n*r,. . . ,,an: alznr. . ., and

r : . ata2. . . an-j,l a\ a'r. . . a!*_tOar . . ..

We can now argue as before, but using the first 2n terms of r.

Conversely, suppose that r : r ls € (0, 1) where r is an even integer and s is an odd
integer. Since s and 2 are coprime, we can apply Euler's generalization of Fermat's
Theorem to give

2QG) - l(mod s), or 2p - I : ks for some p,k e Z+,

(l < kr < 2e - 1), where / is Euler's function. Write the binary expansion of kr as

kr : ar2p-t I ar2n-z I ...ar_222 + ao_r2, a, € {0,1},
which is even, so

#: (a12e-r I a2)n-2 + ...ap-22' + or-r2) (!fu)
_(at-or- -ar-t\f 1 \_ \T - 2, - ... -r *_t ) \T _T@ )
- . a1 a2 . . . ap_t 0 at az . . .ap_t 0 . . . ,

which is a point of period p (or less). tr
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It is now clear that 7 is transitive since if we define 16 € (0,1) having a bi-

nary expansion consisting of all l-blocks, all 2-blocks, all 3-blocks etc., as before,

except that we insert a single zero between every block then it follows that if r :
'Itfr2...frnfin*r..., then Tprs : 'ttfrz...trnbn+r... fOr SOme p ) 0, i.e., every

block will appear in the iterates of rs. As before we see that 7 is transitive, so is
chaotic.

4. It is possible for a map to be transitive without being chaotic (although for
continuous functions / on intervals in IR, this is not possible: see [50]). For example,

consider the i,rrat'ional rotati,on Ro : 51 -, 51 defined by R"(z) : a . z for some

(fixed) a e Sr. To say that .8, is an irrational rotation means that a" f ! f.or any

n e Z+ , i.e., a is not an nth root of unity for any n e Z+. It can be shown that eaerg

zs e 51 has a dense orbit (a transformation with this property is said to be mi,nimal).
However, suppose that ff,(z) : z, then a'z: z or an: 1, a contradiction, so that
R" has no periodic points. R" is an example of an 'isometry: points always stay the
same distance apart:

lR"(") - R"(r)l: laz - aul: lallz - wl: l, - rl.
Note that if instead we have an:l for some neZ+,then ff(z): a"z: zf.or aIl

z e 57, so that F{*irjust the i,denti,ty map (every point of ,S1 is of period n).

5.4 Some Symbolic Dynamics and the shift map

Recall that the set of all infinite sequences of 0's and 1's:

X : {o : (sr,s2,s3,...), r, : 0 or 1},

is a metric space with metric defined by

-=k,--J\
\-r?r. \r(r,,wz) 

:LW,\ where r.;r : (sr,sz,...), uz : (tr,t2,...) eE.
\t=t--)

This metric has the following properties:

Property 5.4.L If wy : (sr, sz, . . .), @2

L,2,. .. , n, then d(u1,a2) < ll2.
Proof.

r=膝 キ|
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Property 5.4.2If d(ay,az) llf2,then st:tt for i:1,2,.-.,,n.

Proof. We give a proof by contradiction: Suppose that s7 : tj for some 1 I j I n,
then 

alsr-rrl >1r 1d,(a1,o,2):L 2k - 2i - 2n,k:7
a contradiction.

The shift map o
defined on X.

n

is an important function(sometimes called the Bernoulli shift)

Definition 5.4.3 The shift map o : X ---+ I is defined by

o(s1,s2,ss,. . .) : (sz,ss, . . .),

so for example o(1,0, 1,0,...) : (0,1,0, 1,...) and o2(1,0,1,0,...) : (1,0,1,0,...),
so that rf a1: (1,0,1,0,...) and az: (0,1,0,1,...), then {rr,rr]r is a 2-cycle for o.
In this way, it is easy to write down all of the points of period n. Any sequence which is
eventually constant is clearly an eventually fixed point of E, and any sequence which
is eventually periodic (such as (1,1,1,0,1,0,1,0, 1,...)), ir an eventually periodic
point.

Proposition 5.4.4 The shi,ft map o : x ---+ D i,s continuous, onto, but not one-to-one.
rnEiITG]t,-on,

Proof. Clearly o is onto but not one-to-one. To show that o is continuous, let e ) 0,

then we want to find d > 0 such that if
d(a1,,u2) { 6, then d(o(a1),o(a2)) < e .

We shall see that it suffices to take 5 : ll2+r if n is chosen so large that lf 2 < e .

In this case, if d(q,..2) ( d : lf2'+t, then from Property 5.4.2, sr: tt for
i : 1,2,. . . ,n * 7. Clearly the first n terms of the sequences o(ai and o(c^u2) are
equal, so by Property 5.4.1,, d(o(a1),o(@2)) <ll2 < 6, so that o is continuous. tr

We can now prove:

Theorem 5.4.5 The shift rnap o: X - E i,s chaoti,c.
rn

Proof. WeYrst show that the periodic points are dense in X. ω =( Sl , S2, … ・
)
€x,

t hen i t  sumces t o show t hat  t here i s a sequence of  peri odi c poi nt s 
ω

π ∈】E wi t h"π → ω

as n ---+ oo. Set

ar : (sr, s1, s1, sr,. . .), a period l-point for o,
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ω2=( Sl , S2, Sl , S2, … 。
) , a peri od 2- poi nt  f 01

ω3=( Sl , S2, S3, Sl , S2, S3, ・
…) , a peri od 3- po

and cont i nui ng i n t hi s way so t hat

ω
れ=( ■ S2, …

・, f れ , Sl , …
. ) , a peri od η

_poi r

Si nce ω and ωれagree i n t he■ rst  η c00rdi nat es, α
( ω , %) ≦ 1/2れ

, so 
α

( ω , 喝 ) →
0

器

綺詳∬[ 1胤
, 現 e」c   O∈ ΣhM聖 a“ 郎e

orbi t  under σ .  Set

l-blocks all possible
2-blocks

and continuing in t hi s way so t hat  al l  possi bl e 
η

_b10cks appear i n 
ωO.  TO see t hat

O@il : E, ret,i
二玉■ 重空

S3, ・
…) |∈

Σ  be arbi t rary. Let  6>o and choOse 
η sO

large that 7f 2 < €,, ihen since ,ro'consists of ail possible n-blocks, the sequence
(rr,rr,...,sr) must appear somewhere in us,i.e.,there exists k > 0 with

σ

ん

( ω o) =( sl , s2, … ・
, Sれ , …

。

) ,

so t hat  ω and σ
た

( ω O) 三l l t t ont henrst i 「 : : : 鳳es.  I t  f 。1l ows t hat           

‐

彰

) ば
o≦ 多

←・

Thi s shO、
ァ
s t hat  t he orbi t  Of  ω

O cOmes arbi t rari l y c10se t O any member of  
Σ

, sO i t  i s

dense i n Σ .  I t  f O1l ows t hat  σ i s t ransi t i ve and sO i t  i s chaot i c.                  

□

Remark 5. 4. 6 1t  can be shown t hat ( t OpO10gi cal ) prOpert i es such as bei ng t Ot al l y

di sconnect ed, perf ect  et c. are preserved by homeomorphi sms.

The shi f t  space Σ  and t he Cant or set  
θ  are hOmeomorphi c met ri c spaces.  I n

addi t i On, t he hdf  Open i nt erval  p, 1) and t he uni t  ci rcl e Sl  i n t he cOmpl ex pl ane are

hOmeOmorphi c.  I n pal l t i cul ar, Σ
 and( 9 wi l l  have i dent i cal  t opol ogi cal  propert i es, and

so wi l l  Sl  and 
Ю, 1) . I t おnwst hat  Σ and p, 珂 cannot  be hOmeOmorphc t t  

θ and

10, 1] are not  hOmeOmorphi c( θ  i S t Ot al l y di scOnnect ed, but  l o, 1l  i S not ) .

Proo■  Σ  i s gi ven i t s usual  met ri c, and( 9 has t he l net r i c i nduced f rol n bei ng a subset

of  R, sO t hat ご
( ″ , ν ) =|″

―
ν l  f or", ν

∈θ .

We dei ne a mapん : θ → Σ  byん
( ・

α
l  

α
2 

α
3・ ・・) =( Sl , s2, S3, ・・・) , Where 

α
じ=o or 2

and sづ =α t /2. Cl earl yん i s bOt h one― t o― one and ont O. ヽ bヽ show t ht t  i t  i s cOnt i nuous

at  each″
0∈ θ .

all possible 3 blocks
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Lete >0andchoosen solargethatlf2 (e. Set 6:\13n, thenif lrs_ rl<6,
both rs and r must lie in the same component (sub-interval) of S" of length ll3.It
follows that 16 and r must have an identical ternary expansions in the first n piaces.

Correspondingly, h(ro) and h(r) must have the same first n coordinates. It follows
that d(h(ro),h(")) < Ll2 < 6, so h is continuous at 16. In a similar r,,say we see that
h-l is continuous.

To see that [0, 1) and 51 are homeomorphic, define h : [0, 1) * 51 by h(r) : e2ni,,
then h is clearly one-to-one and onto. The map h wraps the interval [0, 1) around the
circle, so that strictly speaking we are looking at [0, 1] with the end points identified,
so in this way h becomes continuous.

Exercises 5.4

1. Let f , X -'+ X be a transitive map of the metric space (X,d). Show that if [/
and 7 are non-empty open sets in X, there exists m e Z+ with t/ ) f*(V) + A.

2. Let ,F, : [0, 1) ---+ [0, 1) be the tripling map F(r) : 3r mod 1. Follow the proof for
the doubling map (but use ternary expansions) to show that F is transitive and the
period points are dense (find the periodic points), and hence show that F is chaotic.

3. Let D: [0, 1) -+ [0, 1) be the doubling map. Show that lPer,(D)l:2".
Itat"*t *''

4. Use Proposition 4.4.7 to show that for a continuous increasing function f : [a,b] --+

[a,b], the periodic points cannot be dense in [o,b] (so a homeomorphism of [o,b]
cannot be chaotic).

5.5 Sensitive Dependence on Initial Conditions

We now show that the original definition of chaos due to Devaney [12] follows from
the definition we have given. This result is due to Banks et al. [ ].

□
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De■ ni t i on 5。 5。 l  Let ∫ : X→ X be dei ned On a met ri c space( X, α
) . Then∫

has

sθ ηsづι

` υ

θ ご
寧

ηご

“

οη づηづιづαJ  cο ηごをιづοη
Ohereexl st s 

δ
≧二

p such t hat  f or any″
∈ジ(

and any open i nt erval し
r  cont ai ni ng″

and poi nt s ot her t han″
, t herq i s a poi nt  ν

∈し
r

and η ∈Z+wi t h

α
( ∫

れ

( ″ ) , ∫

π

( ν ) ) >δ
.

Thi s i s t he preci se de■ ni t i on of  t he i dea t hat  i t erat es of  poi nt s cl ose t O each Ot her

may event ual l y be wi del y apart ,  so t hat  a map has sensi t i ve dependence on i ni t i al

condi t i ons i f  t here exi st  poi l l t s arbi t rari l y cl ose t o″ whi ch are event ual l y at  l east

di st ance δ away f rom″ .  I t  i s i mport ant  t o knoⅥr、
vhet her l ve have sensi t i ve depen―

dence when dOi ng comput at i ons as round― of  errOrs l l nay be magni f l ed af t er numerous

i t erat i ons. For exampl a Suppose we i t erat e t he doubl i ng map, st art i ng wi t h″
0=1/3

and″ 1=. 333. Af t er 10 i t erat i ons、ve hⅣe D10( ″
0) =1/3 and Dl °

( ″
1) =. 92, more

t han di st ance 1/2 apart ,

Examt t eュ 5. 5。 21. The l i near map∫ : R→ R, ∫
( ″ ) =α

″
, l α l >1, l aS pt t dt i Y9

螢
poJ 91"dnce f ″

≠ ν,

H… Ld∬縫盤星襟∫顧鰍轟淋鳳l 馴|・

“

ル

2. The shJ l  map σ :  Σ ―→Σ  has sensi t i ve dependence on i ni t i al  condi t i Ons si nce i f

ω
l , ω 2∈ Σ Wi t h ωl ≠ ω

2, t hen t hey must  di f er at  sOme coordi nt t es, sw sづ
≠

ιこ・Then

σ

づ
~1( ω

l ) =( Sを , Sづ +1, ・ …) ,  and 
σ

づ1( ω

2) =( ι づ, t づ +1, ・ …) ,

so that
oo l^

d,(6t-r (rr), oo-' (rr)) : LP**i
k:1

１

一

２

＞

一

Ｓ

ｍ

ｒｅｒｅ
ｈ

Ｏ十

１

一

２
〓

3. The angl e doubl i ng map∫ : Sl → Sl , ∫
( Z) =Z2haS Sensi t 市

e dependence si nce i f

we i t erat e z==ct θ
, 切 =et φ ∈Sl , t hei r  di st ance apart  doubl es」 t er each i t erat i on.

4. The doubl i ng map D: Ю
, 司

→ p, l  can be seen di rect l y t o have sensi t i ve depen―

dence on i ni t i al  condi t i ons.  Thi s al sO f 0110ws f ronl  t he f ol l oⅥ r i ng t heorenl :

Theprem 5. 5. 3( Bal l kS et  d. F〕
) ι

Cι

∫
: X→ χ  bCacん αθιづc t t t η

ψ mα ιづοη′ ιんcη

レ

ノ ∫ んαS摯瓦れυCごη θηαθηcc οη れづれa

ヽ

～

b f l rst  prove a prehnl i nary resul l
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Lemma 5。 5. 4 ι θι
∫

: χ → X bθ α サrα η
ψ

rmα ι
j ο

η υん, cん んαs αι J θ αsι  ιυO αびθ

“

ηι

pθ rづ οαづc οrbづιs. Tんθη ιんθ

“

θ″づsι s c>O sucん ιんαι
ル

r  αη
ν ″ ∈Xι んθ

“

づs a pθ れθαづc

Pο
づηι

 p sα
ι

` sゎ

づη
θ

α
( ″ , ノ ( p) ) >6,  ルr  αJ J た ∈Z+.

Proo■ Let  α and b bet 、vO peri odi c poi nt s wi t h di ∬ erent  Orbi t s. Then d( ∫

た

( α ) , ∫

ι

( b) ) >

O f or al l た and ι
( si nCe we are deal i ng wi t h i ni t e set s) .

Choose c>O smal l  enough t hat  α
( 夕 ( α ) , ∫

J ( b) ) >26 f or al l た

and ι. Then

d( ノ
( α ) , ″ ) +α ( ″ , ∫

ι

( b) ) ≧
ご

Oμ ( α ) , ∫

ι

( b) ) >26∀
た

, ι
∈Z十

,

by t he t r i angl e i nequal i t y.

I f ″ i s wi t hi n 6 of  at t  of  t he poi nt sノ

ι

( b) , t hen i t  must  be at  a great er di st ance t han

c f l ・ om a1l  of  t he poi nt s∫

ん

( α ) and t he resul t  f ol l ows.                 
□

Proof  of [ rheorem 5。 5。 3 Let  χ ∈X andし
「

be an open set  i n Йr  cont ai ni ng χ .

The peri odi c poi nt s of ∫ are dense i n X, so t here i s a peri odi c poi nt  g of  peri od r

say:

g∈
y=び

∩ Bδ
( ″ ) ,

Let  P be a peri odi c poi nt  of  peri od η f or∫
, whOSe Orbi t  i s a di st ance great er t han

4δ  f orm″
, and、

vri t e

レレち=Bδ
( ∫

Z( ρ

) ) .

Now

∫

C( P) ∈

T' レら, ∀
づ→ p∈

∫

2( レ

シ
1) , ∀

を
,

so t he open set

レ7=∫

~1( レ

シ1) ∩ ∫

~2( 1″

→
∩…・∩

ノ

η

( レ

T/Ъ

) ≠
0.

Si nce∫ i s t ransi t i ve, t here i s a poi nt  z∈
y wi t hノん

( Z) ∈
レ/ f Or someた ∈Z+.

Let グ be t he smal l est  i nt eger wi t hた <η
」, or

l ≦ η
ブ

ーた<η
.

Then

ノ

可

( Z) =∫

れ′
~ん

( ∫

ん

( Z) ) ∈ ∫

可
~た

( レ

7) .

But

∫
"~た

0グ) =∫

η′
~ん

( ∫

~1( レ

シ1) ∩∫

~2( レ

レЪ) ∩
…・∩∫

~η

( И 亀) ) ⊂ ∫
"~た

( ∫

( "~ん ) ヾ

ヽ
_た =レ予

毎
_た

) ,
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so t hat  α
( ∫

れ′

( Z) , ノ

"~ん

( p) ) <δ
o No、v∫

嗜

( 9) =9, SO

d( ∫

匂

( 9) , ノ

町

( Z) ) =α ( 9, ノ

町

( Z) )

≧α
( ″ , ∫

"~た
( p) ) 一

ご
( ∫

"~た

( p) , ノ

"( Z) ) 一

α
( 9, ″ ) ,

by t he t r i angl e i nequal i t y si nce

d( 9, χ
) ≦

α
( ″ , ∫

可
~ん

( p) ) 一
ご

( ノ

"~ん
( p) , ∫

η′

( Z) ) +α ( 9, ∫

"( Z) ) .

So

d( ∫

"( 9) , ノ "( Z) ) ≧

4δ ―δ―δ =2δ .

Thi s i nequal i t y i mpl i es t hat  ei t her

d( ∫
勾

( ∬ ) , ∫

町

( Z) ) ≧
δ

,

Or

α
( ∫

町

( ″ ) , ∫

“
( 9) ) ≧

δ
,

f or i f ∫
″

( ″ ) Were wi t hi n di st ance<δ  f rom bOt h Of  t hese pOi nt s, t hey、
voul d h鋪√e t O

be wi t hi n< 2δ  f rom each ot her, cont radi ct i ng t he t op i nequaht y abOve.  So one of

t he t wo, z Or g wi l l  serve as t he 
ν i n t he t heorem wi t h m=η グ

.            □
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Chapter 6. Conjugacy of Dynamical Systems

Two metric spaces X and Y are the "same" (homeomorphic) if there is a homeo-
morphism from one space to the other. In this chapter we study the question of when
two dynam'ical systemsarethesame. Givenmaps f , X ---+ X and g:Y --+ Y, we
require them to have the same type of dynamical behavior, e.g., if one is chaotic, then
so is the other, there is a one-to-one correspondence between their periodic points etc.
One obvious requirement is that the underlying metric spaces should be homeomor-
phic. We have seen a lot of similarities between the logistic map Ln(*) : 4r(l - r)
and the tent map T(r) and this will be examined in this chapter together with other
examples such as the shift map and circle maps.

6. 1 Conjugate Map s";'; :JJ"\'J l-ty'l

This "sameness" is given by the idea of conjugacy, a notion borrowed from group
theory, where two members a and b of a group G are conjugate if there exists g €
G with ag : gb. One of the central problems of one-dimensional dynamics and
dynamical systems in general is to be able to tell whether or not two dynamical
systems are conjugate. We will see that if one map has a 3-cycle and another map
has no 3-cycle (for example), then the maps cannot be conjugate, or if one map has 2
fixed points and the other has 3 fixed points, then they are not conjugate. These are

examples of conjugacy i,nuarianfs, which give criteria for maps to be non-conjugate.
A generally harder question is establishing conjugacy between maps.

Definition 6.1.1f.1 t"t f , X --+ X and g:Y --->,Y be maps of metric spaces. Then

/ and g are said to be c1yjygalg if there is a !1qryuernhiou h: x ---+Y such that
/
l-!"f--0"1,

The mapん i s a cο , vt ι gacν
 bet ween∫

and g, Obvi ousl y cot t ugacy i S an equi val ence

メ

i l l l ° t heabOV50nweonl yrequi ret hemapん : X―→] rt i                  

多

then we say that g is a factor of /. If in addition, h is an onto map, then we say that )

s is a quas'i-facto'r of f '* 
.--.----, lw orr',f Pgtf o'4@ n*o{r.i* --

Exercises 6.1 OV 6\ U 4- f,76**Lif, i"*n".
;;_./

1. Provethatif f , X --- Xand g:Y "+Y are conjugatemapsof metricspaces, then
/ is one-to-one if and only if g is one-to-one, and / is onto if and only if g is onto.

ん メ

ッ

ぃ潔 だ

|

′          2

九
υノ
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ん ゴ
シ

J
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2. Prove that if / and g are conjugate via h and / has a local maximum at rs, then
g has a local maximum or minimum at h(rs).

3. Suppose that h:10,1] -+ [0, 1] is a conjugacy between f ,g,10,1] ---+ [0, 1] where

/(0) : /(1) : 0 and 9(0) : 9(1) : 0. Show that h is increasing on [0, 1]. Deduce
that h maps the zero's of / to the zero's of g.

4 ([6]) The functionT"(r): cos(n arccos(r)) is the nth Chebyshev polynomial. Show
thatT," is conjuagte to the map A, : [0,1] --+ [0, 1], the piecewise linear continuous
map defined by joining the points (0,0), (lln,t),(21n,0),(3ln,l),..., ending with
(1, 1) if n is odd, or (1,0) if n is even. Use the conjugacy map h : [0, 1] --+ [0, 1],

h(r): cos(pi,r). (In 16], there is a generalization of this to maps [, where ) > 1 is
a real number).

6.2 Properties of Conjugate Maps

It is often easier to show that certain maps are chaotic indirectly by showing that
they are conjugate to chaotic maps and using the following result:

p:gposiUga 6.2.L If f : X --+ X and g:Y -+Y are nxaps conjugate ui,a a conjugacy
h:X-+Y:hof :goh,then

7. ho f": g'oh for allne Z+, (so f" and gn are also conjugate).

2. If cis apoi,nt of periodm for f , thenh(c) i,s apo,int of periodm for g. c is
attracti,ng i,f and only i,f h(c) i,s attracting.

3. f i,s transi,t'iae if and onlE i,f g i,s transiti,ue.

4. f has a dense set of peri,odic po'ints i,f and only i,f g has a dense set of peri,od,i,c

po'ints.

5. f i,s chaoti,c i,f and only if g is chaotic.

Proof. l. ho f2: ho f o f : goho f : gogoh: g2 oh, and in thesame way
h " f3 : 93 o h, and continuing inductively the result follows.
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2. Supposethat /i(c) lcfor 0 <z < rn and f^("):c, then h"fo(")* h(c) for
0 < ? < rn since h is one-to-one, and so gi o h(") * h(c) for 0 < i I m. Inaddition,
ho f*(c): g* oh(c), or h(c): g*(h(c)), so h(c) is a period rn point for g.

We shall only show that if p is an attracting fixed poinf of f (so that there is an

open ball B,(p) such that lf r e B,(p) then f"(r) --+ p as n * m), then h(p) is an

attracting fixed point of g.

Let V : h(B,(p)), then since h is a homeomorphism, I/ is open in Y and contains

h(p). Let A €V, then h-1(a) e B,(p), so that fn(h'l(y)) - p as n --+ oo.

Since h is continuous, h(f"(h-'(g))) - h(p) ^ n, -- oo, i.e.,

g"(A) : h o f" o h-l(y) -- h(p), as n ---+ @,

so h(p) is attracting.

3. Suppose thzrt O(z): {r,f (r),f'(r),...} it dense in X and letV CY be a non-

empty open set. Then since h is a homeomorphism, h-r(V) is open in, X, so there

exi st sん ∈Zt t  wi t hノ

た

( z) ∈
ん

~1( 7) .

I t  f ol l ows t hat ん
( 夕 ( Z) ) =θ

た

( ん ( Z) ) ∈

y, SO t hat

0( ん
( Z) ) ={ ん ( Z) , g( ん ( Z) ) , g2( ん ( z) ) , …

. }

is dense in Y, i.e., g is transitive. Similarly,if g is transitive, then / is transitive.

4. Suppose that / has a dense set of periodic points and let V C Y be non-empty

and open. Then h-'(V) is open in X, so contains periodic points of /. As in (3),

we see that V contains periodic points of g. Similarly if g has a dense set of periodic

points, so does /.

5. This now follows from (3) and (a). \y'j r' ,: \ ^ ^:^,*i tr
!--- +lr;' )-,-*

_Ex?mple 6 .2.2.We remark that sensitive deprjndence on initial conditions i. +ot u

:g"jrgg i"gf-g.t It is possible for two maps on metric spaces to be conjugate,

onela-ffi-sErsttive dependence, but the other not: Consider 7 : (0, oo) -- (0, oo),

T(r):2r and.9:lR + IR defined by S(r) : rtln2. If H: (0,oo) --+ IR is defined

Ay [U@ :671then .I/ is a homeomorphism and we can check that H o T : S o H
so 7 and ,S are conjugate, 7 has sensitive dependence, but S does not.

It can be shown however, that if T : X ---+ X is a map on a compact metric space

X (for example X : [0,1]) having sensitive dependence, then any map conjugate to

薔↓ こ ヽ ☆
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7 also has sensitive dependence.
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二

→
K



t22

It can also be shown that the property of having negative Schwarzian derivative is
not a conjugacy invariant.

Example 6.2.31. The logistic map La: [0, 1] - [0, l), La(r) : 4r(l-r) is conjugate

to the tent map ? : [0,1] --+ [0, t), T(r) : 
{ ,fi O lf ifr2;'/?

Proof. Define h:10,1] --r [0, L]by h(r):sin2(nrl2). We can see that his one-to-
one, onto and both h and h-L are continuous, so it is a homeomorphism (it is not a
diffeomorphism as h'(L):0). Also

Lq o h(r) : u (ri"' (Tl) : n sin'z 1ff1 (r - ri", tff)) : rir,r(rr),
and

hoT(r) L/'r'-\ ( n1zr1 if 0--r<l/2 .2r \- /'\-r ', : t hQ - ir) if t/z .i 
= 

t : sin"(az),

L40ん =ん O T and L4 and T are conJ ugat eレ

_  
管 賊 : 岳

` : 3) 望

¶ 」
I J Lふ

i r i l i l i 11l l l l r f i l i l e→ [ LLt i 井 :́ l Tt t i l i Feshi f t mapσ

■

l →

□

　

Σ

・

んoσ =DOん
,

whereん : Σ → p, 1l  i s dei ned by

ん
OL″ がぁ…. ) 一″

1″ 2″ 3… ・=西
多

i s a cOnt i nuous f unct i On ( not e t hat  
んi s not  a hOI I l eornorphi sl n si nce i t  i s not  One―

t o―

one: f or exampl eん
( 1, 0, 0, …

. ) =1/2=ん
( o, 1, 1, 1, …

. ) , but ( 1, 0, 0, … . ) ≠
( 0, 1, 1, 1, _. )

i n Σ
) . I n addi t i onん ( Σ ) =10, 11, SO t hat ん i s Ont O and D i s a quasi _Lct or of  

σ   □

, /左  The 10gi st i c map五
4 i S a qu“ i _hct Or Of  t he angl e dOubl i ng mapノ

: Sl → Sl ,

∫( z) =z2.

Proo■ De■ neん : Sl →
Ю, ‐ 」け

ん
( c売 ) =Si n2″ , t hen

L40ん
( θ

を″

) =Z4( Si n2″ ) =4 si n2( 1_si n2″ ) =si n2( 2″ ) ,

and

んO∫
( e2″ ) =ん ( C2ね ) =si n2( 2χ ) .

んi s cl earl y ont o and cOnt i nuous, but  i t  i s nOt  One_t O_one: ん

( θ

づ

り=ん
( c~。

″

) , So L4 i S a

quasi ― f act or of ∫
, but ん i s not  a cOt t ugacy.                        

□
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We can now show that many of the above maps are chaotic. In order to do this
we need to weaken the conditions of Proposition 6.2.L. If we drop the requirement
that h is a homeomorphism, but just require it to be continuous and onto, then we
can show that if / is chaotic then so is g. In other words, if g is a quasi-factor of /
where / is chaotic, then g is also chaotic. This result wili be useful in showing that
a number of well known examples are chaotic.

,r,awsi-lo.'1o''
? Proposition6.2.4Leth: X --+Y besurjecti,ue (onto) andcontinuous. If f : X --+ X

andg:Y --Y sattsfyhof : goh and, f is ch,aoti,c, theng is chaoiic.

Before proving this proposition we need a lemma concerning continuous functions
on metric spaces:

/ Lemrya 6.2.5 Leth: X -+Y be a cont'inuous functi,on of metri,c spaces and A a

subset of X, then h(A) e h@

Proof. Let y € h(A), then there exists r eA with y : h(r).W'e can find a sequence

rreAwithlimr*arn:r.
Then h("") e h(A) and since h is continuous

jI* h("") : h(r) : a so that a ei@.

n

Proof of Proposition 6.2.4 Use Per(/) and Per(g) to denote the periodic points of
/ and g respectively, then we saw earlier that h(Per(/)) q Per(g). Since / is chaotic,
PertD: X, and since h is onto, h(X) : Y. Then using the lemma we have

Y : h(X): h(F;m) q h(p-erm c per(e),

so that Per(g) : Y. In other words, the periodic points of g are dense in Y.

/ is transitive so there exists rs e X with 6fr6) : X (where we use the subscript
to distinguish the orbits with respect to f and g). Now

h(01(26)) : h{f"(ro) : n eZ*} : {h o f"(rs) : n e Z+)

: {g" o h(rs) : n e Z+} : On(h(rs)),

Y : h(x) : h(o t@o)) s h (-0;(zo)) : 6fa(,0),
so that

□
so that h(ro) is a transitive point f.or g.
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It is easiiy seen that Proposition6r/.4 remains true if we replace the requirement
that h be onto by requiring that h(X) be dense in y.

Theorem 6.2.6 The tent map T : [0, 1] - [0, l], the logi,stic map La(r) : 4r(L - r),
the angle doubli,ng rnap f : 51 - 51, f (r) : 22, and, the Doubling map D: [0, 1] _+

l0,Il are all chaotic.

Proof. Suppose that we can show that the angle-doubling map / is a quasi-factor of
the doubling map D, then we have:

The tent map 7 is conjugate to the logistic map La, which is a quasi-factor of f (z),,
which is quasi-factor of D, which is a quasi-factor of a, the shift map. It has been

rr shown that the shift map is chaotic. The resurt now follows.
It therefore suffices to show that for f , S, -- 51, f (r) : z2 and. D : [0,1] _- 

[0, 1],
D(r) : 2r (mod 1), / is a quasi-factor of D. Define h : lO,1] __+ 51 by h(r) : s2trii,
then h is continuous, onto and one-to-one everywhere except that h(0) : 1 : h(1).
Now

;

f o h(r) : f(e2"'*) : e4ni,,

and

h o D(r) : h(2r (mod 1)) : 
"2ri(2x 

(modl)) : e4ni,,

or ho D: f oh, and / is aquasi-factor of. D. tr

Exercises 6.2

1. rf g(z) : z3 on s1, show that g is the angle tripling map. Find the period
points and show that they are dense in ^91. Show that g is conjugate to the map
F : [0, 1) + [0, L), F(r): 3r mod 1 of Exercises 5.4.

1. If 7e : C ---+ C is the tent map with p : 3, but restricted to the Cantor set. Show
that 73 is conjugate to the shift map o : X --+ I.

3. Prove that the doubling map D : [0, 1) -, [0, l), D(r) :2r (mod 1), and the angle
doubling map,f :,91 - S', f (r):22, are conjugate.
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4. Is the shift map o : E --+ x conjugate to the doubling map D? (It can be shown
that the shift map o is conjugate to 73 restricted to the Cantor set).

5. Let U , l-1, 1] ---+ [-1, 1] be defined by U(r) - 1 - 2r2 and T2 : 10.,1] --+ [0, 1] be

the tent map

-,-r_l 2r. if o--r<112,t2\L)-\ z1t-r; if ll2<r--l.
Prove that H: [0, 1] -- [-1, 1], H(r): -cos(zz) defines a conjugacy between these
maps.

6. Prove that the map F , [-1, 1] -+ [-1, L), F(r) : 4r3 - 3r is conjugate to
7 : [0, 1] ---+ [0, l), T(r): 3r mod(1), via the conjugacy h: [0, 1] -* [-1, 7], h(r) :
cos(uir). (Hint: cos(32) : 4cos3(r) - 3cos(r)). Deduce that F is chaotic. This
question is related to Exercise 6.1, ff 4 concerning the Chebyshev polynomials.

6.3 Linear Conjugacy

It is sometimes the case that the conjugacy between two real (or complex) functions
is given by a map with a straight line graph (an affine map). This is called a linear
conjugacy, and is stronger than the usual notion of conjugacy.

Definition 6.3.1 For functions / : I ---+ I and g : J - J defined on subintervals of
IR., we say that / and g are linearly conjugate and that h is a li,neur conjugacg if h
maps -I onto J where h(r):arlb for some a,be IR, al0 and ho f : goh.

The following example gives a criterion for two quadratic functions to be linearly
conjugate:

Example 6.3.2 Let

F(r) : ar2 +br * c and G(r) : rr2 + sr *t,

_s2+2s- 2b+4γ
ι

whereal0andr+0. If
一
　
　
　
　

‐
　
一一

J
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then F and G are linearly conjugate via the linear conjugacy

a b-;hlr):-rl-^
γ

~ '   2r

Proof.

んOF( χ
) ==711a∝

2_卜

ろ

“

+の ==α

( α

″
2_卜

b″ +c) 十
二

うテ

重

=∠″
2+些

″

r       r 子
―

and

～

へ

、

ぷ

□

For example, if f is defined on the interval [0, 1], then

h(o) : q- and h(1) : Za*b - s

2r '"\-/ 2r '

so if af r > 0, then ,F. is conjugate to G on the interval i=. 
2a*-b - s,.

2r' 2r J'

Example 6.3.3 l. If Lr(r):1t"r(l-r), and e.@):12 1_cand ":21' - 
1", then

L, onthe interval [0, 1] is linearly conjugate to e.on the interval l-rlnr,rlirl. If
p:4, this shows lhat La(r) :4r(l - r) on [0, f] is conjugate fo e"@): 12 + con
the interval [-2,2] when c: -2. In particular, e-z on l-2,2] is chaotic.

Proof. We apply Example 6.3.2 with

a : -|tr, b : lr, c-- 0, r : l, s : 0, t : c.

In this case h(0) : pl2 and h(1) : -tll2 and we can check that the conditions of

the example hold when ,:2F - 1". n4

** f,,xJ /ot,t4. 
- fi$

ir,{evva\ \vulo iOAf

r:9 (dc,.^e

%レf hm゙ S uマ θれ′ ν らこ/

拙こア1麓
ノ競篠ちh

帯

‐

メ彿歩

, CX) =り

2X) ~つ(

―

」

θ OI → =α

: ″

十

1弄
ギ) =く

: ″

+≒

弄
ギソ+<: ″ +≒

弄
手) 十

ι

 t

bs_s2

=r( ≠ ″
2+22場

√
夢

立
″ 十

皇

亀酔
多

重

) 十
挙

″ +  2γ

  +ι

b2-s2*2s-2b+4rt

_o' *r, ab (b-r)2+2bs-2s2 +4rt: 
-I- I -r + '

rr4r'
and we see that these are equal if
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2. On t he ot her hand, i f  μ =2, we see t hat  L2( ″ ) =2″ ( 1- π ) On i o, l l  i S COni ugat e

t 00o( ″
) =″

2。

ni - 1, l l ・ Recal l  i n Exerci ses l . l  t he di ■ rence equat i on″ れ+1=

2“ η( 1- ″ π) t ransf orms t o♭汁1=虎 On set t i ng″ π=( 1- ぃ
) /2. Thi s i s i ust  t he f act

t hat 五 2 and 00 are cOt t ugat e宙
aん

( ″ ) =- 2″ +1.

3. Mた can check t hat  t he l ogi st i c map L4 i S COt t ugat e t O F: [ - 1, 11→
I - 1, 11,

F( ″
) =2■

2_1.

Exercl ses 6. 3

1. Show t hat  every quadrt t i c pol ynomi al  p( ″ ) =α
″

2+b″

+d i s cot t ugat e t O a uni que

pol ynomi d of  t he f ormん
( π ) =″

2+c.

2. Prove t hat  t he l ogi st i c map L4 i S COt t ugat e t O F: [ - 1, 」
→

[ - 1, 司 , F( ″ ) =2″

2_1.

, ぃ軽i 4( f l t i ■
l l i ぁ

・I じ
: 12' si : ごチ4; i ; ニ

ギ: ( 16r: l i t i 71ぁ∫
[ 」:  s.

3. Show t hat  t he l ogi st i c map Lμ
( ■ ) =μ

″
( 1- ″ ) , ″

∈
10, l l  i S COt t ugat e t o t he l ogi st i c

t ype map FК ″
) =( 2- μ ) ″ ( 1- ″ ) ( μ ≠

2) , 宙 a t he hnear cot t ugacy( Whi Ch i S denned

on t he i t t erd宙t h end pdnt s舞 譴d岩
) :

Ц→=洗″十
; ≡

1争

r. (u) If f"(r) : an, fo(*) : br, a,b e IR, defined on IR, when are they linearly
coniugate?

(b) shay that fip and, fllaare conjugate via the map h(d : { {2 if r ) o-\*t 
| _{_" if r <0 .
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6. 4 Col ■ ugacy and t he Tent  Fami l y

Ⅵたsaw i n SecuOn 2. 7 t hat  f Or 

μ ≧( 1+ν
τ

) /2, t he t ent  map Ъ  has a pOi nt  Of

peri od t hree, sO b1/sht t kOVSkyヽ
TheOrem, i t  wi l l  have poi nt s Of  al l  possi bl e peri ods.

I n t hi s sect i on we use a cert ai n cOt t ugacy t O shOw t hat  f Or 

μ >1, =じ wi l l  have poi nt s

of  peri Od 2れ f or each η ≧ 1. Our argument  i s based On t ht t  i n 1191. ヽ
bヽ■ rst  shOw

t hat  t he mt erval  
μ/ ( 1+μ ) , μ / ( 1+μ 月おhvanant  under t t  when l <μ

≦ψ .

The brmul a br t t  i n Secuon 2. 7 gi ves

写し) =

ｒ

ｌ

ｌ

く

―

―

ヽ

t .^p-r lt
l-, - lr'* if
p2r*p-p,2 if
l.r2 - tPr if

■

２
μ

‐

PropOsi t i On 6. 4。 1■ , r l <μ
≦νの

, 2ん θ

“

sι t t cれ οη

申
島

, 光 ] → [ 島 , 光L

づs υ θ: ′ ご
げ

ηθご.

Prooi  NOt e t hat  f Or t hi s range Of  val ues Of  

μ, 1/ ( 1+μ ) <1/2 and μ/ ( 1+μ ) >1/2,

so t hat =ズ 1/ ( 1+μ
) ) =μ / ( 1+μ ) i S an event ual  i xed pOi nt s si nce 7L( μ

/ ( 1+μ ) ) =

μ/ ( 1+μ ) .

Let ″ ∈
[ 1/ ( 1+μ ) , μ / ( 1+μ ) ] , t hen f rom t he f ormul a f Or T2 and t he f act  t hat

嘉
<島 <光 <1- 券

wesee t hat  on t hs ht erval t he mmi mumval ue Of t t  OCCurs at ″

=1/2 and t hs」
vcs

暉0≧ 暉但ハ=雄 ―
/ t /21≧

島
,

si nce t hi s i s equi val ent  t O

μ

3_μ 2_2μ

+2≦ 0,  Or( μ - 1) ( μ

2_2) ≦

0,

where l <μ
≦ ャ

/7.

I ) , ニタカTI ザ
l i l t t ι ∫きl i l l l l l l l 1l i : 11〉

妄i i I I I ] LDLt t l 撃
甘
LT' I
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1f  i nst ead″ >>1/2, t hen

■0=鰊 ―→>膊

七
) =洗 >事

SO

写0=雄 ―雄―〕=バ 1- μ 十月≦/11μ +流) =洗 ,

so agai n t t λ ″
) ∈ [ 1/ ( 1+μ ) , μ / ( 1+μ ) ] ・

             □

ヽヽb use t he above proposi t i on t o shoⅥ /t hat  rμ
 and T; 7 are con」

ugat e when雪
7 i s

rest r i ct ed t o a sui t abl e i nvari ant  subi nt erval .

Proposi t i on 6. 4. 2乃 r l <μ ≦の, 7“ St r , ct cα  ιθ ιんθづηιθrυ 配

1島

, 光

|,

づs cο t t υ gα ιθ ιθ
■

2 0η
 p, 」

.

Pr00■ From Propodt i on 6. 4. 1, we see t hat  t he」ven mt ernl お i n聡五ant  under写 .

Now we show t hat  we act ual l y ht t κ  a l i near cot t ugaCyん
( ″ ) =α

″ 十b:

んO暉 =■ 20ん
, ,

、vhere

晟
1島

, 光

卜
L・

and

α=岩 , b=芦 ,

Ⅵ
rhereヽ

Ⅳe can check t hat

ズ
七

) =Q t t d Ц
島

) =・

I f  O≦ ″ ≦1/2, t hen si nceん
1( ″

) =″ /α
―b/α

, We Can check t hat  1/2≦
ん

~1( ″

) ≦

μ/ ( 1+μ ) <1- 1/2μ , so t hat

んOgげ Oん

~1( ″

) =ん
O T2( : __: )

=ん

( μ

2( : _: ) ・

μ
―

μ

2) =μ 2″
_μ

2b+α

( μ

―
μ

2) 十

b==μ

2″

==レ
( ″ ) 。
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Si mi l arl y we can check t hat  i f  1/2<″
≦1, t hen 1/2μ <1/ ( 1+μ

) ≦
ん

1( π

) ≦
1/2,

so t hat

んOT′ Oん

~1( ″

) =ん
01可

: ( : ―

: ) ==ん
( μ

―μ

2( : _: ) )

=α μ
_μ 2″

十μ

2b+ゎ

=μ

2( 1_″

) =τ レ( ″ ) ,

1. eっ h bOt h cases t t  haveん 0写 0ん
1し

) =■
20) , 」 宙ng t he dedred cOt t ugacy. □

Corol l ary 6. 4. 3乃 r l <μ ≦2, マ
7質

sι rづ cι θごιο ιんθづηιθηαι

|」羊: 「

: : : : l ,

づs cθ t t η αιθ ιο t t  οη
 Ю, 11.

ヽヽb appl y t hese resul t s t O g市
e us i nf ormat i on about  t he peri od poi nt s Of  7L:

Proo■ Repl ace 
μ by ν7 i n t he pre宙 ous resul t .                     

□

Theorem 6. 4。 4F♭r l <μ ≦2, ■ んαs α 2れ
- 6ν

6J θ
ルr  θαcん η ∈Z+.

Proo■ ヽヽ石e hⅣe seen t hat  f Or each 
μ

>1, Ъ
 has a peri od 2- poi nt  di st i nct  f l ・ om t he

■xed pdnt  Of ■ . I n parucul ar, as 
μ

2>1, ■
2 haS a pe五 〇d2- pdnt  di si nct  i Om

紳 1戦樵 髪推 淵 ょ

町・電二∬∬躙 LSl 孟精

) j 宙ng a■ xed pdnt お r零 .

Cont i nui ng t hi s argument , st art i ng wi t h a peri Od 2- pOi nt  f Or: 弓
4 and t he cOt t ugacy

bet ween t t  and■ 4殴 deduce t hat  
Ъ ht t  a pe五

。d8- pdnt . I n t hs wり
, br  each

η ∈Z+we see t hat  
Ъ  haS a peri od 22- poi nt .                  □

Exal l l l l pl e 6. 4. 5 Consi der t he case where 

μ =2, t hen we see t hat  T2, t he St andard

t ent  map, お cot t ugat e t O Ft t  when比 ぉrest 五 ct ed t o t he mt ernl [ ψ - 1, 2- q.

Thi s i mpl i es t hat 写

ヮ
has t he same dynami cs as T2 0n t hi s subi nt ernl . For exampl e,

誓弱鮮I 脚夕l 縁l 写

賀∬Ⅶ露ⅧΨ癬盆硫
r l i er  t hat  

μ =( 1+ν
/ τ

) /2 i s where peri od

3 i s born f Or t he t ent  hmi l y. I n part i cul ar Tの
has n0 3- cycl e, but  i f  α =( 1+ν 6) /2

and usi ng t he Lct  t hat  5唯

, ( Sui t abl y rest r i ct ed) i s cOt t ugat e t O■ , i t  b1l ows t hat

at t  must  have poi nt s of  peri Od 6.

智
|,



Remark 6. 4. 61. Suppose t hat  
μ

>

: , SO t hat

・ ( 寺) =論
, ・

( 為) =

We see t hat 、 ve have a 3- cycl e:

<1, t hen為
==1- 島 ≧

帥d・

( 詩) =寺
・

l  and T〈

f i F

μ

3

1+μ
3

l p p' t' I
\1+rl'1+F't+tFI

This 3-cycle appears when 1t, > I ^d # = ),, 
o, equivalently

p3-2p'+1>0, or (p- \0"'-tt-1) >0.

We see that this will happen when p, >_ 

-(1 
+ JS) 

| trr,-t,ui 
analysis can be done

for other periodic orbits. For example, rf p ) 1 and , It + t''n 
< 

' 

*" get a 4-cvcle' and

this happens when p3 - lr2 - lt - 1 > 0.

2. Suppose that L < p, < 2, then if r € llt - p'12, p,l2l, we can check that Tr(r) e
llr- p'12, plZ], so that this interval is an invariant set. For 1 < lt < O, the smallest
set invariant under T, is a collection of subintervals of lp - p'lZ, pl2). If p > JZ
this becomes ail of the interval [p * p2 12, pl2), called the Julia set of !, (named after
one of the early pioneers of chaotic dynamics, Gaston Julia, who worked on complex
dynamics in particular in the early 1900's). For F:2, the Julia set is all of [0, 1].

The bifurcation diagram for Tp, p > I gives us some insight into what is happening
here.

3. The conjugacy between T2 and Lt can be constructed by consideration of the
periodic points of these maps. Since the period points are dense for each of these
maps, by carefully ordering them according to their ordering in [0, 1], we can define a
map h by defining it on the periodic points. h is then defined on a dense subset of [0, 1],

into a dense subset. This map can be continuously extended to a homeomorphism
of [0, 1] with h(0) : 0, h(1) : 1. In this way it can be shown that the conjugation
between T2 and La is unique. See the exercises for a proof that the conjugation
between T2 and tra is unique.

6.5 Renormalization
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The previ ous exal npl e sho、 vs t hat  r l rest r i Ct ed t o t he i nt er、 ア
al

l 呂
, 知

|=1出
, ヵ

l ,

i s cot t ugat e t O■ 20n 
Ю, 」 ( Where We are repl aci ng μ け μ

2i n 6. 4. 2) . Ht t  dO l ve

arr市e at  t hi s cot t ugacy?Not i ce t hat  f or 
μ >1, ■ has a nxed poi nt  pμ

=μ
/ ( μ

+1)

and anot her pOi l l t  pμ =1/ ( μ +1) wi t h=ズpμ

) =T/ t ( し ) , sO i t お
evel l t udl y■ xed. Let

us l ook at  t he graph of  r l rest r i ct ed t o t he i nt erミ
lゝ  pμ

, pμ
] ・

 I nsi de t he square sho恥 「n

we see t hat  t he graph Obt ai ned l ooks l i ke an“
upsi de―down"versi on of ■

, and we

condder t he posdЫ ht y t hat  t t  reSt nCt edt o t he mt er. ral  n, 昴

] お
act u」しcOt t ugat e

t O■
( Or i n f act ■

2) .

Dei ne a hnear mapん
μ

: n, p』 → p, 1 0f  t he f ormん

μ( ″ ) =α
″ 十bi n such a way

t h就 ん
μ( し ) =o andんμ( pμ ) =1. ヽ

bヽ can check t hat

啄→=高いハ祠げ0ギ九一

"恥
ん
μ expands t he mt er17al  n, 卸 1 0nt o t he mt er17al  Ю, 」

and Changes t he Onent t t bn.

Thi s i s exact l y t he cOt t ugacy def l ned i n PrOposi t i On 6. 4. 2.

ヽ

～

ζe dei ne a“ ηθrmα あzα ιづθη
 η θ%ι θr  of  t t  by

( R5) ( ″ ) =んμ
Ot t  Oん

Fl ( ") ・

What  we act ual l y showed i n t he pre宙 ous sect i on i s t hat ( Rz) ( ″
) =■

2( ″

) , gi Vi ng us

t he cOt t ugaCy cl dmed. Thお procedure can be condnued br写
, T et %and dmi l ar

consi derat i ons can be made wi t h t he 10gi st i c map Lμ

( see[ 121 f or mOre det ai l s) .

6. 6 Cot t ugacy and Fundament al  Domai ns

ヽヽそhave seen t hat  t wO dynanl i cal  syst ems∫
and g wi t h di f Ferent  dynanl i cal  prOper_

t i es cannot  be cot t ugt t e. On t he Ot her hand, sOmet i mes we have dynami cal  syst ems

havi ng seel l ni ngl y very si l ni l ar  dynanl i cal  propert i es and恥 ′
hi ch、、

re、
voul d l i ke t o shO、 v

are cot t ugat e. Thi s i s sOmet i mes possi bl e usi ng t he not i On of uれ
ηごαπ θηιαι ごθmα づη

, a

set  on、 vhi ch、re const ruct  a mapん i n an arbi t rary manner and shO、
v t hat  i t  ext ends

t o a cot t ugaCy on t he whol e space. ヽ

～

re■ rst  i l l ust rat e t hi s i dea wi t h hOmeomorphi sms

∫, θ
: R―→R. ヽVb l oOk at  a hi r l y st rai ght f orward ct t e where bot h hOmeOmorphi sms

are order preser宙 ng and have nO■ xed pdnt s( i n f aCt  l i e st nct l y abcl ve t he hne 
ν =″

) .

Proposition 6.6.1 Let f,9:lR -+ IR. be homeomorph,isms satisfying f(") > r and,

g(r) > r for all r e R. Then f and g are conjugate.
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Proof. The idea for the proof is a follows: Select 16 € IR. arbitrarily and consider the
Z-si,ded orbit

Or(ro) : {f"(ro): n e Z}: {... ,r_.t,r0,11,n2,...}.
since f(r) > r for all r, this is an increasing sequence:, ..r-1 { rs { 11 {. z.2< ...,
so that the sets

. . . ,fr-r,ro),[ro,rt),[rt,rz),. . . ,

are disjoint and their union is all of IR. We must have lim,,-oo .f,n : @ since otherwise
the limit would exist and would have to be a fixed point. There are no fixed points
since/(r) )ralways. .,it f,

The set I : [*o,f(ro)) : lro,z1) is called a fund,amental d,omain for f . set
J : lro,g(ro)) and define a map h: I --+./ arbitrarily as a continuous bijection (e.g.,
we can set h(e6) : oo o,nd h(f ("0)) : g(r0) and then linearly from .I to -r).

Now every other orbit of / intertwines with Oy(26): if y6 € (ro,rr), then yn:
f"@o) e f"(I)., so lies between ri a\d ria1. lt follows that every orbit has a unique
member in the interval [*o, rr) and we use this to extend the definition of h to all of
R.

rf r e f"(I) we define h(r) by mapping r back to l via /-", then using h(f-"("))
which is well defined, and then mapping back to g"(J) using g". r.e.,if r € f"(I),
n € Z, define

h(r) : 9" o h " f-"(r).
In this way, h is defined on all of IR. We can check that h is one-to-one. It is onto
because h(f"(I)): g"(J)) for each n, and we can checkthat it is continuous. Finally,
because of the definition of h,if.e €lR, thenr € f"(I) forsome ne Z, so u: f"@)
for some A € I. Then

goh(r): g(g" oho f-"(r)): g"*, oho f-@+r)(/(")) : ho f(r).,
so that / and g are conjugate. tr

Examples 6.6.2 1. The above argument can be generalized to the situation where
/(r) and g(r) are homeomorphisms with corresponding fixed points. To be more
precise, consider a homeomorphism "f ' [0, 1] ---+ [0, 1] which is orientation preserving,
so that /(0) : 0, /(1) : 1 and / is increasing. Suppose that / has fixed points
(in addition to 0 and 1), at c1,c2,...,c,r, then /2 has the same collection of fixed
points (no additional fixed points as / cannot have points of period 2 or higher). If
f (") > r for cp < r < c7e11, then we can use the argument of the proposition to
construct a homeomorphism between / and f2, and do the same for each interval
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[cr, cr+t) (treating the case where f (") < r in an analogous way). In this way we see

that / and f2 are conjugate maps.

2. Consider the logistic maps Lr(*): p,r(l - r) for various values of pt e (0,4] and
r € [0, 1]. we first show that for 0 < p < ) < L, L* and,L1 are conjugate. There
is a slight complication here as these maps are not increasing, but they do have an
attracting fixed point at 0, and we saw earlier that the basin of attraction is all of
[0, 1]. We first deal with the interval on which the maps are increasing, [0, ll2), and
look at the restriction of the functions to this interval.

our aim is to construct a homeomorphism h : lo,1] --+ [0, 1] with the property
Lsoh: ho Lp. Take (rr(ll2),r12): (pl4,ll2l as a fundamental domain for
L, and (L^(ll2),Ll2l : (^l4,ll2) as a fundamental domain for .L1. Define h :

@la,7l2l---+ Q,l4,Ll2) by h(U2) :112 and h(pla) : 
^14 

and then linearly on the
remainder of the interval.

set 1 : (p,la.,rl2) and J : (^l4,lf2), then since 0 is an attracting fixed point, the
intervais Li,Q) and L\(J) are disjoint for n e Z+, and their union is all of (O,ll2).
Extend the definition of h so that it is defined on (0, Ll2) by;

h(r):L\oh"Lr"(r), for re LiQ).

We can now check that h is continuous and increasing on [0, ll2) whenwe set h(0) : 0.
Now define h on (Il2,L) by setting h(L - r) : 1. - h(") for z € lO,Ll2), clearly

giving a homeomorphism on [0,1]. Then

L^(h(L - u)) : trr(1 - h(r)): Lx(h(r)): h(Lr(r)): h(Lr(I - r)),
so that h is the required conjugation. tr

3. Asimilarproof shows that L, and.L1 areconjugatewhenever 1< p< 
^<2.Look at the intervals [0, 1 -tlp] and [1 -llp,1/2] separately and the fact that 1 -Llp

is an attracting fixed point, then use the symmetry about the point r : l12.
However, these maps cannot be conjugate to L2 since any conjugating map h :

[0, t] -* [0,1] must have the property that h(ll2) : tl2 (see the exercises). This
leads to a contradiction.

4. The maps La and Lp, p € (0,4) cannot be conjugate since La:10,1] --+ [0, 1] is an
onto map, brt L* is not (see the exercises).

Exercises 6.6
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1. ( a) Let  α
, b∈ ( 0, 1) andん ( ″ ) =α

″
, ん ( ″ ) =b″

be dyt t ami cal  syst ems on 10, 11.

ヽヽb saw i n Exerci ses 6. 3 t hat  t hese l naps need not  be l i nearl y cot t ugat e. Prove t hat

ん
andん are cOt t ugat e( Hi nt : USe t he met hOd of  exampl es i n t hi s sect i on) .

( b) Let  g: Ю , 司
→ p, 1] be cOnt i nuous, st r i ct l y i ncreasi ng wi t h g( 0) =O and g( ″

) <χ

f or al l  z∈
( 0, 」

. PrWe t hat  gお cot t ugat e t Oん f Or at t  α ∈
( o, 1) .

2. Consi der t he t ent  map a。 .

( i ) ShOW t hat ″ =1/2 i s an event ua1 l xed poi nt  br aO・

( i i ) USe sect i on 6. 4 t o show t hat  t here i s a subi nt ernl  of  10, l 10n whi ch Tの i s

COt t ugat e t o T2・

( 五

i ) Deduce t hat  aっ has penodc poi nt s of  peri od 2ん br anyた >1, but  no pdnt s of

odd peri od great er t han l .

( 市 ) PrOVe t hat  i f  μ >ャの
, t hen■ ht t  a 3- cycl e.

( V) Pr"e t hat  t hereお
an i nt ernl  on whch■

9お
Chaot i c.

3. Let  O<λ
, μ

<1. I f ん : p, 司 → p, 」 i S an Ori ent at i on preservi ng homeomorphi sm

wi t hん o Lμ

( ■ ) =ι λ  Oん ( ″ ) f Or al l ″
∈

[ 0, 11, ShOW t hat ん ( 1/2) =1/2( Hi nt :  
ん i S a

COt t ugat i On bet ween t wo di f Ferent  l ogi st i c maps wi t hん o Lμ

( ″ ) =Lλ  Oん
( ″ ) 。

NOt e

t hat  t hi s equat i on al so hol ds i f 、 、
re repl ace 

″  by l ― ″ .  Use t hi s t o deduce t hat

ん
( ″ ) +ん ( 1- ″ ) =l  f Or al l ″

∈
[ 0, 11) ・

4. Use exerci se 2 above t o deduce t hat ん
( μ /4) =λ /4. I t  f o1l ows t ht t  t hσ

 Ori ent at i on

preservi ng homeomOrphi sm of  Exampl e 6. 6. 2 can be ext ended i n onl y oneヽ
Ⅳ

ay f rOm

l μ /4, 1/2] t o l λ /4, 1/21.

5*. Prwe t hat  f or t he 10gi st i c map t t μ
, i f  O<μ ≦ 2, t hen ι

μ
お cOt t ugat e t O t t λ

,

t he composi t i on of  ι
μ

、、
ァ
i t h i t sel f . Show t hat  t hi s i s not  t rue f or 

μ
>2. ヽヽ

″
hat  i s t he

correspondi ng resul t  f or t he t ent  f al ni l y?

6. Let み
( ″ ) =μ  Si n( ″ ) . Prove t hat  f  O<μ

<λ <1, t henら and S are cot t ugat e.
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7. Prwe t hat  t he rOt at i On Rα : Sl → Sl , Rα
( z) =α

Z i s cot t ugat e t O t he map

■ : p, 1) →
Ю, 1) , =ズ″

) =″ +α
( mod l ) , when α =θ

2れα
. can Rα

 be cOt t ugat e t O

Rb f or α
≠ b?

8. Prove t hat ■ : p, 1) →
Ю, 1) , 電ズ

″
) =″ +α

( mod l ) i s cot t ugat e t O i t s i nverse

map 7曹
1( ″

) =″
―α

( mOd l ) . Can■ be cot t ugat e t o電 ?

9. [ rhe ai l n of  t hi s exerci se i s t O sho、
v t he uni queness Of  t he cOnJ ugacy bet 、

veen t he

t ent  map 7b and t he 10gi st i c l nap五
4・

0) CheCk t hat  t hs cOt t ugaCyん : p, 1] →
Ю, 瑚

ぉgi venけ
,

た。) =子
arcd《桁) ; LOた =た

o L4・

( i i ) SuppOSe t hat ん : p, 瑚 →

Ю , 」
i S anot her cot t ugaCy bet ween Tr2 and五

4, t hen    

‐

ん
( 0) =0, ん ( 1) =l  andん お a st r i ct l y i ncreasi ng condnuous f unct i On( Why?) , i . eっ

んi s

an ori ent at i on preservi ng homeomOrphi sm Of  l o, 11.                        |

( 五

i ) ShOw t hat ん maps t he 10c」 maxi ma( respect i vel y mi ni ma) Of t t  t 0 10Cal  maxi ma

( reSpect i vel y mi ni ma) Of  Z2.

( i V) USe t he Lct  t hat  al l y such cOt t ugat i On i s Order preservi ng t O shOw t hat ん

( ″ ) =

た
( ″ ) at  dl 10cal  maxi ma and 10cal  mi ni ma.

( V) USe t he cont i nui t y of ん andた t O deduce t hat ん
( ″ ) =た ( ″ ) f or al l ″

∈
[ o, 11.

( vi ) Deduce t hat  t here i s no Cl  cot t ugacy bet ween T2 and五
4・

10. Use t he abOve exerci se t o show t hat  i f  Z4( ″

) =4″ ( 1- ″ ) , t hen LT haS t urni ng

poi nt s at  si n2( た π
/2η

+1) , f Orた

=1, 2, … . , 2れ

+1- 1.

11. Use t he f act  t hat  t he cOt t ugat i On bet ween t t  and L4 i S uni que t o shOw t hat  i f

φ
: [ 0, 1] →

10, 1l  i s a homeOmorphi sm sat i st t i ng五 40φ =φ O Z4, t hen 
φ( ″ ) =″

f or al l

″ ∈
[ 0, 11, i . e. , φ  i S t he i dent i t y map( hi nt : ■ rst  shOw t hat た o 

φ i s al SO a cOt t ugat i On

bet ween T2 and五
4) ・
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12*. Let  
Ъ  be t he t ent  map. Show t hat  i f  μ

>ν り
, t hen f or each open i nt erval

び ⊂
[ 0, 11, t here e対

st s η >O such t hat

[ マ ( 1/2) , ■ ( 1/勾 ] ⊆ T( び ) ・

( Hi nt : USe t he f act  t hat ` ら ( び ) |≧ μl び l  i f び
dOes not  cont ai n 1/2, so t hat  t he l engt h

keeps i ncreasi ng. Ⅵ たcl ai m t here exi st s m>O such t hat  Tm( び
) and Tm+1( び ) bOt h

cont ai n 1/2, f or i f  not , I Tれ
+2( し

り|≧ μ

21び

1/2 f or al l 鶴
∈Z十

, a COnt radi ct i on, si nce

t hi s event ual l y exceeds l ) .



も

ヽ

ゝ

り

138

Chapt er 7.  Si nger' s i rheorem

ヽヽb shal l  nOw shOw t hat  t he l ogi st i c map 
ι

μ
: [ 0, 11→

[ 0, 11, Lμ ( ″ ) =μ
″

( 1- α )

wi t h O<μ <4 has at  mOst  One Qt t ract i ng cycl e. We use a resul t  due t o Si nger( 1978)

whi ch i s appl i cabl e t O i naps havi ng a negat i ve Schwarzi an deri vat i ve.  Recal l  t hat  a

mapノ : R→ R i s θ
3i f ∫ ″′

( ″ ) exi St S and i s cOnt i nuous.

7. 1 l rhe schwarzi an Deri vat i ve Revi si t ed

Recal l  t he Schwarzi an der市at 市e Of ∫
( ″ ) i S:

町0=掃 ―
: 1潟

12=「

。
_: Ft t L

恥

1: 楊
i l i ) [ : f l i : |: showt hat l l anypol ynol ni al Shavenegat i VeschWarzi anderi Va_

t i ves.

Lemma 7. 1. 1五 θι
メω

わθ α
 pο りηο鶴づαJ げ αりたθ η

ルrω んづcん α″ 洗θ

"ο

ぉ
げ をぉ

ごcrづ υαιづυθ∫

′

( ″ ) α

“

蒻sι づηcι

__91ビ_留」
. 1%θ η S∫

( ″ ) <0ル r  αιι ″ .   ~      ~

Proo■ Suppose t hat  t he deri vat i ve of ∫

( ″ ) i S gi Ven by

∫

′

( ″ ) =α ( ″

一r l ) ( ″ 一r2) ・ …
( ″

―
%_1) ,

where α ∈R, t hen

F(r) : ffi: (tn f, (*)),: i *,
L:l

and so

F'(r\: - S 1\ / 
?(*_rn)r.

Now put this into the Schwarzian derivative:

,s f (r): F'(r) -|tr@)lr:-o.

Lemma 2.1.2 Assumethat f frut';:'*ap onL, then

\l (i) s(/ o g)(r): sf (g(,)).(g,(,)), + ss(r).

-Y (ii) # Sf <0 and, Ss <0, then S(f oe) < 0..J

□
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( i i i ) J S∫
<0, ι んθη S∫

た
<0ル r  αJ ι た∈Z+.

織 2鰐I l ehⅣ

e. 0=器が郵飢α→=器 狙dЩ→=器
,

ん

′

( ″ ) =∫

′

( θ ( ∬ ) ) ・

g′

( ″ ) , ん

′′

( ″ ) =( ∫

′′

( θ ( ″ ) ) g′ ( ″ ) 2+( ∫

′

( g( ″ ) ) g′

′

( ・ ) ,

so t hat

Щ→=

=Д
O+器

=Ц ズ→VO+α け

Thi s gi ves

si nce θ
( ″ ) =θ

′′

( ″ ) /g′ ( ″ ) .

( i i ) i S now i mmedi t t e, and( i i i ) f 0110WS usi ng i nduct i on.             □

Examメe‐ 3臓 go=究
, QaQに Rahnei l l 電

1‖ l 冨 Ⅷ :
A di rect  cal cul at i on shows t hat  Sθ

( ″ ) =O everyWhere i l

hmhmt  t hЩ
→=ズ則 =悧 価 n鋤0=ヴ 0・

ヽヽb now prOve a versi on of  Si nger' s Theorem. Recal l  t hat  i f ∫
 : R→ R i s a

cont i nuous f unct i on and c ∈ R i s an at t ract i ng f l xed poi nt  Or at t ract i ng peri odi c

poi nt , t hen t he basi n of  at t ract i on 3∫

( c) i S an open set . Denot e by″ t he maxi mal

open i nt erⅥ LI  COnt ai ned i n 3∫
( C) Whi Ch COnt ai ns c( cal l ed t heづ mmθ α づα ι θ わα sづ η

げ

αιι%ε ιづθη
げ

C) .

_Theorem 7. 1. 4 Zθ ι
∫

: R→ R bθ α θ
3 m叩

切りιん          ごθt t υ αι, υ θ. J

c t s αη αιιmct づηθ ρθれοごづc Pθ づηι
ルr∫

, す
んθη cづιんθrr

( i ) 流
θ づmmedづαιθ らαsれ

げ
αιιmc; づοη

げ
cθ ″ιcη αs t θ ∞ οr― ∞

, θ
r
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(ii) there i,s a cri,t'ical poi,nt of f (i.e., a root of f'(r):O), whose orbi,t i,s attracted to
the orbi,t of c under f .

" 
Proof. We first look at the case where c is a fixed poinf of f . Suppose that its

;! immediate basin of attraction is the open intervalW and that (i) does not hold, then
\ tW is a bounded set.
w Thus IrZ : (a,b) for some o, b e IR.. Because of the continuity of / and the fact

that /(o), f @ e (o,b), there are three possibilities for /(a) and /(b).

Case 1: f(o): f(b) - thiswill happen for exampleif o is afixedpoint and bis an
eventual fixed point. It follows from the Mean Value Theorem that (a, b) contains a
critical point of /.
Case 2: f ("): o and f (b): b, then by the Mean Value Theorem, there are points
q e (a,c) and rz € (c,b) such that ft(r): f'(rz): 1 (see picture). But since c
is an attracting fixed point, l/'(.)l S 1. It follows that either f'(ro): 0 for some
ro e (rr,r2), or /'(r) has a minimum value f'(ro) > 0. In the latter case we have

f'(ro) > 0, f"(ro) :0 and f"'(rs) > 0, so that Sf("o) ) 0, contradicting the
Schwarzian derivative being everywhere negative.

Case 3: f(o) :b and f(b) :o. Here c is fixed by f' and so are a and b, so that (/2),
has a zeto rs in (a,b) (* in Case 1). But

(f')'(ro): (f'(f (*o))/'(ro) : o,

so either ns ot f (*o) is a root of /', but both lie in (o,b).

Now suppose that c is a point of period k, then fr(") : c, an attracting fixed point
f.or fk, then from our earlier arguments, the immediate basin of attraction of c (for
/k) contains a critical point of fk, sa5l 16:

(fr)'("0) : f'((ro) f'(f ("0)) - - . f'Uk-' (ro)) : 0,

so that f'(f*(ro)):0 for some 0 1m1k. In this case f^(ro) e f*(W) cW,the
basin of attraction of c. n

Example 7.L.5 Consider the map f(*): r-15. We see that ft(r) has two real
roots: +(ll5)L/4, and f"(r) and, f"'(r) are both continuous. We have f,,(*) - -2013,
and f"'(r) : -6012 .
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Substituting these into the Schwarzian derivative gives:

sf (*) : (-6012)lO - brn) - zlzl(-2orr)le - bra))2 : ,.-69-*',,=ft + br4),' (t - 5rn)2'

and this is always negative. We can check that the criticai points are in the basin of
attraction of the fr*a il"t r :0.

Example 7.L.6The map f (*) : Zrl4 +23 cannot have a ,"r*l;.LY*#"rtf
derivative. It has fixed points u : 0 and r : ttl2,0 being attracting with bounded
basin of attraction, but / has no critical points.

7.2 Singer's Theorem

9orollary 7.2.L Let f : [0, 1] * [0, l] be aC3 map wi,th Sf(r) < 0 for allr. The
basi,n of attracti,on of an attracti,ng cycle c:ntai,ns 0,I or a cri,ti,cal po,int ,l !9)
Proof. If J: (o,b),0 < a < b < 1, isthebasinof attractionof anattracting
cycle, then we have seen above that it must contain a critical point of /. Any other
attracting cycles will be of the form [0,a) or (b, 1], so will contain 0 or 1. tr

Example 7.2.2 We now see that the logistic map Lr(r) : pr(L - r),0 I F I 4,

r e [0,1], has at most one attracting periodic cycle. If 0 < p S 1,0 is the only
attracting fixed point, having basin of attractions [0, 1]. For 1 < p < 4, L, has
exactly one critical point ro: l12.

Since L'p(O) : IL > 1, the fixed point 0 is unstable; therefore [0, a) cannot be
a basin of attraction. Furthermore, L*(l) : 0 and hence (b,1] is not a basin of
attraction either. Since SLr(r) ( 0 everywhere (at r: l12,Iim*-112Lr(r) -oo),
we conclude that there is at most one attracting periodic cycle in (0, 1) and the result
follows.

If we look at the bifurcation diagram of the logistic map, it follows, for example
that where we see six horizontal lines, we have an attracting 6-cycle, and not two
attracting 3-cycles.

Remark 7.2.3In a similar way we get Singers Theorem [45], proved by David Singer
in 1978. This theorem is actually a real version of a theorem about complex poiyno-
mials proved by the French mathematician Gaston Julia in 1g1B [22]:

Lt t i t t c由
∬活需z: ∫ 7年蛹脇l ヵFr]

g--?o s'E

ちうЧ
み`りl J 曲 |り脚 J し
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Exal l npl e 7. 2. 4 Let  C( ″
) =λ

 arCt an( ″
) , λ ≠

0. Then G′
( ″ ) =λ / ( 1+″

2) . cl earl y

θ
( ″ ) h       pOi nt s. Now, i f  l λ l <1, t hen c=O i s an t t ympt ot i cal l y st abl e

■xё d poi nt  wi t h basi n Of  at t ract i on( 一 ∞
, ∞ ) . I f  

λ >1, t hen C has t wO at t ract i ng

nxed poi nt s″ l  and″ 2 Wi t h basi ns of  at t ract i on( ― ∞
, 0) and( 0, ∞ ) , respect i vel y.

Fi nal l y, i f  λ <- 1, t hen C hat s an at t ract i ng 2- cycl e{ zl , ″
2) Wi t h basi n Of  at t ract i on

( ―
∞

, 0) ∪ ( 0, ∞ ) . t  l n_- l θ
l
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4.L Linear Maps vs. Linear Systems 6r,1*0lzz = tv(A)= X1+1.

Recalt from ti,ear algebra rhat a map L: IR2 --- R2 is .r,il:*"ttl;?|?i"t rfllo"
mation if

1. L(Ut a Uz) - L(Ut) + L(U2) for Ur, Uz € IR2

2. L(aU) - aL(U) for [] e IR2 and a € IR.

L
Moreover, it is always possible to representft(with a given basis for lR2) b.y

a matrix A. A typical example is

ι

( ; ) =

whi ch may be wri t t en i n t l l c f t Dri n

L( ; ) =

Or

五
( υ ) =ス び

,
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{u, AU, A,[J,. . ., Anu, . . .]

“

. 1)

に 幼

where u : (;) -,u A: (Zl,\ + lA-xI\ =lT^ 
^6+\--, 

+
By iterating .L, we conclude that L(U) : AtIJ. Hence, the orbit of U

under,fis given by

Thus, to conrpute the orbit of (J, it suflices to cornpute A,r(J for n e Z+

|イ |
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:. f,- (o+a
6o L=)

Another way of looking at the same problem is by considering

two-dimensional systern of difference equations

r(n+r)- a/n)+bs(n)
a@+t):cx(n)+dY(n),

(r-xxJ-l) - tC -- o
'- (a+A)X + q J -bc --o -'+*t a'L'l I

r" +t"ia i D'iscrete Chaos

the following
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3)

Or

u (n + r) ,= ArJ @) ' (4'4)

By iteration, one may show that ttre soltrtioti of Equation ( . ) is given by

U(") - A"U(0). に
5)

So. if we let Uo: U(0), then I"(Uo) = UQt).

The form of Bquation (a.3) is rrore conveniettt wltett we trre considering

aJ>plications in bioiogy, engirreering, ecorr()rrtics, attd so forth. F-or example,

.r;(rr) and y(n) rnay represent the population sizes at time period n of two

competitive cooperative species, or preys trncl preclators. rr--i!, ''<-";J'
ftt the next section, we will develop the necessary machinery to compute A"

for any'matrix of order two. The general t,heory ntiiy be fotrnd in [32,33,60].

4.2 Computing A"

Consider a matrix A: (au) of order 2x2. Then, p(l) : det(A-,\/) is ca'lled

the characteristic polynomial of A anrl
of A. Associated with each eigenvalue A

with Ay - \v.

Example 4,1
Find the eigenvalues and

SOLUTION First we

istic equation det(A - ,\/)

2-) 3

1 4-A

the eigenvectors of the matrix

. /z s\A=t - .l. I
\ r 4/

find the eigenvalues of A by solving the character-
:0or

its zeros are called the eigenvalues
of A a nonzero eigenvector V e IR2

-0

whi ch i s

12-64*5=0.
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Hence, )r : l and lz:5. Tofind thecorrespondingeigenvector V1, wesoh,e
the vector equatiott AV1 - AVt or (A - )r/)Vt :0.

For )r :1, we have

Hence, u11 * 3t.r21 : 0. Thtts, u11 = -3u21. So, if we let u21 _ 1, then
't)tt : -3. It follows that the eigenvector yl corresponding to A1 is given by

Y, : (;')
For ,\z : 5, the corresponding eigenvector may be found by solving the

equation (A - AzI)Vz == 0. This yields
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Thus, -3utz*
and hence I/2
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↓

２２

／

′

‐

ヽ
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伽

　

〓

0 or u12 :'u22. It is then appropriate to let 1)12 : uzz : L

T

To find the general forrn f.or A for a general rnatrix ,zl is a foruridable task
even for a 2 x 2 matrix such as in Example 4.1. Fortunately, however) we

may be able to transform a matrix A to anotirer simpler matrix B whose nth
power Bn can easily be computed. The essence of this process is captured in
the following definition.

DEFINITION 4.1 The matrices A and B are sa'id

erists a nonsingulal matrir P suclt, that
to be sr.mr,lar i,f there

A --?Bi,
= P~1ス

P=B.  =

０

眺

①

牌
, . /-
'g 6s/

matnces ls an equlva-We note here that the relation "similarity" between
lence relation, i.e.,

1. A is similar to A. Af A Q"fh";ryg 4-*(ot

2. ltA is similar to B then B is sinril ar to A. A'eBGuuifr+r*i 
=];-

3. If ,,{ is sinrilar to .B and ^B is similar to C, then A is simil ar to C. liffiri

rhe most important feature rf .i,.li;?;,I.5r:r:*i:,1tfi;;Prlr, 
e

the same eigenvalues.

IA *rt.i. P' i, ..id ," b"tr'l'J$ti;fli/if its invers e P-texists. This is equivalent to saying
that det P # 0, where det denotes determinant.
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or

The uext tlteoreut

2 x 2 rnatrices.

THEOREM 4. 2

Lct ス bC α 2× 2 rcα l  γt t α t rt “ . Tl じ θγしス

γnα ιれcesf

Dt scγ

｀
θιθ θ んαοs

h-tnLlolt ' Lt'

tells rrs t.irrrt tlteI0 al(,tItrctl sitttllie "tlittttltlictrl" forttts [or

一

Ｆ

コ

Ｌ

Ｆ

Ｌ

Ｆ

亀

丁

ロ
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Ｔ

色

Ｔ

１

１

暉

占

電

由

百

１

二

『

ｄ

コ

ー

ー

『

ｄ

コ

ー

癬

涸

蜃

THEOREM 4. 1

Tんθt t  A απd Bんαυθ ιんe samθ  θt gθ η
―

ι θι ス απα B bθ  ιυ ο Sをπ を: ar  mα ι五餡 .

υ α l し es.

PR00F  Suppose t hat  P~1ス
P=B Orス =PBP~1. Let  

λ be an

PBP~l yi ( 1盤 l Ъ 移

〕
ヒ

: ; キ
: =l i t ツ

|

B wi t h P~l  y aS t he corrcspOndi l l g ei 〔

rrhe not i on Of  Si Fni l ar i t y bet ween l n乏

whi ch we have ei …
i n Chapt er

i Tt t g籍: ぶ 11り∬駕

' 壇

l i 思

t

nl apん such t hat             Ll  oん

=ん
O ι

2

i,s sdmr,lar to on'e of the following

」・

( 管
几

)

2・

( l i )

θ・

( l β
l )

つЦ十

イ

) L oỲ  Y( ス
｀

■
1. ) 」

rつ、

\,,;<'tif)

PRooFstrpposetliattheeigenvalrtesAland)2arereal.Thetr,we
Jnr".iri^.*.. to consider. T5e fir'st case is where \ * \z'In this case' we

X ,r,oy easily show that the corresponcli.g eige,vectors 7r ancl V2 'a're linearly

! ffi:rffi;t (problem 10). He*c", the rnatrix P = (Vr'Vz)' i'e'' bhe rrtatrix

.:l p wlrose colu,rns are these eigenvectors, il; ttotrsirlguiar' Let P-r4p: 'l :

1,, \r t / 
^'^v") 

trp _ pJ. (4.6)
'rJ \

Cotttparittg both sides of Equatiorr (4 6)' wo obtain

AVL: eVt * gVz'
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Hence,

Arh: eVt*gVz.

Thus,e:Ai andg:6.
Similarly, one rnay show that / - 0 and h -

diagonal matrix of the form (a).
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経・η

解
. 8)

解・9)

),.2. Consequently, J is a

Tiie second case is where ,\r : )z : ). There are two subcases to consider
here. The first subcase occul's if we are able to find two linearly independent
eigenvectors V1 and Vz corresponding to tlie eigenvalue .\. This subcase is
then reduced to the preceding case. We note here that this scenario happens

when (A-^I)l/:Lforall 7e R2. Inparticular,orlernay letV - /t\
'- \o/

and 72 : (?) , which are clearly linearly inclependent.- \r/'
The second subcase occurs u,hen there exists a nonzero vector Vz € R.2 such

that (A - )I)Vz * 0. Equivalently, we are able to find only one eigenvector

(rrot counting multiples) [ with (A - )/)7, : g. Irr practice, we find I/2 by

solving the equation
(A-AI)Vz-Vt.

The vect or y2お Cal l ed a envector of A. Note that Ah - \Vt
and AV2 

= 
)Vz * Vt Now, al l d P~1スP=」 . Then,

ダ   可
P, ψ

■
, ヽ

Comparing both sides of Equation (4.7) yields

ヽ

、
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′
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ー

人

λ

０

／
ｔ

〓

Ｊ

T'ire rnatrix .I is in a {aldqn_ form.
Next, we assurne that A has a complex eigenralue .\1 : o * i0. Since A is

assumed to be real, it foilows that the second eigenvalue )2 is a conjugate of
41, that is, )z : a-i0. LetV :V+ilt2 be the eigenvector corresponding

to .\1. Then,

ス1/=λ l  y

ス
( yl 十

づ
yr2) =( α

十づ
β) ( yl  t t  l y2) 。

Hence.

β

y2

+α
yr2,

(Vr,Vz) we get P-L AP - J. Hence,

И

И

α

　

ρ

ν

一
一
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ｈ

ち

ス

ス

スF) =√
) J .

letting P -
スP=Pエ
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( 4. 12)

“

. 13)
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Comparison of both sides of Equation ( .g) yields

」=( l β
f ) .

Theorem 4 2 git.t ,t r ti*pl@he general forrT of A

fbr any 2x|real matrix. In the first case. when P-LAP: D - (n^'0 \
we have 

Ilratrlx' rll [ne nrst ca'se' wnen r nt - u - \ o r' /'

( 4. 1の

解
. 11)

P(

the second case, when P-rAP : J :

and thus

t

Example 4.2
Solve the system

i l ) ヽ

t hen

Equation (4.1'2) nray be easily proved by rnat hernatical inductiorr (I'robleni 11).

In the third case, we have p- rAp : J : (.,,, f ). Let u) : arctan(gla).

'fhen gqsly^- oll)tl, linq : gllArl, Now, -) ;i,,l{n. *uil ,vv-- %_^__U

,/ : iAr t (:!til,,u.,,,,lil ) 
: r), l ( _':iJ, :::: )

By mathematical induction one may show that (Problem l1)

J η =hr( 」
: i ‰漱膨

) ・

of difference equations
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Thus, the solution of Equation (4.15) is given by

χ
( ・ ) =

177

SOLUTI ON The ei genval ues of ス are repeat ed: λ l =λ 2=2. The onl y

i 猛|} : : I : |: I : : : l i 」 l l i : i l et °

f l nd i s 1/1= ( : ) .  TO COnst ruct  i P we need t o

Ct Or 1/2・  Thi S i s acconl pl i shed by sol vi ng t he equat i on

四 月b=咋 町 4mり 曲 帥 ¨ F面
∝

ω

揃 ‖
貯

加 =

t ake y2 = ( 1) 。  Now i f  we put  P = ( : 1) ,  t hen P~1/1i P = J  =
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REMARK 4. l  l f  a I I l ap∫

∫

π

( χ o) =ス

η
χ o=P」

π
P~l XO,

2・

( 1_I ち

11) f Or al l  
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Exerci ses―
( 4el  and 4。

2)

I n Probl ems l - 5, i nd t he ei genval ues and ei genvect ors of  t he nl at r i xス
and

conl l ) 1l t eス

π
.

: iR2 -- R2 is given by

In particular, if Xo :
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6.

, , sc“ ιθ θ んαοδ

Let  ι : R2→ R2be denned by五
( χ ) =4χ , Where A i s asi n Probbm l .

Fi ndん
n( : ) .

Sol ve t he di f f erence equat i on χ
( 7ι

+1) =ス ス
I η ) . Whereス

i s as i n

h硼 帥
乱

帥 d颯
0=( l ) ・

Sol ve t he di f Ference e( l l l at i on χ
( η

+1) =ス ス
I γ

し
) , Whereス

お as i n

Probl ern 4, arl d χ
( 0) =χ O.

Let ∫ : R2→ R2be dCnned by∫
( χ ) =ス

χ
, Wi t h_l  as i n Probl em 5.

岬
η

①
・

Let  A be a 2 × 2 mat ri x、vi t h di st i nct  real  ci genvahl es. Show t hat  t he

correspondi ng ei genvect ors of ス are l i nearl y i ndepel l dent .

同Ⅱ」=Cl ) 劇Ш血′ =鮮
2「

)

( り
I f 」 =( 為

f ) , ShOW山

脱 J ‖ =1人
|れ

( f : : L: ユ

I Z) , Wi Q℃

凶=√
' 7, ω

=額∝枷
0.

Let  a n) at r i xス be i l l  t l l e f orrn

ス
=( き

｀

92~) 1) ・

( a) ShOW t hat  rス
has di st i nct  ei genval ues λ l  and 

λ2, t hen

P~1スP, =( 管

凡
) ,

where P -
(b) Show that i

t ) ・

ht t  a repeat ed ei genval ue人
, t hen

P~1/1P=( : 1) ,

Ｆ

Ｌ

Ｆ

日

Ｌ

目

Ｌ

Ｆ

』

Ｆ

日

巨

口

Ｌ

Ｆ

Ｌ

Ｆ

Ｌ

Ｆ

口

Ｌ

Ｆ

Ｌ

Ｆ

量

Ｆ

口

Ｌ

Ｆ

Ｌ

Ｆ

』

Ｆ

り

了

8.

9

10.

り

】

１

為

ス

＜

ｆ

一

一

　

＞

，

為

　

β

α

ｕｃｓ

　

　

α

期^

に
　

　

　

｝

ａ

‐

　

／

１

、

・中
　
　
ト

ｅ

　

　

　

“
Ａ

Ｘ

　

　

　

ｌ

ｅ

　

　

　

　

一

Ｄ
‐

ム

　

　

Ｐ

ｍ
Ｏ

・

　

　

Ｃ

　

　

　

　

　

　

　

　

　

　

．

問

い

　

開

催

　

ｈａｔｉ

　

　

　

　

　

降

』
　

Ｓ‐・ｏｗ
ｔｈｅｎ
　
　
　
　
ｗｈｅｒ。

Ｃ

α t t t β  al l d 
λ2=α

~J β

,



l:-n-

Stabiti,ty of Two- D'imens'ionat Mayts 179

where A is a 2 x 2 matrix. Then, two solutions X1(n') and Xz(n) of Equation

(4.16) are said to be linearly indepenrlentif Xz(n) is uot a scaler multiple of

Xr(r) forall ne Z+. Iuotherwords, rf crXt(")+ czXz(r) :0forall ne Z+,

tlren c1 - c2:0. A set of two linearly-indepencient solutions {X1 (n.),X2(n)}

is callerl a furtdamental set of solutions of Equation (4.16)'

DEFIIVITION 4,2 Let {X1(r), Xz(n)} be a fundamental set of solutr'ons

of Equati,on (4.16). Then

X(rt) - krXt(r) + k2X'2lrt), ,11, k2 € R 
(hne.r *U..$-',lll

i,s called a general so.lution of Equatr,on (/,'16)' )*rPd"-fr?*

Fiuclilg xr@) and Xz(n) is generally an oasy task. we uorv give an explicit

derivation.
In the sequel )r, )z denote the eigenvalues of A;l\,Vz

eigenrrectors of A.
We have three cases to consider'

a.re the corresponding

4.3 F\rndamental Set of Solutions

Considcr the Iiuear systerri

Xln * l) : AXln),

Suppose that

by

X(n): AnX(0) :

:

where Then,

P~1ノ4P=」 = ( 4》

 凡
) ・

Thё n a general  sol ut i on l l l ay be gi v9n

(4.16)

(4.18)
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Here, Xr(n) : \TVr and X2(n) -
solutions since in this case Vr and Vz

Note that one may check directlv that
Equation (4.16) (Problem l3a).

\TV, constitute a fundamental set of
are linearly independent eigenvectors.

)i% and \TV, are indeed solutions of
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CaSe( l i )

SuppOse t hat

gi ven by

」 = ( : 1) .  Then,  a

Discrete Chaos

general solution may be
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Hence, Xr(n): )'[ and Xz(n)_ )rV2 * n)-tVr constitute a funda_
mental set of solutions of Equation (4.16) (problem 13b).

Case (iii)

suppose rhar P- | Ap = J : ( ",, |) . fi a-= a'cran( glo), rhen rhe general

solution rnay be giverr by \-lt u /

X (n) - PJn P-rX(0) J: r-----b /x. \ - \n:ffi,@tr(D=?/(,
17,.--* 

-\ 

- sin nu) cos,,Lu

f Xr,ll_lr,l"[k,;@ g.2o)

=l i l l f i ( ぶ12ω
) ) 1

t i ons( Probl em 13c) .
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Example 4.3
Solve the system of difference equations

x(n + I) = AX(n), X(0) -
where

ス =( 121: ) 。
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SOLUTION The eigenvalues of A are )r - -2+3i and Az = -2-3i. The

corresponding eigenvectors are v - ( *.' ) una 7: (_l), respectively.

This tirne, we take a short .r, )a',1, Eqrotion (4.20). The vectors

I and 72 referred to in this formula are the real part of v, vt: ( ;'), *o

X(") - pJ"p-,x(o)

n) : ktA"i, + k2(nA"-'V, + 
^;W

“

) 二 K、V: ャ 愚 t
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Now, l),1 : fi, ,,., - atctan(#) =
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4.4 Second-Order Difference Equations
A st':cotrd-order difference equat,ion with constant coefficients is a scaiar equa-
tion of t;lie forur

u(n*2)+pru(n*L) +p2u(rz) - g (4.2r)
Although one may solve this equation directly, it, is sornetimes benefir:ial to

convert it to a two-dimensional syst;em. The trick is to let u(rt): 11(n) and
u(n * 1) : rz@).

Then we have

r1(n*L):rz(n)
r2(n*1) - -p2rr(r) - ptrz(n)

whi ch i s Of  t he f orm

に
22)

,)
-Pt /

The characteristic equation of ,4 is giverr bv

\'+pr)*pr-9. (4.23)

Observe that we may obtain the characteristic Equation (4.23) by letting
u(n) -,\" in Equation (4.2L).'I'hus, if )r and A2 are the roots of Equation
(4.23), then u1(r) - Af and ur(n) - 

^f 
are solutions of Equation (4.21).

Using Eqs. (4.18), (4.19), and (4.20), we can make the following conclusions:
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1. I f  λ
l

( 4. 21)

# \z and both
is gir.en by

D'iscrete Chaos

are real, then the general solution of Equation

u(n) - c1.\f * ,zAl, に
2o

( 4. 21) お 」
ven by

'u(n)-c1A"*c2n\n,

3 1f 人
1豊

( 1+' 3. λ 2=0~」β , t hen t he general  sol ut i on of  Equat i on

is givert lx

/α ) .

fr( *@J od"r {t'
Example 4.4
Solve the scrconri-ordel difference ecluation

x(rr -r ))+6.r:(n I l) +9z(n) :0, r(0) : 1, r(1) :0.

SOLTITION fltt' t'ltitt'uc[eristir: erquation zrssocitrtecl with the equation
giverr b), ,\' + (j.\ i- !) = 0.

I{ertce, [lrr: clrtuacbelistic roots are )1 - )z: -3. The general solution
given by

(1
:r(n) : y(-3)" * c2n(-3)"
r(0) :1:cr
r(t) :0: -3cr -3c2.

Thus, c2: -l atrd, consequently,

x(n) - (-3)" -rr,(-3)"
=( - 3) れ ( 1- η )

2. If ,\r : )2 : ), then the general solution of Equation

I I ani

( 4. 25)

( 4. 21)

に
26)
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Exercises - (4.3 and 4,4)

1 lioivc t]te svsfent

:r1(zr * 1) -
.r.2(n * 1) -

with 11(0) :

―″
1( 2) 十

″
2( η

)

2■
2( η

)

1, π
2( 0) 三

: 露
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2. Fiucl tltcr getteral solution of the systent
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X (n -r l) - AX (n), wher*: , : ( 1
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Solve tlte problern X(n + 1) - AX(n), where .4

Solve the system
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7.

/"(tt +'2): F(rL + l) + ["(rt), /"(1): 1, F(2) - 1'

('I'his is called the Fibonacci sequence.)

8. The Chebyshev polynomials of the first and secorrd kind are defined

foilows:

7,,(x) : cos(n cos- 1 (r) )'

U.(r) - +sin[(n* 1)cos-'(r)], for lrl < 1.' t/l-rz

(a) Shoiv that Tn(r) satisfies the differettce equation

T,+2@) - ZrTn1,(r) + l*(:r) ''-. Q' ?s(r) - l, Tr(*) -,'

(b) Solve for T'n(r).

(.) Shorv tliat

Un+2@) - Zr(lna1(") + U"(*) : 0,, Uo(r) : t, Ur(*) : 2r'

(d) Write down the first four terms of Tn(r) and U"(r).

9. Solve the equation r(n, + 2) + 16r(n ) - g.
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Let A be a 2 x 2 rcalmatrix with distinct eigenvalues )1 and )2. Prove

that the corresponding eigenvectors I,,l and V2 are linearly independent.

Let Abe a2 x 2 real matrix with a repeated eigerivalue,.. Let 7r be an

eigenvector corresponding to ) and let V2 be a generalized eigenvector.

Show that h and V2 are linearly inriependent.

Let A be a 2 x 2 real matrix with cclrpplex eigenvalues )r : cl *i0 and

Az: o-iB. Suppose rhat V : Vt titi is the eigenvector corresponding

to .\r. Prove that the matrix P : lVr,\/z) is nonsingrtlar. (H:nt: tt
suffices to slrcw that Vy and Vz are l.irtt,ttrly Lndependent.)

(a) Show that X1(n) and Xz(r), obtrtirrcrl fr'':rl Equation (4.18), are

solutions of Eqriation (4.16).

(b) Show that X1(n) and Xz(n), olrttritte'd fronr EqLratiott (4'19), are

solutions of Equation (4.16).

(c) Show that X1(n) and Xz(n), obt,ttitted frorn Equation (4.20), are

solutions of Equation (4. 16).

In Problerns 14 tinrl 15. consick:r tlrl rrorrlrt-rttttigetteotts etqtttttiott

10.

12.

13.

Y (n + 1) = Al'lrt) + s(n)

where A is a 2 x 2 matrix and g is tr hrrrcticln defined on Z+ .

Show that 
rr- r

Y (n) - A"Y(o) +LA"-o-'g(k).
A=0

(This is called the variatiou of constattts formula.)

Use Formula (4.28) to find the solution of Equation (4.27) with

Цの=0・

16. Solve tlre equation g(n + 2) - Sy(n + L) + 4y(n) : 4"

“

. 27)

14.

( 4. 28)

15。
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One of the best graphical methods to illustrtrte the various notions of stability

is the phasu poitra.it or the phase space tiiirgrattr. 
"i :.r;.,ry 

-' R2 be a

given map. Then, starting from an initial point Xo: (;;i;j ),*u 
plot the
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sequence of point Xo, f (Xo),,f'(Xr),,f'(Xn),.., and then connect the points
by straight lines. An arrow is placcd on tltese eonnecting lines to indicate
the direction of the ntotion on the orbit. In many instances, we need to be
prudent in choosing our initial points in orrier to get a better phase portrait.

In tiris section, we consider linear systems for u,hich f (X) - AX, where,4
is a 2 x 2 rnatrix. Observe that iff.4 - {'i, ,rJl,,!ilq!]g, i.e., det( A- I) I 0, then

tlre origin (l) tr the only frxecl point of the rnap /. Equiventl y, X*: (:)
\ ",/ \ ",/

is the only fixed point of tlur systerti

X(n + t) - AX(n)

Stabi,li,ty of Two- D'imensional Maps

o/
ub-;v

As stipulated in Theorern 4.2,

P-t AP : J where J is orre of
we let

there exists a nonsingular matrix P such that
the forrns (1), (2), or (3) in Theorem 4.2. If

-t

185

(4.2e)

(4 30)

(4.31)

in Equation (4.29), we obtain f (n+r) 
=

'12(tn*r1 
--

Y (n * t) - JY (rt).

We have the following cases to consider:

1. If l,\rl < I and l)rl < 1, then all solutions tend to
Observe that if l}rl < l)rl < 1, then, l)il gom to

x (n) - PY (n)
″ 4

: 卜項|、

「
( t r )

Our plan here is to drarv t,he phase portrait of Equation (4.31), then use

the transforrnation (4.30) to obtain tire phase portrait of tlie original sys-

tenr (4.29).
(I) We begin our discussion by assuming that J is in the diagonal form

. /A, o\J - ( O l, J 
, where )r aud )2 are n<.rt necessarilv distinct. Here we have

two linearly independent solutions:

Yr(") : )l % , and Yz(") : \TVz, where V1

＼

ヽ

１

ノ

ノ

０

１

／

ノ

ー

ヽ

＼

〓

＼

、

―

ノ

／

１

０

／

ｒ

ｉ

ヽ

＼

〓 and llz

are the eigenvectors of .4 correspolrdirrg to the eigenvalues A1 and ,\2, r€sp€c-

tively.
Observe that Yr (n) is a multiple of V1, and thus must stay on the lirre ema-

nating from the crigin in [he direction of Vr; irr this case, the r axis. Similarly,
Yr(n) nrust s[ay on the line passing through the origin and in the direction
of V2; in tiris ca^se, the y axis. These two solut,ions are called straight line
solutions. The general solution is given by

Y("): k, Il kz)\ 1// ( 0) (4.32)
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zero faster than l,\il.
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FI GURE 4。 l a

( a) A si l l k: 0<λ l <λ 2

FI GUR, E4。 l b

( b) A si nk: 0<λ 2<λ l <1・

D'iscrete Chaos
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FI GURE 4. 2a

( a) A source: λ l >λ 2>1・

And cottsequr:ntly. any solutioir Y(n) in t,he form (4.31) is asymptotic

to the straight line soluti onY2(r) - A; (?) 1ru. Fig. 4.1a).'\r/
on the other hancl. if l)11 > lArl, then y(r) is as.r,nrprotic to y1(n):

^t 
(i) ,,." F'ig 4 rb)

Pirase portraits 4. ia aitd 4.1b arc calletl sitrks.

Figs. 4.2a and 4.2b.

Note that if l),1 > l)rl > 1, then Y(n)is asvrnptotic to Yz(n): 
^t (?)

(the y a-xis) when ?I---+ -m and is clornirratc,d by Yr(n)*,\? (l) *n.,,
r, ---+ oc.

3. If l)rl < I and lArl > 1, then we obtain a saddle (Fig. a.3). In this case,

wheu n --+ oo Y (n), is asymptotic to Y2(rt) : 
^, (?) as 7? ---+ oo and is

as],mptotic to Y1 (tt) -^t (,1) as n --+ -cc. Similar analysis is readity

available for the case l.\11> 1 and llzl < 1.

4. If )t : ,\2, then
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FIGURE 4,2b
(ir) A source: Az > ,\r > I'

FIGURE 4.3

A saddle: 0 < )r ( 1, '\2 ) 1'
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FI GURE 4. 4

A si nk: 0<λ l <λ 2<1・

Hencc, every sol ut i on y( . ) l i eS On a l i r l e pt t si ng t hrough t he ori gi n wi t h

a sl opeた 2/た 1( SeO Fi g. 4. 4) .

Observe t hat  i n each of  t hc f our subcases, t he presence of  a negat i ve ei gen―

val ue wi l l  causc t he sol ut i on y( η ) t 00SCi l l at e around t he ori gi n and t he phase

port rai t  wi l i  not  l ook as ni ce as i n Fi gs. 4. l a- 4. 4.

( I I ) ・
SuppOse t hat  J  i s i n t l l e f orm

r: (ti)

Then, we only have one straight line solution, Y1(r) - )"1'l : 1"

The general solution is given by

y( 2) =た
l λ

n( : ) 十
た2( π

λ

η
~1

==( た 1人

‐
十た

2η ) λ

η
~1( : ) ―

|^

Now, if lll ( 1, then,Y(r) --+ 0 as 7? --+ oo, since lim nA"-l - 0 (by
n+oo

L'Hopital Rule). Since the term kr\n (?) ,.rds to the origin, as n --+ oo,

faster than the term (kl,\+ k2n)An ( I ) , our solution Y(n) tends to the origin
\0/'

asymptotic to the r axis (see lrig. 4.5a). In this case, the origin is called a
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FI GURE 4, 5a

( a, A( l cgcl l el  at e si l l k: ハ 1二 人2=人 . 0<ハ く 1

FI GURE 4. 5b

( b) A degenel ' at e sol l rce: λ l =ハ2=λ , λ >l
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wi t h】
/ ( 0) =

Si n γ =た2/rO、
W

Thus. the solutictn itt

.   Denne an al l gl e γ by set t i ng cosO/  = 
た1/rO,  and

=プ

/イ

十た

' . Thm
ν l ( 71) =l λ l l γ

し

ro COS( η ω ―
γ )

ν2( ??) =一 l λ l 172TO si l l ( η
ω 一

γ ) .

pol al  coordi nat es i s gi ven by

191

degenerat e si nk. Fi gure 4. 5b depi ct s t he case when l λ l >l  and i n t hi s case,

t he ori gi l l  i s cal l ed a degcl l el ・ : Lt e SOul ｀ c( ) .

( I I I ) ・
Suppose t l l at  J  i s i l l  t he f orm

J =( 為
f ) ・

md血 ぽ
h向 面 ms寮

→ =阻 照 h∝鴻η
β 十 鰤 』

O md

琢 →
― AI Ч t 岬 +い

切

0』

hrШ J 釧 面 m i s gi v帥
け

yO=1為
r( 上

1l l t t t 亀1: 錦
)

ヽ

―

１

／

知

Ｃ

ｅｒｅ
ｈ

r(rr) : ν子師)

十
ν ; ( η )

rol λ
l l n

銅=鉗d狙

( 器 )

=― ( π
υ 一

γ )

f o1l ows i ・ om Eqs. ( 4. 33) al l d( 4. 34) t l l at

に
3o

に
3o

‐
ｔ

　

ｌ. If I^t l < 1, then rve have a stable focus where each orbit spirals to-

ward the origin [Fig.4.6(a)]. On the other hand, if l^11 > 1, then we

have au unstable focus. where each orbit spirals a\\'ay from the origin

I Fi g. 4. 6( b) l .

2. I f  l λ l l =1, t hen we l l avo a cent ( ) r , wl l ere t he orbi t s f o1l ow a ci rcul ar

pat h I Fi g. 4. 6( c) ] . Tl l i S i s due t o t hc f act  t l l at  ν子( η ) +ν

' ( η

) =r8.

To t hi s end, we have obt ai ned t he pl l ase port rai t s of  Equat i on( 4. 31) , whi Ch

may be cal l ed ` ` canoni cal ' ' phase port rai t s.  To obt ai n t he pht t e port rai t s of

t he ori gi nal  syst cm( 4. 29) , we appl y( 4. 30) , i . e。 , We appl y P t o t he orbi t s
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(vt, Vz) (?) : V2, applyirrg P to rhe orbirs Y(n) antounts to rotating the

coordinates; the r axis to I and the y axis to V2.In other words, the straight

Iine solutions are now along the eigenvectors V, utdV2. Using this observa-

tion, one may opt to sketch the phase portrait of Equation (4.29) directly

and without going tlirough the canonical forrns.

The set of points on the line emanating frolr tlie origin along

the stable subspace l,tr/'; the set of points on the line passing

origin in the direction of V2 is called the unstable sttbspace I'Zu.

WS={ χ ∈R2: Aπ χ →
O a6 71→ ∞

} ,

7包 ={ χ ∈R2: A―

れ
χ →

O as7し
→∞

}

The fcrllo*,ing exarnple illustrates t,he atrove-dc'strribed direct rnethod to

skelch thc phase portrait,.

yl  i s cal l ed

t hrough t he

Hence,

( 435)

( 4. 36)

Example 4,5
Sketch the phase χ

( ′

`

+ l) = AXQI). rvhere

u
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SOLUT10N The ei gerl val ues of ス are λ l =; , と
し11( 1人 2=: ; t l l e corre―

spondi ng ei genvect ors are yl  = ( : )  and 1/2 = ( _f l ) ,  respect i vel y.  Hence,

we have t wo st rai ght  l i ne sol ut i ons,  Xl ( η )  =  ( 1・
5) π

( I )  and 

χ 2( 2)

= ( 0. 5) 7t ( f l ) ・
 The general  sol ut i on i s gi ven by ス: ( η

) = れ ( 1・

5) n( : )  十

た
2( 0・

5) 几

( _11) ・

 Not e t hat ″
( 2) i S“

yrnpt Ot i c t o t hc l i no t hrough yl = ( : )

( see Fi g。

4. 7) 。   日

4.6 Stability Notions

Considerthemap,f 'R'--lR.2andletX*: 
(:i ) beafixedpointof /; i.e.,
\rz /

f(X.) :X*'
Our main objective in this section is to introduce tlie rnain stabiiity notions

pertaining to the fixed point r*. Observe that thdse notions were previously
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FI GURE 4. 6

( a) St abl e f ocus:

l λ l 121=1・

193

( a)

l},l < i. (b) Source: llrl > 1. (c) Center: )i,z: a*iB,
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FIGURE 4.7

Sadclle: )t > l, 0 < )z < 1. sttrble anrl utisttrlrlt'srrbspzrcels: lli'' \v"'

introcltrced i, crrzrpre' r. The o.ly diffe'e.t.t'irr R2 is that rvt'rcpl.cr. lhe

absolute value by a corrvenient ,.norm" on IR2. Rorrghly speaking, tt IlorIIl

of a vector (poirrt) in R.2 is a tleasure o[ its trr;tgtrit'tttie' A fot'ttral rlefiltitiott

follows.

DEFINI TION 4.3 A real uaiued' functr,ort' rnt' a 'uector space V is said to

be g,.norrn o? V , d,enoted' by I l, if the followirr'g 1n'operties hold:

1. lxl > 0 andlXl : 0 i'f anc' ontv if X -0' Jor X e V'

2. laXl - l"llxl for X e V and anv scalar rt'

3. lX + Yi S lxl + iyl for X,Y e V (the tnan'qle inequalit

In the sequel, we choose the /r norm on R'2 cl<lfirrod for X - Ｓａ

ヽ

、

‐

′

ノ

ご

　

α

ノ

。

　

　

＜

ツ

lXl =lr1l+ lr2l

For each vector norm o' R.2 there correspolltls a trornt

matrices A: (arj) defined a^s follou's

llAll = sup{l,AXl ' lXl < 1}'

It may be ea^sily shown that for X € R2 
'

(4.37)

ll ll ou all 2 x 2

(4.38)

(4.3e)
1/ t XI ≦ ‖

ス
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・
口

　

・
口

　

・
ロ

　

ー

　

ロ

　

ロ

　

ロ

　

一
ロ

　

コ

　

Ｕ

　

．

Ｕ

　

一

口

　

一

口

¨
に

口

　

一

口

　

一

口

　

．
日

　

、

日

　

■
日

，

，

Ｆ

陣

Ｆ

」

辟

ι

」



Stubi,lity cf ?:wo- Dimensional M aPs

Let p(A) be the spectral radius of ;t tiefinr:d as p(A) :
)r, )z are the eigelvalues of A). 'I[en it niay lle shown that

vector norm

195

max{ l)11, l,\2 | :

for our selected

( 4. 40)

‖
ス

|11=max{ ( l α
l l l 十 l α

211) , ( l α 121+l α 221) } ・

(;)'lxl :3 And ror tlie r,atri] o - (-], i)
ii.. eigerivalues of A are At : -2, \z - -1' Note

l- 1l\:2, and thus P(A): ll/ll,
to prove, in general, that p(A) S llAll, for any matrix

DEFI NI T10N 4。
4

ゴ. st abl eゲ θ
t υ θπ ε

l ∫

η

( χ ) 一
X*|<ε

2. at t ract i ng β
l π リ

l i l n∫

η

( χ ) =χ

*.

(For a proof see [a9].)

For examPle, if X -
llAll, - rnax{3,7}:Z'
that p(A) : max{l - 21,

It is left to the reader

A (Froblem ia).
Without anY further delaY, we rrow give the reclrired stability definitions'

A fired, potnt X* of a rnap / , R' -' IR2 r's sar'd to be

> 0 th,ere eri,sts d > 0 srtchlX - X*l < d impli'es

for all n e Z+ (see Fi,g. 4.8a)'

i,f there erists u ) 0 such that lX - X.l < u r'mph'es

it zs globally attracting if u: x (see Fig' /'9)'
I} +)C

asymptotically stable if it is bttth stable antl attractr,ng' It i's globally

.ri*ptotically stable i7 lt It both stable and, globally attracti'ng, (see

Fie.4.t2(a))

unstable if it is not stable (see Fig' /r'Sh)

REMARK 4. 2 1npl l , sedaghat  shoWed t hat  a」

obany at t ract hg触 ed

熱鷲義驚WT撒
The si t uat i on changes dramat i Cal l y i n

t wo― Or hi gher di l nensi onal  cont i nuous maps,  f c) r  t here are Cont i nuous maps

鯖淵凛Ъ霧出Ll T驚∬1棋 蟹1: 鳳s聰写: f l F乱∬搬

|

Exampl e 4. 6

Consi der t he t ヽ

ア
0- di l nensi onal  l nap i n I ) ol ar coordi l l at es

θ

( : ) =( 、
たI : ) , r>0, 0≦

θ ≦2π .

θ .

ノ

争

|

■

●

＝

|
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FI GURE 4. 8a

( a) The nxed poi nt  χ

*=oお
st abl e.

FI GURE 4. 8b

( b) χ
・

=O i S an url st abl e nxed poi l l t .

D'iscrete Chaos

y

ウ

／

χ
ε

( a)
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4.9

is an unstable globally attracting fixed point'

Then,

θ
R( I ) =( υ

→
0ヴリだ

) ・

197

ＲＥ

０

Ｆ・ＧＵ

　

岸

C) l earl y l i l n gア

l ( : )  = ( 2) )  
三

 ( : ) .  Thus, cach orbi t  i s at t ract ed t o t he

nxed poi nt ( : ) ・  HOヽ
rever. i f  θ =δ

π , 0<δ
< 1, t hen t he orbi t  of  l ( : )  Wi l l

spi ral  cl ock、 vi se around t l l c f i Xed Poi nt ( : )  bCf Ore convergi ng t o i t .  

〕ほence,

( : ) ) i S g10bal l y at t ract i ng but  not  asyl npt ot i cal l 卜

' st abl e( see Fi g. 4. 9) 。     日

4.7 Stability of Linear SYstems

In this section. we focus our attention on Iincar maps where f (X) - AX, and

,4 is a 2 x 2 matrix. Eqgivalently, u,e are interested in the difference equation

X( n+1) =ス X( η
) ・

に
41)

For such linear maps. we can provide complete information about the sta-

bility of the fixed point x* : (s) The main result now follows.
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THEOREM 4,3
The follow'ing statements h,old for Eqntion (4.41)'

. (o) If p(A) <1, then the ongin is asymptotically stable.

(h) If p(A) > l, then the ongtn is unstable.

(c) If p(A) : l, then the or-r,gin is unstable if the Jordan form is of the fonn
/,1 t\
(, ;i ' and stable otherwise'

PROOF Suppose that p(A) < L Then ir follorvs from Eqs. (4.18), (4.19),
(4,20). tiraL,,!,:X(r) :0. Thus, tlieorigin is (globalll.) attracting. To pi'olc

stability, il,e cotrsicler three cases.

(i) Suppose chat the solution X(n) is given by Equation (4.18). This is
the case wlteu the eigenvalues of the matrix A are real and there ale tlvo
linearly independent eigenvectors,

H〔 ) l l ( t ( ) 、

l χ ( η ) |≦ ‖
PI I  I I P~111ρ

( ス ) l χ ( 0) |

≦ル√
l χ ( ( ) ) |

where■ /=‖ P‖
‖

P~l l l  
ρ( И ) .

Now, g市en ε >0, l et  δ=ε /M. Thcn l χ ( 0) |<δ
 i mpl i es t hat  l χ

( η ) |<

ルイδ =ε .  Thi s shOⅥ / s t hat  t he ori gi n i s st abl e。

( 11) SuppOSe t hat  t he sol ut i on χ
( π ) お

g市en by Equat i on( 4. 19) . Thi S

cぁ e oc( 3ul ・ s i f  t he mat ri x/4 ht t  a repeat ed ei genval ue λ and onl y one

ei genvect ol .

χ
( η )

l χ ( η ) |

Since nl)1" -- 0 as n, --+ oo, there exists N e Z+, suc'h that the term
(rl)1"-'+ l)1") is bounded by a positi,re nunrber.L. Hence,

lx(")l S n/lx(0)l

where lvt - LliPll llP-'ll.
The proof of the stability of the origin may be completcd by seting
6 : elM as in part (a). n
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(iii) If A is not in the forrn (l i) , then it is either diagonalizable to J :
\U ^/

(t f2), where l),1 < 1 and ltrzl : 1 or l'\21 < 1 and l),1 : 1' Ineither

case, J' is bou,6ed and hence the origin is stable' I

The proofs of part,s (b) anrl (c) are left to you as Problent 11'

Exercises - (4.5 - 4.7) 
.,,,

Irr Problems 1--9, sketch the phase poltrait of the system X(n+l) - AX(n')'

when .4 is the given matrix. Determine the stability of the origin.
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13.  Ccl l l pl et e t he pr00f  of [ 「

heOrem 4. 3.

14. Prove t hat  f Or any 2×
2 1nat ri xス

, ρ ( ス ) <‖ AI I .

°

                        Dj sc“ ιθ θ んαοs

(
ShOw t hat  i f  χ

*i s a l xed pOi nt  Of  a l i near map∫

6n R2 and i s asymp―

t ot i cal l y st abl e, t hen i t  l nust  be g10bal l y asympt ot i cany st abl e.

4. 8 The¶
眸i ce_Det ermi nal l t  Pl ane

4. 8。 l   St abi l i t y Anal ysi s

3?I Y^!,provides 
a. partiar summary of everytrri.g we have done so far.

h山お鶴bn we pro宙
de ant t h∝ ぶ酪ふ」高聯得eふ i l yt l t t J rX艦

|n o γ γ■ ハ l 、 ァ ■ . . ′ 、
^^ 

」
^■

_   。      ,        _
nameし

, 絆aced∝ ermmant メ anQ wh語
1; : Vel 都

占積: I W: 詳 l ∬ : I t l 献

し

l十
` 、

卜、] ^「Ft               .
ぬЫQ Ths mmsOut  b beab∝

t : r」 i l i n[ l ァ i ∬温e麟is interesLed iin strrdyil ng

bi セ

: ｀

Cal i ?l  i l l  t wO_di nl erl si Onal  sy: i 屁

I : :

THEOREM 4∠

ι θι И
=( α づ

プ) わ
θ α 2 × 2 π αι焼 . 動θη

 ρ( ス ) <1ゲ αηごοηι
ν グ

l ι

rス
|- 1<α cι ス<1.

The followirrg two results p.uuid. the franrervork fbr using the trace-deter-
minarit plane. Recall Lhat for nratrix A _ (o'u arz\

rlet A: (.llr oz,t -F ar2azt 
,. /1 : 

\u^ u'rr)' tr A =- oll * az'z' and

( 4. 42)

PROOF

(i) Assume that p(A) < 1' If 
^r, 

z\2 &re the eigenvalues of .4, then l)rl < 1and l'\21 < t. The characteristic equation-of the mabrix A is given bydet (A-,\/) : )'-.(r, r*a22)A-(o, azz-oyrorr) :0, o, Ai_1i, ay,l+det A - 0. Hence the eigenvalues are

Case (a) )1 and )2 are real roots,
)z<limpliesthat

可
,

|

i . e. , ( ι rス
) 2_4 αcι ス≧0.

士
ャ

/ ( ι
rス

) 2_4α α  4<2

十

　

　

一

ス

　

　

ス

ト

レ

ー

一

２

１

一

２

一
一

　

　

〓

為

　

為

- 2<ι rス

Now -1 ( )r,
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TABLE 4. 1

Saddl e

Si nk

201

Part i al  sunl l nary of  t he st abi l i t y of  l i near syst ems.

Type          Ei gerl val ub ~~       Pht t ё
 Port rai t

0<λ l <1<λ 2

0<λ 2<λ l <]

Source λ2>λ l

<1, β ≠
0

=1, β ≠
0

Saddl e - 1<λ l <0, λ 2<~1

Spiral Source

"Oscillatory" Source ,\r > 1, ,\z? -1

ノ

/1＼
ヽ

λ =α 土をβ,

>1, β ≠ 0

λ =α 土づβ ,
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に
43)

“

. 44)

は
45)

Or

- 2- ι Tス

ー2- ι rス <

< y'(t, A), - 4 det A < 2 - tr A
-t/(t, A), -4det A<2-tr A.

Squaring the second inequality (4.43) yields

| -trA+detA>0.
sinrilarlv, if we stluare the first inequality in (4.44) we obtain

1+ι r五 十αcι ス>0＼

Now frorn the second inequalit;- (4.4J) and the first inequality in
(1.44) weobtain 2+tr A> 0 ancl 2 -tr .4 ) 0 or ltr A!.. Z. Sin..
(t, A), - 4 det A > 0, it follows rhar

( 4. 46)

( 4. 47)

detA <(r,,il2 14<L
Combining (a.aS), (4.46) arrci (4.47) yielcls (4.42).

Case (b) )1 and )2 are complex conjugates, i.e.,

(tr ,4)2 I rlet ,,i < 0.

1/

<, t aCt 五 十1■ プ

/0た

ιスニ
1) 2)

=: “ α 五十1- 解

"4- 朝

=L

( 11̀ 18)

I r,(.ils(,rvtlriivtli.r- jJrr..t li\,i ln,,,lltltllts(.iLS()\\,(,lriivt,\i.2.i|r,.rli\/W)

l)ri2: l)rl:vlt*!',tetA - (trA)2
4 * a -f :detA.

Hence 0 < det A < r. To show rhat inequarities (4.4s) and (a.a6)
hold, note that since det A ) 0 eithe r (a.afl ('if tr'.4 > 0) or
(4.46) (if tr A < 0) holds, without loss of generality, assume that
tr A > 0. Then (4.45) hotds. Ftom (4,48t, b A < Z\ner A. IfweletdetA:z,thenre (0, 1) and l@):t*x_2\fr<7*det A-tr A. Note that /(0) _ l and f,(0): t._ fi indicate
that / is decreasing on (0, r) with range (0, 1). rhis implies that
r * det A - t'r A > f(x) > 0 and bhis compretes the p.oof.

(ii) Ccrnverselv, assunle tltat (4.42) holcls. 'fhen we have two cases to con-
sider.

Case (a) (tr ,l)2 - 4 det A > 0. Then

h洲 =: Frス 士静T″ - 4歳

司

<: レ ス士v   l

！

　

　

´

´

Ｉ

　

　

　

Ｉ

』

　

　

‥

　

　

‥

ヽ
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CaSe( b) ( ι r  4) 2_4 dct ス <0. Then

閑J =: レ
ス士を

ν
/笏

cι ス<1.

I

As a by-product of the preceding result, we obtain the followlng criterion

for asynrptotic stability.

COROLLARY 4。 1

Tん cο れ
θ
れ を2E9包 αι

` Oγ

ι
( 4. 41) ' s aSν

mpι οιt cα ι
り

sι αわιθ
ゲ

αηα οηι
ング

cθ ηα

` ι

づοη

( 4. 42) ん
θl α S t t t θ ・

Not e t hat  condi t i on( 4. 42) l nay be sI ) el l ed out  i n t he f ol l owi ng t hrec i n―

equal i t i esi

l 十 ′ 7｀ ′4+deι ス >0,  or

` た

ι /1>一 ιr  4- 1 4.45)'

1- ι Tス +α θι ス >0,  or

dct ス >ι rス ー 1 4.46)'

( 4. 49)

( 4. 50)

( 4. 51)

x 2 nt,atrir A.

l  αnd λ2=dCt ス ヴ
t rス >0,

- l  αηd λl =一 ごcι  4ヴ ι7｀ ス<0, .

麟 ス<L“ 4づ

Viewing d,et A as a function of tr A, the above three inequalities give us the

stability region as the interior of the triangle bounded b.r' the lirles def A :
-tr A - t. det A - tr A - l, and det A: 1, as shown in Fig' 4'10'

Next n,e clelve a little deeper iiito fliirliiig 't)re exact va,lttes of the eigenvahres

of the nrtrtrix A alolg t,he bounrlaries of tlxr triangle ertclosing the stability

regiorr. The following result provides us with t,he needed answers. Let )t :

+\" A+ @), ^, 
: i (* A - @) r,u tho

ei genval ues of ス .

THEOREM 4. 5

T73θ
ル

ι: ο υれg sι αιcmβ ηな′じο」∂あr  αη
γ 2

の J  l t rス |- 1=aCt ス , ι
んcη  υθ んαυθ

rα ノ
ιんecむCπ υαJ υ θsげ スα

“

λl =

rbノ
ιんC Cj θ θηυαιυesげ スα7じ λ2=
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(ii) If ltr Al- 1 < det A, and det A :
where 0 : cos-t (tr elzl'

r

Discrete Chaos

then the eigenualues of A are etio 
'1,

λl , 2==: ( ( t r  A) 2/4: 上
4 αει ノ11=( t rス ) 2)

=: t r  A t t  v/1_( t rス ) 2.

: :1' F\rrthermore' 0=atctan(lr'z)

土

∠ゝ二≡

T)  =Cο

S- 1( t r  A/2) , whi Ch gi Ve入
1, 2==θ

土: θ

==cOs 
θ 二士

２

‐

＜

阻

・
‐

　

・

Ｔｈｕｓ

〓ｔａｎ

嗣

4.8.2 Navigating the Trace-Determinant Plane

The trace-determinant plane is effective in tlie stufly of linear systenrs with

parameters. lt provide, u, u chart of those locations where we can expect

dramatic changes in the phase portrait. There are three critical loci' Let 7

deuotes the trace and D denote the determinant' Then there are three critical

lines: D == tr A-1, D: -tr A- 1, and D = l\ they enclose the stability

region in the trace-determinant planes'

We now illustrate our analysis by the following eiample'



|‐
Stability of Two-Dimensional Maps

Ｉ

υ

ｎ

ｕ

２

2

det  A=1/4( t r  A)

/       det  A=メ
t D

λ

l

λ

2

=-detA,
=-1

←
_ det  A=t r A- 1

<- ),r =1, trz =detA

compl ex ei genval ue

t r  A=t FT2

real eigenvalue

辻ダジ

〕
磐

αハぐ⇔夕を知11覇

レ牙

風
｀

λ

l <- 1, - 1<λ 2 

く0

FI GURE 4。 10a

( a) The st abi l i t y regi on f or Equat i on( 4. 41) i s t he shaded t r i angl e.

l TI - 1く Dく 1

1 TI _l く D ad D<l

l ¬
「

|く Dキ
l

―
D́ l く 下 くDキ l

妙
―■―` D「T_l a」

回

ad

det  A

complex eigenvalue

Lr. -1, -1 <tr1 < 0 λ

l >1, 0く
λ

2

t r  A

FI GURE 4. 10b

( b) The det ern五
I l at bn of  dgen1/al ues hl  di f Ferent  re」 onS.

く 1

λ

l >1' λ 2<~1

気

< 1, 1,2 >'1

λ

l . 2=e~~

l λ

■21>1



206 Discrete Chaos

oscillatory
source

FIGURE 4.10c
(c) Descripfiotr of the cll,nnnrics of Eqriatiorr (.1.J1) in a,ll the r:egions in lhe
clet-lrar:e platre.

Exampf e 4. 7

Col l si del ヽ t l l e ol l e― pal ｀ al l l et er hmi l y Of  l i neal ・
s) ´ st t ｀ l ns X( 7) +1) =ス ス

172) 、

whcre

И =( I : |)

、vhi ch depends On t he paral net er 
α .  As α vcari es, t he det errni nant  of  t he rnat r i x,

αθι ス
, i s al ways 2α

- 1, whi l e t he t race of  t he mat ri x, ι

"ス

, i s al ways O. As

we vary t he paramet er α f rom negat i ve t O posi t i ve val ues, t he correspondi l l g

poi nt ( T, D) mOVes vert i cal l y a10ng t he l i ne 7n=0, Now i f  D<- 1, whi ch

occurs i f  2α -  1 < - 1 0r α < o,  we have a dcgenerat e ct t e,  λ l  = l  and

l i 二 : t _」I I : i sl l l i l : 1: I l i 」 l : w°

rs( l )  and ( I ) ・  Thus every poi nt

′
ot her poi nt  i l l  t he pl ane i s peri odi c of

penod 2. brO<α
≦

: , we hⅣ
e ashk, and br: <α く l  We have a sp汁d

si nk.  At  exact l y α =l  we have a cent er, and i f  α >l  we have a spi ral  source

( see Fi g 4. 10b) .

vaI 雪. l wi : 蟹詰∬, 1鷲鶴驚1=1宙 l : ょ T∫ 露: ド

r i l rt t d十二C工bl

Exercises - 4.8

In problems 1-6, consider
X(n + l) : AX (n), where

the onc-parameter farnilies of linear systerttri

A depends on a parameter o. In a brief essay,

det  A
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di scuss di t t erent  t ypes of  dynanl i cal  behavl or exhi bi t ed by t he syst ems t t  
α

i ncreases al ong t he real  l i l l e, l nodel ed af t er Exanl pl c 4. 7.

1・  ス = ( 1l α

l )

2. ス = ( 3」

ち

α

: )

3.  ス = ( 21α
: )

4. ス =( α
l l α 11)

5, ス =( α
l l Cf ‡ F)

6.  4=( α

l 17) , - 1≦

α ≦
1

χt t f r継蹴
; , 鷺

l ∬斌[ 肌
『T驚1爛捻∫i t t h∽

r  wt t em

l n t he a卜 pl al l e, i dent i ヽ

・
al l  regi Ons wl l ere t l l e syst enl  possesses a saddl e. a

si nk, a spi ral  si nk, and so on.

7. * ス = ( ai l l : )

8. * ス =( α

″

l α

l l )

I n t he t racc― det ermi nal l t  pl aFl e( Fi g. 4. 10d) .

1。 Show t hat  we have a saddl e i n regi ons i n o al l d O・

2. Sho、
・

t hat  we have an osCi l l at ory saddb i n regi ons ④ and ⑤・

3. ( a) ShOR・ t hat  we have an osci nat ory source i n regi on◎
.

( b) ShOヽ

' t hat  we have a sphal  source i n regi on 
⑤

.

Xa.g Liapunov Functions for Nonlinear Maps

In 18g2, the Russian mathematician A. M. Liapunov (sometimes transliter-

ated as Lyapunov) introduced a new method to investigate the stability of

ｌ

ｌ

ｌ

ｌ

秘

１

１

６

Ｅ

Ｅ

Ｅ

Ｅ

Ｅ

Ｅ

Ｉ

Ｌ

Ｅ

Ｅ

Ｅ

Ｅ
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Exerci ses―
( 4. l  ar l d 4。

2)

L t t erl vect ∝

0お

繭 山 d就 h為 到 、

0由

面 山 d硫 h

λ2=: , Aη = ( 1: i l l i l : ‡

: i f I I I : I )

3. λ l =λ 2=2

レ1=( 」
2)

レち=( |)

スη=( i t t Fi 二

重二
主

)

駐 λ l =響 , λ 2=響

と, =( ―
: I Δ

夕

を

)

スπ =( ~ヤ

/ τ

t t t i ) S

7. χ
( 7ι ) = ( 2: 「

l l l t 子

) )

9・

 ノ

η

( I ) =ス

π

( 1) = ( cos

ヽ

１

‐

′

／猜

一３

猜

一３

∞

　

　

　

　

　

ィ

響

Exerci ses―
( 4。

3 and 4。 4)

1.  ス
7π ) =: ( ( ~11: π 1122+1)

&χ O==( 1プ
♯赫

1)

5.  スマη) こ
== ( 3η

″
1( ( せ

=篤

l l ; 1″

2( 0) )

7. X( π
) =た l  COs 

ηθ 十 た
2Si n 

ηθ where θ
=t al l ~1( 4) ヽ

76°
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15. y( η
) ==
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＼

ｌ

１

／

３

一

４一”

　

一

〇

４

　

η

π

９

“

十

９

“

／

１

１

＼

Exerci ses―
( 4。

5- 4. 7)

1. Tl l e ori gi n i s asympt ot , i cal l y st abl e si l l ce ρ( ス ) =: <l ( Theorem 4. 13) .

人l =λ 2=:

Phase l ) t ) l t 】

｀
ai t . :  or i gi l l  i s asyI I I I ) t Ot i ( ) al l y st abl e.

Si nce 
ρ ( ■ ) =2>1, i t  bl 10Ws by Theorem 4. 13 t hat  t l l e ori gi n i s asymp―

t ot i cal l y st abl e.

\ _ \ _oA1-42-z
Phase portrait: origin is unstable.
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5。 Ei genval ues of ス are λl =: +: ' , λ 2=ウ
~: づ

・

l λ
l l =l λ 21+涯

蔦I =I 「

<1

Hence by「rheorerx1 4. 12, t he ori gi n i s“
ympt Ot i cal l y st abl e.

「
rhc ei gel l val ues of /1 arc 

λ l  =2, 入2=3. ■

・
l l e correspondi ng ci genvcct ors

are 1/1 = ( 」

5) '  y2= ( をも
) , St rai ght ―

hne sol ut i ons are

均= ( ^f 5) 2・ ,   yr2= ( Lも

) 3・

.

The ori gi n i s unst abl e si nce ρ ( ■ ) =3>1.
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9. The eigenvalues of .4 are ,\1

asymptotically stable'

409

: i, \z - -i.'Ihe origin is stable but not

入1=t ,  λ2=~j

A st abl e cent er.

Exercl ses‐ 4。 8

1.  ( 1) α >4: osCi l l at ol ｀ ト

ア
S( ) urce

( i i ) α
=4: unst abl e ol ・

i gi n( bi f l l rcat i on val ue)

( 1五 ) α
<4: a saddl c

4
(iv) a - -l : unstable origirr

J

4
(u) o a -i : sPiral sources

Bifurcation vaiue: o - -j
a(-3:asaddle
a - -3: unstable oscillatorY

7
(i) o 2- -i where the eigenvalues are \z: -1 and '\r

and we have au "r-,..illator1" stablc origin, for o <

5.
=一

det ス =:

一

: , We have an

oscillatory saddle.

(ii) o _ _1, the eigenvalues are ,\t : lz _ 0 and every point is a fixed

point, for - l a o< *1, we have a sink, and for -1 < o ( 0, we
b

have a spiral sink.

|

y

|
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(iii) a : 0, where the eigenvalues are )r : 1, ,\2 : 1, where we have

eigher a stable or unstable origin, for a ) 0, we have a saddle.
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7. Region 5: a 1. b and 3a * 6 > b

Region 6: a <b and 3o * 6 < b

RegionT: a) band3a*6<b
Region 1: b ) -1O- D2

4
RegionS: b<3a*6andb 12a* 1

Region 4: b <o and b > -1tr- l)2 anci b < 2c -r 1

4'

ク
く Exerci ses―

( 4。

9)

1. Let  y( ″
1, ・2) =″ I 十

■
, .

3. Let  y=κ
l . 2.

5. Let  y( 1じ 、
ν ) =″

2_14ν 2.

7. Let  y( ″
, ν ) =22+ν

2.

11. Let  y( ″
, ν ) =″ ν

。

Exercl ses

3. l α
l <1

5。 α
β <1

6.   ( a)

( b)

ハ

剤

ツ

　

ハ
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２

／

１

１

＼

　

／

１

ヽ

ヽ

　

　

＜

一
一

　

　

　

〓

対

　

湾

- (4.10 and 4.11)

is asymptotically stable

is unstable

― α7. |わ
|<1


