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Chapter 1. The Orbits of One-Dimensional Maps.
1.1 Iteration of Functions and Examples of Dynamical Systems.

Dynamical systems is the study of how things change over time, Examples inelude
the growth of populations, the change in the weather, radioactive decay, mixing of
liquics and gases such fs the ovean currénts, motion of the planets, the interest in a
bank account. ldeally we would like to study these with continuously varving time
{what wre called fows), but in this text we will simplify matters by only considering
discrete changes in time. For example, we might model a population by measuring
it daily. Suppose that «, s the oumber of members of & population on day n, where
oy 1% the initisl population, We look for a function [ R — R, (where B = set of all
real numbers), for which

#y= flro); vz = flz1) and generally o, = flraa e m=12 00
This leads to the iteration of functions in the following way:
Definition 1.1.1 Given i € B, the orbit of oy under f is the set
Ofra) = {ao, flzo), lza)...
where f*{xq) = f{f(2a)). Filzo) = FI3(xs)), and continaing indefinitely, so that
[fle)=fefofo-icofle): (ntimes composition ),
Set zn = "), 31 = flzg) w0 = Pl20); 50 that in general
Tasr = " Hwa) = F("(xa)) = Flza).

More generally, f may be defined on some subinterval I of B, but in order for the
iterates of r € I under f to be defined, we need the range of [ to be contained in f,
so f:f—T.

This is what we call the iteration of one-dimensional maps (as opposed to higher
dimensional maps f : R — R", n > 1, which will be studied briefly in a later
chapter).

Definition 1.1.2 A {one dimensional) dynamical systen i& a function f o f — T
where [ is seame subinterval of B,

Given such a function f, equations of the form o1 = fle,) are examples of
difference equations. These arise in the types of examples we mentioned shove, For
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example in biology =, may represent the number of bacteria in aculture after n hours.

There 15 an obvious correspondence between one-dimensional maps aml these differ-

ence equations. For example, a difference equation commonly used for caleulating
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corresponds to the function flr) = 4{r + 2}, If we start by setting #p = 2 (or in
fact any real pumber), and then And zy, T3 ete,, we get o sequence which rapidly
approaches 2 (spe page O of Sternberg (48]), One of the issues we examine is what
exactly is happening here.

Examples of Dynamical Systems 1.1.3

1. The Trigonometric Functions Consider the iterations of the irigonometrie
functions atarting with f : R — R, f(r) = sin(z), Select £y € R at random, e.g.,
oo =2 andd set w0 = sinlxg), =012, .. .. Can you guess what happens to T, -as
i increases? Ooe way (o investigate this type of dynamical system is o enter 2 into
our calealator, then repeatedly press the 2nd, Answer and Sin keys (you will need
to do this many times to get a good ides - it may be easier to use Mathematicn, or
some similar computer algebra system), Do the same, bat replace the sine funetion
with the cosine function. How do we explain what appears to be happening in each
ease? These are questions that we alm to answer guite soon,

2. Linear Maps Probably the simplest dynamical system {and least interesting [rom
# chaotic dynaanical point of view), for population growth arises from the iteration of
tintear snaps: maps of the form f{r) = o« ro Suppose that z, = size of & population
at time . with the property
Ly4] =@y

for some constant o > 0 This is an example of a lrear model for the growth of the
population. -

I the inktial population is oy = 0, then ry = azp o =ar =n

“ry, and in general

xy = a"rg for n = 0, 1,2, ... This is the exact solution (or ¢losed form solution)
to: the difference equation @w,.y = .+, Clearly flr) = ar s the corresponding
dynamical system. We can use the solution to determine the long term behavior of
the population:

1y 15 very well bheliaved sinee:

(i)-if a@= 1, then £, — oo asn — 50,



&
(ii)if < o<1 then &, — 0 ash - oo {i.ec; the population becomes extinet),
[if1) if & = 1, then the population remains unchanged.

3. Affine maps These are functions f:R — R of the form) f[.il‘] = ﬂ;::-h—:[r: #0),
for constants a and b. Consider the iterates of such IApS: '

F2x) = flaz +b) = alaz +b) + b = 0% + ab+ b,
i) = x4 a®b+ ab 4 b,
FHry=a'c +a®h+ab+ ab+ b,
and generally
M) =a + a4+ a4+ o ab+ b
Let ry € R and set 2, = FPlan); then we have
Tn=a"mp+ (a" " +a" ok a+ Db

L
=a'zy+h (
i —

1), itap,

1 l—a |
i5 the closed form solution in this case (here we have used the formula for the sum of
a finite geometric series:

i;r,.-—- (n.+i)ﬂ"+ 2 i |fﬂ.;él

n=3
o B
k=1 re=l
when r# 1), Ifa = 1, the solution is.x, = zy + nb .
We can use thf'-:f' equations to determine the long term behavior of r,. We see
that:

(i) if || < 1 then a® — {} as n — oo, so that

fi
hm Ty = y
n—g l-=n

(i) ifa > 1, then lim, ., £, = oc for e O
{iii) if @ = 1, then im, _.o 7, = o i h = 0,

The limit won™t exist if o < —1.
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4+ The Logistic Map L, : B — R, L.lr) = pr(l — z) was introduced to wodel
a certain type of population growth (see [20]). Here g is & real parameter which
is fixed, Note that if 0 < g < 4 then L, is a dynamical system of the interval
[0, 1), des Ly o [0,1] — [0, 1]). For example, when p = 4, Li(x) = 4x(1 — ), with
Ly([0.1]) = [0, 1] with graph given below. If g > 4, then L, s no longer a dynamieal
svstem of [001] as L,([0. 1]} is not a subset of [0, 1].
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Recurrence Relations 1.1.4

Many sequences can be defined recursively by specifying the first term (or two),
and then stating a peneral rule which specifies how to obtam the neh term from the
(re — LJth term {or other adeditional terms), and using mathematical indurtion to see
that the sequence is “well defined” for every n € E7 = {1,2.4....}. For example,
nl = n-factorial can be defined in this way by specifying 0! = 1, and n! = n-(n—1).
for w e Z7, The Fibonacei sequence F,, can be defined by setting

=1 =1 and Fy=F+F._i, for neE",

s0. that Fi =2, Fy = 5§ ete.
The orbit of & point ry € B under a fanetion £ is then defined recursively as follows:
we are given the starting valne 2, and we set

= -Hleay), 'Toe meEt;

The principle of mathematical mduction then tells thar x, is defined for every n =2 0,
since it 15 defined tor # = 0, and assuming it has been defined for & = n = 1 then
Fu = flan_y) defines it for & =n.
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Ideally, given a recursively defined sequence .. we would like to have & specific
formula for &, in terms of elementary funetions {so-called closed form solution), but
this is often very difficult; or impossible to achieve. In the case of atline maps and
certain logistic maps, there is a closed form solution, One can nse the former to study
problems of the following type:

Example 1.1.5 An amount § 7 is deposited in your bank account at the end of each
month. The interest is +% per period. Find the amount A{n) accumulated at the
end of n months (Assume A(0) = 7).

Answer. A(n) satisfies the difforence et ion
Aln+1) = Aln) + Aln)r + T, where Al =T,
or
Aln+1)=An)(1+7) + T,

sowesetrg =T, e =14rand b =T in the formula of Example 1.1.3. then the
solution is
{1+¢)"—1
Aly=L14+eMP LT ("L _=
()= {1+ )"T+ ( i¥r—1 )

=(1+r"F+ i;ri[l + )" —1).

Remark 1.1.6 It is conjectured that closed form solutions for the difference equation
arising from the logistic map are only possible when ji = x2.4 (see Exercises 1.1 #
3 for the cases where = 2,4, and # 7 for the case where #=—2 and also [53] for a
diseussion of this comjecture).

Exercises 1.1

1 If L2} = p(l — z) is the logistic map, caleulate Li{x) and Li(z).

P L
E. ﬂﬂﬁ EA.":MHPJ.E' 1-1.3 [ur ﬂ.t['i]'.l.l.‘ mﬂ]JH L0 ﬁlld 'I:h_Ll; I-i|',|]'|_|T 10ns tio I_'hp djﬂprﬂn i f.'l.'l'l.'l.ﬂtil'.lﬂ.‘?-:

[i} a4l — J:.‘T" = Ty =
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(1) Fysq + 320 = 4, d0 = -1,

3. A logistie difference equation is one of the form e, = el — 0, ) for some fixed
i £ B, Find exact solutions to the logstic equations:

(i) #0471 = 2r,(1 — ). Hint: use the substitution x, = (1 = y,,)/2 to transform the
eruation into & simpler eguation that s easily solved.

(i) zp1 = dEp{l — ). Hint: set 2, = sin“{ 6, | and simplify to get an equation that
1= eastly solved.

4. You borrow 3 P at ¢ % per annum, and pay off $ 07 at the end of each subsequent
mouth: Write down a difference equation for the amount owing A{n) at the end of
each month {so A{0) = P). Solve the equation to find a closed form for Ain). If
P =100,000, M = 1000:and r= 4, after how long will the loan be paid off?

- i < 2 . .
5, I T(r) = { = R TS , show that T, is a dynamical system of

wl—x) if 1/2<z <1
[0, 1] for g £ (0,2]

G. Let f R — K be the function defived below. For each of the intervals given,
determine whether f can be considersd as a dynamical system . — I+

(a) flz) = a* — 3z,

(b) fla) = 22" — G,

(i) F=[-1,1], (i) f:|--£.£}. (it} I=[-4,4].

7. For the following fnctions, find Pe), fle) and o general formula for ()

) . N N 22 if O<z<]1f2
(1) flx) =a% (i) fz)=]a+1], (i) ””—{-2.-4:—1 if 1/2<r<l,
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8. Use mathematical induction to show that if f {x) = }_:IE—_I then

o B4 2) £ (<10 )
iz} = Ple+d) = (-1 x-1)"

. Show that a closed form solution to the logistic difference equation when =2
18 given by

:E.II. =

m— 1.-"{5{1*)

1= f[rf 1= 2rg)]], where r= -2 and f(#) = 2cos ( 3

ha]| =

1— f(#)

5 and use steps similar to 3(ii)),

(Hint: Set x,, =
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1.2 Newton's Method and Fixed Points

Given a diffeventiable funetion [ R — R, Newton's method often allows us to
find good approximations to zevos of fr), e, approximate solutions to the sguation
filz) = 0. The idea is to start with a first approximation oy and look at the tangent
line ta fla) at the point Crg, fiog)). Suppose this line intersects the r-axis at oy,
then we can check that

S (ien)
f'(xn)’

if  f'(2n) # 0.

=g —

For reasons that we will make clear, it is often the case that z; is a better approxima-
tion to the zoro o = ¢ than ry was, In other words, Newton's method is an algorvithm
for finding approstmations to zeros of & function fle), The algorithm gives rise to a
diffevence equation

flra)

Ilr.l—.l — I"I.II = ‘F'IE.J- ]r
il

where @y 15 a first approximation to a zero of f{r). The corresponding real function
1=

f=)
Fla)

Nelg) =2 — . {the Newdon function),

Note that if flx) =1 —a, then f'(2) = 2o and

Niylor)=x - ILI__; . % (f T ::{) !

=i thiae

1 i
Fal g In+r .
e

the difference equation we mentioned in Section 1.1 that is used for approsimating
V2 when o =2,
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- -

The first two approximations for flo) =2 — ", starting with z; = 5.

Note that we are looking for where flx) = 0, and this happens if and only if
NI[,FJ =ik,

Definition 1.2.1 For a function f+R— R, apoint c € R for which fle) = ¢is called
i fired pownt of £, It is 4 point where the graph of f{r) intersects the line y=x.Wa
denote the set of fixed points of f by Fix(f}.

Fixed points occur where the graph of fix) intersects the line y = .

Example 1.2.2 Suppose that f(x) = 2%, then +2 = & gives #(w— 1) = 0, so has fixed
points ¢ = 0 and ¢ = 1, 50 Fix(f) = {0.1}, If fle) =2 =z then 2® — & = & gives
(x* —2) = 0. 50 the fixed points are ¢ =0 and ¢ = 432, Fix{ f}= {0, :I.-'.,-'"E}-
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The logistic map f{r) = 40(l —2) = 4r —4r*, 0 < r < | has the properties:
flb) = 0. {a fixed point). f(1] = 0, & maxionm at @ = 1/2 (with f{1/2) = 1)
Selving f(r) = r gives 42 — 45° = 2, 50 4¢* = 3z, so the fixed points are ¢ = 0 and
e=3/4.
This map has what we eall eventual fived points: f(1) = 0 and £{0) = 0, so we say
that ¢ = 1 is eventuully fixed. Also f{1/4) = 3/4, 80 ¢ = 1/4 is eventually fixed, as is
e= {24 v3}/4.

Definition 1.2.3 +* € R Is an coentual fived pomt of flx) if there exists a fixed point
e of fla) and r € B satisfying f (") =¢ but fr)Lcfor0<s <

Example 1.2.4 The Tent Map

Define s function T°; (0,1] — [0, 1] by

o= A :”EIEIJ'IIE
T{x)= { H1—a) $1/2< p<]

=1 - 2r—1/2].

T(x) is called the tent map, it has fixed points: T{0) = 0 and T{2/3) = 2/3. Since
T(1/4)=1/2, T(1/2) = L and T(1}) =, 1/4,1/2 and 1 are eventually fixed. It is not
difficult to see that there are many other eventually fixed points (infinitely many).

L - A
|'-. 1- ¥
} ¥ F
0K / ;
I /
i i .l
| ! W
L4 i
| F W
| :” I"‘-
ind | ” L
Y
| ,f b
[ S b
F, I".\.
| A LR NI ey | —
w0 [ ad L8 (LS [RE)

Note that some maps do not have fixed points:

Example 1.2.5 f(x) = 2° + 1 has no fixed points.
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flr} = 2" + 1 does not intersect the line y — =,

Question 1.2.6 For what values of a € B does Gz} = 7* + a have fixed points?
We see helow that certain functions always have fixed points:

Theorem 1.2.7 Let f: F — [ be a continvous function, where I = |a b, a < bhisa
bounded interval. Then fla) has a fived paint o € 1.

Proof. Set glx)= fir) — x. We may assume that fla) # o and fih) # b, so that

fla) = a and fib) < b,
- v

e
#

The graph of f(r) always intersects the line y = .
It follows that
glay= fla)—a=>0, and g{b) = flb)—b<0,
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s that glx) is a continuous function which is positive at o and negative at b, so0 by
the Intermediate Value Theorem (IVT), there exists ¢ € (o, ) (open interval) with
glel =1, 1e., fle) =050 ¢ 15 a fixed polnt of f(z): O

Remark 1.2.8 The above Is an example of an existenee thesrens, it says nothing
about how to find the fixed point, where it s or how many therve are. It tells us thar
if flir) is a continuous function on an interval T with f{7) € T, then f{x) has a fixed
point in [, It isalso teae that if instead f(7) 2 1 then f(z) has a fixed point in [ as
Wi BEE IO,

Theorem 1.2.9 Let f : [ — R (I = o, bl < b) b o continuous function with
FI}y 2 I, then flx) has e fized point in 1.

Proof. As bhefore, set gix) = fix) — r, then there exists oy € (a4, b)) with fiey) < o
{in fact fler) < a<e), Also thereis ca € {a,b) with flea) > ¢,

Then gley) < U and gles) = 0 and since glr) is a contimions funetion, it follows by
the Intermediate Value Theorem that there exists c €/, (o <c <oy or gy <c < a1},

with gle) =10; fie) =2, 0

Remark 1.2.10 It 1= often ditheult to find Axed points explicithy:
Example 1.2.11 Set fiz) = cosz. If flc) = ¢, then cose= e, It iz possible vo find

an approximation to the hxed poit ¢ = 739085 ... using (for example) Newton's
method.
I 4
I __.r' MMH
T,
T N\
.-‘.I' .H
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f{x) = cos & has u fixed point in 10, = /2].

Exercises 1.2

1. Find all fixed points and eventual fixed points of the map flz) = |r — 1),

2. Let f: B — R be such that for some n € I+, the nth jferate of f has a unigue
fixed point e (i.e., f"(¢) = ¢ and ¢ is unique). Then show that ¢ isa fixed point of f.

3. Use the Mathematica command NestList (see below) to find how the lollowing
functions behave when the given point is iterated (comment on what appears to be
liappening in each case):

(i} Li{z) = 2(1 — z), with starting point x4 = .75,

{ii) La(x) = 25(1 — ), with starting paint ry =1,

(iti) Ls(2) = 3x(1 — &), with starting point o= .2

(iv) Lsa(z} =3.22(1 = 1), with starting point o, = 95

(v) f{x) =sin{r), with starting point 7y = 9.5.

(vi) glx) = cos(), with starting point =, = —15.3.

4. Show that the logistic map L, (x) = jz(l - z), x € [0.1], for 0 < g < 4, the fixed
point & = 0 has no eventual fixed poiuts other than o = 1.

Show that for 1 < g < 2, the fixed point # =1 - 1/n only has £ = 1/ a5 an
eventual fixed point, but this is not the case for 2 < < 3,

To use Mathematica, first define your function, say fla) = sin(z) in an input
cell using the simiaz

fIx_]:= 8inlx].

Erecute the cell by doing Shift and Enter stnultaneousty. The command
NestList [f, 9.5, 100]

when exeeuted in @ new input cell will give 100 tterations of sin{e) with starting

verne og = 9.0, [f you want fo grapk flx) on the interval la b, use the command:
Plotiflx]l; { =x. a, b } )-
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(u) Let flx) = (1 4+2)7", Find the fixed points of [ and show that there are
no polnts ¢ with f*{¢) = ¢ and f(e) # ¢ (period 2-points), Note that f{—1) is not
defined. but points that ger mapped to —1 belong to the interval [—2, —1) and are of
the form

where {F,}, n = (), is the Fibonacei sequence (see 1.1.4), Note that g, — —r as
n — oo, where = is the negative fixed point of f [(see (7] for more details).

'rlll ]T||+.F.|.

. Use mathematical induction to show that
-F:u-"ﬂ -+ lf'ra w1

(b} If 2 € (0,1], 56t 1, =

oo+ Fos

iy e ffgpey s WO ZwbL
vt = S\ Fosi®To+ Fpsa

Deduce that as n — o0, &y — 1/r, the positive fixed point of [

‘1.3 Graphical Iteration

It is possible to follow the iterates of a function f[J ) at a point :I'n using graphioel

T .-If | - Y -y I'.II,-' :--I‘

ievation (sometimes called web dipgrams), -

W start at oy on the r-axis and draw a ]lﬂ'E wrt:f:::\]l}' to the function. We then
move horizontally to the line y = &, then vertically to the function and continge in this
way. Notice that in some examples the iterations converges to a fixed point. In others
it goes off 1o oo, whilst in others still, it oscillates between two points indefinitely,

Example 1.3.1 flz} = 2(1 — ). Iu this example, an examination of oraphical
iteration: seems to suggest that the orbits of any point i [0, 1] appreach the fxed
point & = (. Thisis an example of an affracting Axed point,
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Example 1.3.2 Let f(r) = r/2 + 1. This is an affine transformation with a = /2
b= L According to what we saw in Example 1,18, the iterates should CONVErEe to
L =2 since || < 1. What s actually happening is that ¢ = 2 is an attracting fixed

point of f(x) with the property that it attracts all members of B (said to be flobally
attracting.
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Example 1.3.3 We see from the graph of f{x) = sinr that ¢ = 0 seems to be an
attracting fixed point. We shall show later that it is actually globally attracting,
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We see two basic situations arising (together with some variations of these), In
particular, we notice that if the sequence &, = f(x,) converges to some point ¢ as
i — o0, then ¢ is a fixed point.

(i} Stable orbit, where the web diagram approaches a fived point,
(i) Unstable orbat, where the web diagram moves away from a fixed point,
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Proposition 1.3.4 If y = f(x) is & continuous function and lily—se f™(#0) = &,
then f{¢) = ¢ (te., if the orhil converges to a pont e, then ¢ is a fired point of f)

Proof. We see that

,.'LEL M) =¢= fu‘_“; Fian)) = fie),
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and since [ is continuons,
Hm ") = fle).
=30

But elearly ¢ = lim, . £ (a0}, 5o that € = f(e) by the uniqueness of limit. O

1.4 Attractors and Repellers

Suppose that f: X — X is a function (where we assume that X is some subset of
E such as an interval or possibly B itself). Let ¢ € X be a fixed point of f. We define
the notions on attracting fixed point and repelling fixed that we looked at graphically
in the last section.
Definition 1.4.1 Let f: X — X with f(e} =e. o (757 50 | At
(i} ¢ is a stable fived point if for all € > 0 there exists § = 0 such that if + e X nnd
lx —¢| = 4, then |[™(x) — | < ¢ forall n & B+,

If this does not hold, ¢ will be called wnstable,

(it} ¢ 15 sadd to be attracting if there is a real number 4 = 0 such that
|z —ef < 5= lim f'{z)=c
T—+D0

{iil) ¢ is wsymptotically stable if it is both stable and attracting,

Remark 1.4.2 We will show that a fixed point ¢ of f 1 X — X {smtably differ-
entiable) with the property | f'(e)| < 1 is an asymptotically stable fixed point, If ¢
is an unstable fixed point, we can find € > 0 and r arbitrarily close to ¢ such that
some iterate of x, say f*(x), will be greater than distance ¢ from . This is the case
when [f'(c}| > 1 as the next theorem shows. We call ¢ a repeller (c is a repelling
fired poant), since the iterates move away from the fixed point (¢ s unstable). We will
also see that 4 fixed point can be stable without being attracting. and that it can be
attracting without being stable,

Definition 1.4.3 A fixed point ¢ of f is hyperbolic if |f{e)] # 1 I |f(e) =1 it is
nar-fiyperbolic,

Thus if ¢ is o non-hyperholic fixed point, then f'{e) = Lor f'{e} = <1, so the graph
of fla) either meets the line ¥ = » tangentially, or av 90°:
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Hyperbolic fixed points have the following properties:

Theorem 1.4.4 Let f: X — X be a differentieble funchion with confinuous first
derivative (we say that [ iz of class O ).

(i} {f @ 5 a fioed pond for f{xz) wth |fla)] < 1, then o i asymptotically stable.
The itevates of points close to a, converge to o geometrically (ie., there o a constant
0 < X< 1 for which |["(x] —a| <« M|z —a| forall n € &% and for all 22 X
sufficiently close Lo a).

'EF:JP'P'U_' ‘; navidr X

Lia ¥ F..I:

(i1) I o5 a fived posnt for flx) forwhich | f'(a)] = 1, then a s o rvepelhng fired point.

for f.

Proof. (i) We may assume that X is an open interval with a & X, Soppose |[f'(a)| <
A< 1 for some A = 0, then using the continuity of f'{x), there exists an open interval
Fwith |fllz) <A<lforall el

By the Mean Value Theorem, if r € [ there exists ¢ € [, lving between o and a,
satislying

fr{ﬂ] = JI'H:] = -irl:ﬂ':l_‘
e

s0 that
|f{x) = a| = |Fle)llz— al < Al —al,
{tae. flr) is closer to o than & was).
Repeating this argument with f{r) replacing x gives

T_ - | (e) — o] &% —afio L 2] —a) < A"z —al.
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Since A" — 0 a8 7 — oo, it follows that f*(z) — a as n — sc.
The proof of (ii) is similar. ]

Example 1.4.5 Denote the Logistic map by Ly{r) = pa(l —2) = pz — purt, We
are interested in this map for 0 < 2 < 1 and 0 < #t = 4, since for these parameter
vilues u, L, is a function which maps the interval [0, 1] inko the interval [0, 1], so it
necessarily has a fixed point and iterates stay inside [0,1] (if ju > 4, Lx) > 1 for
some values of o in [0 1] and further iterates will 20 Lo —og),

Solving Ly(x) =z gives r=0or z =1 — i B0 < p<1, then 1 — 1/u < 0, 50
e = {} Is the ouly fixed point in [0,1] in this case.

For 0 < <1, L (2} = pu—2uz, so Lo{0) = g and 0 is an attracting fixed point
for 0= p<l.

LAk~ /)_’_.-

#

E ,/’/
iLh)
0a:
T e

B
| ST .
[+31] [ 1] fi4 ikh nE 1.0

If ye = 1, then 0 and 1 — 1/ are both fixed points in [0, 1], but now 0 is repelling,
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Also,
Ll=Yp)=p=2ud =1/p) =2 —p,
g0 that

IL,A=1/u)=12—pl<l ff l<p<i

In this case ¢ =1 — 1/ is an attracting fixed point, and repelling for g =3 Note
that £L1{0) = 1 and L4{2/3) = 1 so we have now-hyperbolic fixed points.
We will examine in Chapter 2 what happens in the cases where g =1 and u = 3.

Faf-
Example 1.4.6 Let f(x) = 1/x. The two fixed points « = <] are hyperbolic since

f'le) = =1/#% 80 f(£1) = —1. However, they are stable but not attracting since
fHx) = f(1/x) = &, and we see points close to 21 neither move closer nor further
apart.
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-2z if z<a
0 if z>a
m i= any positive real number, Then ¢ = 0 s an unstable (vepelling) fixed point of
fa which is attracting ie., Ui o f*(7) = 0 for all + € R, A fixed point having
this latter property is said to be globally attracting. Note that the function f, is not
continmons at @ = . It has been shown by Sedaghat [44] that a continuous mapping
of the real line cannot have an unstable fixed point that is globally ateracting

Example 1.4.7 Consider instead the function f,{x) = ; Where

1
3 1
|
I ‘ |
. |
! =z |
| ! ;
i . 0
i e e ¥
| l R L
=1}
£3h . £ P -'|
] “_:‘”:I .' l.._,n-"I
| Bt ' 2
1
_]- it Ll o
-4 =2 =1 13 | 2 i

The map fy (in bold) where £ = 0 is an attracting but unstable fixed point.
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%z~  Example 1.4.8 Newton’s Method Revisited.
Suppose that f : [ — [ is a funetion whose zero ¢ is to be appraximated HsIng
Newton's method. The Newton function is Ny(r) = = - S}/ flx), where we are

assuming f'{¢) # 0. Notice that since fle) = 0, Nile) = e, Le., ¢ is a fixed point of
Ny, Consider Ni{e):

flz) /() — fle)f"(z) _ flz)f"{z)

Npfer=1= [ = e

&0 that
fle)f"le)

ﬂ-r;-fl:'!} = W = [

since fle) =0,
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It follows that [N}(c)| = 0 < 1, so that ¢ is an attracting fixed point for Ny, and
in particular

lim NYiag) = e
—

provided zq, the first approximation to e, is sufficiently close to o

Definition 1.4.9 A fixed point ¢ for f{r) is called a super-attracting fired-point if
f'le) = 0. This gives a very fast convergence to the fxed-point for points nearhy,

Remark 1.4.10 Suppose that ['{¢) = (), then Ny (&) is vot defined at © = ¢, sinee the
quotient f{x)/f(r) is not defined there, Suppose we can write f{x) = (r — ) h ()
where i(e) # 0 and k€ Z° (for example if f(x) is & polynomial with o multiple root ),
then we have

flz) _ (2= e)*h(z) {x —r)hix)

FUr) k(e = eV =Th(z) + (xr — eFR(x)  khla) + (= - ) G

when = ¢, 50 that N(r) = ¢ has a removable discoutinuity at z = ¢ (removed by
sefting Ny{e) = ). Then we can find Nj{r) and show that Ni{r) has a removable
discontinuity at ¢ = ¢, which can again be removed hy setting Nile) = (k—=1)/k. 50

that [Ni{e)l < 1 {see the exercises),
We summarize the above with o theorem:

Theorem 1.4.11 For a differentioble function f: 1 — 1, the zem e af fle) 34 u
super-attracting fived poit of the Newton function Ny, if and only if file) 7510,

Example 1.4.12 Suppose fix) = 2" = 1, then f(1) =0 and

i -} dr |
_.'1||' L == P " =i - JI—--— = — —=
j[i] oA ..F':.r.:'}'lf fr] A ( B ) 3 31.1'

w0 Ny(1) = Land Nj{x) = 5~ so that N}(1) = 0. We sée From graplical teration
(next section), very fast convergence to the fxed poinl of Ny,
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Very fast convergence to the fixed point.

Exercises 1.4

1. Find the fixed points and determine their stability for the function Jlz)=4-2,

2. For the family of quadratic maps Q.(o) = 2? + ¢, 1 € [0, 1], use the Mathemat-
1A program webPlot below to give graphical iteration for the values shown (se 20
iterations);

(i) e = 172, starting point #y = 1, (i) ¢ = 1/4, starting point oy = .1. (iii) e = 1/8,
starting point @y = .7.

Mathematica Program: se as in:

webPlot [Cos{x], {x, 0, Pi}, {.1, 20}, AspectRatio->Automatic]

webPlot[g_, {x_, xmin_, xmax_}, {al_, n_}, opte_] =
Medule[{seq, r, pts, web, graph}, r[t_] := Nlg /o x=~->t];
goq = NestList([r, al, nl; pts = Flatten[
Table[{{zeq[[i]],seq[[i + 111},{seql[i + 11],seq[[i + 111}},{i, 1, n}], 135
web = Graphics[{Hue[0], Line[PrependTolpts, {seq[[1]]1, 0}11}];
graph = Plot[{x, r[x1}, {x, xmin, xmax},
DisplayFunction => Identity]; Print["last itarate =", Last [2aql];
Show[web, graph, opts, Frame -> True,



PlotRange -> {{xmin, xmax}, {xmin, xmax}}]]

3. Let Sylr)=psin(z), 0 p<2r. 0 < p < v and Oy(r) = poos(z), ~n<r<w
and 0 < p < 7.

(a) Show that 5, has a super-attracting fixed point at = = 7/2, when g = 7/2.

(b} Find the corresponding values for O, having a super-attracting fixed point.

|:~.—.

4. Show that the map flr) = has no periodic points of period n > 1 {Hint:

1
Use the closed formula in Exercise 1.1.6).

—+

%I_

5, Let N be the Newton function of the map f{r) = r* + 1. Clearly there are no
fxed points of the the Newton function as there are no geros of f, Show that there
are points o where ."'u‘_;f{r-J = p (called period 2-points of Ny ).

G. (a) Suppose that fle) = fle) =0and fMe) #0. I () is contimous at x = ¢,
show that the Newton funetion Ne(r) has o removable discontinnity at o« = o (hint;
apply L'Hopital's rule to Ny at o= ¢),

(b) inaddition, f"'{x} is continuous at x = e with "(c) £ 0, show that Ny(e)=1/2,
so that r = ¢ is not a super-attracting hxed point in this case.

(e} Check the above for the function f{r) = 7' — #* with £ =0,

7. Contiome the argument in Bemark 1.4.11 (generalizing the last exercise), to show
that the derivative of the Newton function Ny has a removable discontinuity at - = ¢,
which can be removed by setting | ey = [k —1)/k.

5. Let f be a twice differentiable furiction with f{e) = 0. Show that if we find (he
Newton funetion of glo) = fla)/ (), then © = ¢ will be a super-attracting fixed
point for Ny, even if f'{e) = 0 (this is called Halley’s methad).
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1.5 Non-hyperbolic Fixed Points.

Example 1.5.1 We have seen that it f; X — X {where nsuall v A 18 some subinterval
of R} and & € X with f(a) = a, |f'(a)| < 1, with snitable differentiability conditions,
then a is a stable fixed point for £, This term is used beeapse points close to o will
approach a under iteration. If we look at a function like flz) = sinz, we see that
e =1 is a fixed point but in this case | f(0)| =1, so it is & non-hyperbolic fixed point.
However, graphical iteration suggests that the basin of atiraction of f iz all of B, =0
¢ =1} 15 a stable lixed point. Before considering non-hyperbolic fixed points in more
detail, let us prove the last statement analytically:

Proposition 1.5.2 The fired pomnt ¢ =0 of flx) = sinx s globally attracting .

Proof. First notice that ¢ = () is the anly fixed point of sine. This is elear for if
siny = r then we cannot have || > 1 since |sine| < 1 forall &, HO < ¢ < 1, the
Mean Value Theorem implies there exists e (0, &) with
; = F0 gin.r
fie) = L@ =10 _

r—I r "

s0 that
SilE = JC080 < T,

since |eosel < 1 for e€ (0,1). Similarly if =1 < ¢ < 0,

To show that f(x) is globally attracting, let x € B, We may assume that —| <
# = 1, simee this will be the case after the first iteration,
Suppose that (1 < x < 1, then we note that () < f{z) < 1 on this interval. By the
Mean Value Theorem, there exists e £ (1), ) with
iy ifle) = F{0)
Pl s 5
Continuing in this way, we see that
b= fMe) <M e) < .. <)<z,
=0 we have 4 decreasing sequence o, = (2} bounded below by (1 It follows that this
sequence converges, But Proposition 1.4.5 implies that if this BEQUENCE CONVerges, it
must converge to a tixed point. ¢ = 0 being the only fiked point gives f*(x) — 0 as
n—oo. A similar argument can be used for —1 < 2 < (). O

o 0< fir) = flle)r < 2.

Example 1.5.3 It is possible for the fixed pont to be unstable, but to have & one-
sided stability (to be semi-stable), For example, consider flz) = r* 4+ 1/4 which has



41

the single (non-hyperbolic) fixed point ¢ = 1/2, This fixed point is stable from the
left, but unstable on the right,

- e ST e ST

i e

In the following we give some criteria-for non-hyperbolic fixed points to be asymp-
totically stable/unstable ete, It also gives a criteria for semi-stability:

Theorem 1.5.4 Lef ¢ be o non-hyperbolic fived point of flx) ri?ir'u'l:___.f’i-:'.} = 1. If ['{x),
Fle) and f(x) are continuons af ¥ = e, thew: S

(i) if f(e) # 0, the e 13 sema-stable,

(it) if f"(e) =0 and f"(c) = 0, then ¢ is unstable,

(ii1) IF F"(e) = 0 and f"(c) < 0, then ¢ 5 asymptotically stable.

Proof. (i) If f'(e) =1 then fir) Is tangential to gy = & at & = ¢ Suppose that
ffe) = 1 then f(x) s concave up at r = ¢ and the picture must look like the
following:
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We see this gives stability on the left and instability on the right.

More formally, since the derivatives are continuous, and f"(¢) > 0, this will be
triae in some small interval (¢ — 4, 2+ 4) surrounding ¢. In particular, the derivative
function f'(x) must be inereasing on that interval, so that since f'(¢) = 1 then

fle) <1 forall x€(e—48¢), and fir) =1 forall € (e, o4 8),

for some & = 0. Also, from the continuity of (), we can assume that Flz) > 0dn
this interval.

Now by the Mean Value Theorem applied to the interval lz.¢] © (¢ -4, c], there
exists g £ (x, ¢) with

-f'{,;r} = MI
r—c

Now since 0 < f'lg) < 1 and ¢ > &, we have

0 JE 1) _

e &

o

&< flz) < e

Repeating this argument, we see that the sequence f*{r) is increasing and bounded
abwwve by ¢, so must converge to a fixed point. There can he no other fixed point {say
d # c), in this interval as the Mean Value Theorem would give f(q,) = 1 for some
71 € Lz, ), 8 contradiction. Consequently we see that ¢ is stable on the left,

On the other hand, if [, ] C (044, then applying the Mean Value Theorem as
above gives

Iy~ e
ffff]=—-—=f{i o) >1, 80 flr)>o>p

B
since & — ¢ > (), This tells us that the point moves away from ¢ under iteration, so
the fixed point is unstable on the right, Similar considerations can be used when

F'le) < 0 and the graph is concave down at T =y,
(ii) is similar to (iii), o is omitted,

(iii) In this case f™(c) < 0, (¢} = 0 and f'le) = 1. We will show that we have a
point of inflection at © = ¢ as in the following picture:
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By the second devivative test, f'(r) has a local maximum at © = ¢ {the continuous
function fx) is concave down ), It follows that

filz) <1 forall ze (e—d, 04+ 8), & #e

for some 8 = 0 (f"(a} = Ofor © € (c—4,0), 50 f{x) s increasing there; and f*(z) <0
for x € (e 4 0), 50 f'(x) is decreasing there), In particular f'(x) # 1if » = o,
Now 1se an argument similar to that of (i) above to deduce the result. O

Example 1.5.5 Returning to the funetion flr) = sing, we see that o) =1,
JU0) = Oand f"(0) = =1, so the conditions of Theorem 1.5.4 (jii) are satisfied and
we conelude that & = 0 is an asymptotically stable fixed poine,

If flx) = tanx, then f{0) = 1 and we ¢an check that Theorem 1.5.4 (i1) holds
s that the fixed point & = 0 5 unstable. For fx) = 2% + 1/4, with f{1/2) = 1/2,
F11/2) = 1, we-can apply Theorem 1.5.4 (i).

How do we treat the case where f'{e) = —1 at the fixed point? We use:

—_—

Definition 1.5.6 The Schwarsian derivative Sf{x) of fla) isthe function
o e) B[P
=T "2 [
s0 that .
Sflz) === = ;]J’"[:rﬂ"’. when [{z) = —1.



Theorem 1.5.T7 Suppose that ¢ 15 a fired point for [ (x) and f'(e) = =1. If f{x),
flz) and f(x) are continuous at ¢ = ¢ then:

(i) tf Sf(e) < 0, then & = ¢ 15 an asymptotically stable fired point,
(i} if S5f(e) = 0, then x = ¢ 15 an unstable fized point.
Proof. (i) Set g(x) = f%(x), then g(e} = ¢ and we see that if & is asyiptotically
stable with respect to g, then it is asymptotically stable with respect (o f. Now
/() = @) = PN - £1),
sa that g'{e) = f'{e)l- fle) = (-1)(-11= L
The iden is to apply Theorem 1.5.4 (i) to the function gir), Now
g'lz) = Ff(2) - f'(2) + f(flx) - [P

ths

#'(c) = flle) f"{e) + Fellfi(e)) =0, sinee Fe)=~1.
Also
§"{ix) = SN ) f )+ £ ) S )+ LU D+ 1 )2 () ).
Therefore

g (e) = [fe)]*(=1) = 1"(e) — (e} + 27 (e} (-1)f"(c)

2" ey =3[/
=95f{e) <0,

and the result follows from Theorem 1.5.4 (iii).

(11} This now follows from Theorem 1.5.4 (ii) O

Remark 1.5.8 The above proof shows how the Schwarzian derivative arises from
differentiating ¢ = fo f = f* In the case where f'{e) = —1, it follows that

/() =0 and S5(6) = 4"(c)

Example 1.5.9 For the logistic map L,(r) = px(1 = 1) we have
L:I[:r:] = - Ell.r.l'. f.-::[:?‘] = —.:.'If.i and [.-::’I:.L} =1b
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When g = 1, & = 0 is the anly fixed point and Theorem 1.5.4 (i) shows that = = 0 is
seind-stable (attracting on the right). However, we regard this as a stable fixed point
for L, detined on the interval [i}, 1], since points to the left of 0-are not in the domain
of Ly

When p = 3, ¢ = 2/3 is fixed and L] (2/3) = =1 giving a non-hyperbolic fixed
point. However, Sf(2/3) = 0 — 3[6]" < 0 (negative Sclwarzian derivative), so by
Theorem 1.5.7 (i), » = 2/3 is asymptotically stable,
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Exercises 1.5
1. Show that flar) = =20+ 22"+ has two non-hyperbolic fixed points and determing

their stability

2. For the family of guadratic maps Qu{r) = #* + ¢, ¢ € R, use the Theorems of
mection 1.9 to determine the stability of the fixed points for all possible values of ¢
Find any values of ¢ so that (3, has a non-hyperbolic fixed point, and determine their
stability.
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3. Find the fixed points of the following maps and use the appropriate theorems to
determine whether they are asymptotically stable, semi-stable or unstable:

o

(i) fix) = §+ % (ii) flx) = arctanz, (iit) f(z) = 2* + 2 + =,

a . B il #51y
[]'l.:'] dﬂ:T} g :EH- — gL I:-"|.’l:| fl'-r:l — { 0.8?1 ij_:} ;:f .rr;: .I.!-.:Ilg

4. Let flr) =0z +ba 4o, 0 # 0, and poa fixed point of I Prove the following:
{i) If F{p) =1, then g is semistable.
(it) If f'{p) = =1, then p is asymptotically stable,

gy
b: IEfly) = :J—:‘;, a,boe.d & B is the linear fractional transformation, show that
i

its Schwarzian derivative i Sf{x) =0 for all 2 in its domain,

[z}

G. IESf(x) is the Schwarzian derivative of fiz), a €% function and Fz) = T
show that S5f(x) = F'(x) — (F(z)}*/2.

- [ff ‘R — Ris definsi h:l'l .Ir[".r"l:l — oL H]H‘!'L"T] ;i j:l‘zég X

of f and show that for z # 0 they are non-hyperbolic, Show that = = 0 is not an
isolated fixed point (i.e., there are other fixed points arbitrarily close to 0), Is + =0
astable; attracting or repelling fisxed point?

find the penodic points

8, {[37]) Let N¢ be the Newton function of & four times contimwously differentiable
function f. If fia} = 0, show that | o) = 25f(a), where S is the Schwarzian
derivative of f,
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9. {a) Use the Intermediate Value Theorem to show that i) = cos(z) has a fixed
point ¢ in the interval [0, 7 /2], We can show experimentally that this fixed point s
approximately o= 730085, . for example by ierating any r € R.

(1) Show that the basin of attraction of ¢ is all of B (Hint: You may sssome that
@ € [=1, 1] - why? Now use the Mean Value Theorem to show that |flx)—e| < Ajx—c|
for some () < A < 1),

(¢) Does f{r) have any eventual fixed points?
(el) Can f{or) have any points pwith 2(p) = p other than ¢?

o e
i
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Chapter 2, Bifurcations and the Logistic Family

2.1 The Basin of Attraction

In this chapter we examine the basin of attraction of the logistic maps; L, for &
given ji and fixed point 7 = ¢ we look for the set of those » (i), 1] which converge
to ¢ under iteration by L, {x) = pz{l —z).

Definition 2.1.1 The basin af attraction By(e) of a fixed point © of flx) 18 the set
of all & for which the sequence x, = f"(x) converges to e

Byle) =z e X i f"(z) = ¢ ad n'— o).

The immediate basin of attraction of [ is the largest interval contaimng ¢, contained
in the basin of attraction of ¢, We first show that this is always an open interval when
e s an attracting fixed paint.

Proposition 2.1.2 Let f - R — B be a continuous function faving an attracting
fixed poant p. The -:mmm‘mtﬂ basin of attraction of p is an Gpen enterval,

Proof. Since p iz an aﬂrﬂ{tmﬂ fixed point there is ¢ > 0 such that forall x € [, =
(P—e.p+e), f'r) — pasn — oo, Denote by J the largest interval containing p for
which f*{z) = pfor r € J, as n — 2,

Suppaose that J = la, b, a closed interval, then there exists v € T+ with frla) € I,.
Now f7 is also a continnous function, so points close to @ will also gt mapped into
I, leading to a contradiction.

Meore specifically, there exists 8 > O snch that if £ —a| < §, then |7 ()= fr{a)| < n,
where 7 = min{[f*{a) = (p—¢)[.[(p+ ¢} — f{a)|}. Thus there are points 7 < a close
to a for which fr(x) & I, 80 f™(x) — pas n — a0, a contradiction. We conclude
that a & J {and similarly for b), so J is an open interval. O

Example 2:.1.3 1, If flx) = 22, the fixed points are ¢ = Dand ¢ = |. hoth hyperholic,
the first being attracting and the sccond repelling. Clearly B(0l) = (=1,1) and
He(l) = {—=1,1}. We sometimes regard ¢ = o0 as an attractive fxed point of f, s
that Byloc) = [—sa, =1) Wi (1, ac].

2 W f o0 — @is a continuous function on a closed interval T = [a, B having an
attracting ficed point p € (0, b), then we cannot exclude the possibility that the basin
of attraction includes either o or b, or both. On the other hand. if # =« is the



attracting fixed point, the bsaiu of attraction may be a set of the form |a, ¢) for some
e € (o, B Such a set can be regarded as being open s a subset of [a, ],

2.2 The Logistic Family

The logistic maps L, (x) = pr(l = &) are functions of two real variables ;o and .,
We nsually restrict @ to the interval [ 1] and consider g € ((L4]. p is a parameter
which we allow to vary, but then we study the funetion L, for specific fixed values of
g, As the parameter i is varied, we see o corresponding ehange in the nature of the
funetion L. This is what is called bifurcation. For example, for 0 < p < 1, L, has
exactly one fixed point in [0, 1], ¢= 0. which is attracting, As u increases bevond 1, a
new fixed poing ¢ = 1— 1/, 8 created in [0, 1], so now L, has two fixed points. ¢ = 0
is now repelling and ¢ = 1 — 1/p is attracting (for 1 < x < 3). At ¢ = 3 the nature
of these fixed points changes again as we shall see, In this section we determine the
basin of atteaction of these fxed points as y increases from 0 to 3. We see that the
“dypamics” (long term behavior) of L 5 quite uncomplicated for this range of values
of 1.

The function Ly {x) = pril — ), 0 < r < | has o maximum value of g/4 when
r= /2. Consequently, for 0 < g < 4, L, maps the unit intérval [0, 1] into itself. We
shall consider later what bhappens when g > 1. We start by showing that the basin
of attraction of I'J-I for 0 < p =2 1 05 all of the domain of .|",J,, namely [[I, []. We say
thiat (1 is a glebal attractor in this case.

Theorem 2.2.1 Let L,(x) = pr{l—a), 0 < ¢ < 1 be the logistee map. Forl) < p <1,
Be (0) =[0,1] and for 1l < p <3, By, (1—1/u)=(0,1).

We split the proof jnto a mumber of different cases:

Case 2.2.2 0< p<1. 1Be A
f il \,_.F-
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For 1 < p < 1, the only fixed point is 0,

We have seen that for € (0,1). L, has only the one fixed point x = 0 in [0, 1]
(the other fixed point is 1 — 1/u < 0} For p < 1 this fixed point is asymptotically
stable, but in any case -

Dep<l, D<l —r<l=0<cu(l —x)cil
<L) =pr{l-1) <2 xe()1]
and in a similar way, Lilx) < Ly(x)ete. so the sequence L 2] is decreasing, bounded
below by 0, and hence st converge to the only fixed point, mamely 0, It follows
that the basin of attraction is By (0) = [0,1) (L,.(1) = D),

Case 223 1< u<3y
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L =1 p <12 forl < < 2. 1=4pe>1/2 for < < 3

We have seen that for @ > 1 the fixed point 0 is repelling, but a new fixed point
e =1— 1/u has been “born” which is attracting (for 1 < g < 3). so by Proposition
2.1.2 there i a largest open interval = {a,b) containing the fixed point for which
w € I implies L3(r) — ¢ as n — oo, If the basin of attraction of ¢is B, (e), then
0,1 & Bule) beeause Li0) =0and L,(1) =0, s0 B,(c) # [0} 1}, Furthermore, clearly
a, b g Bl

From the Intepmediate Value Theorem, L, (a, b) is an interval which must be con-
tained in (a,b), for if & € (a.b), Li(L.(£)) — ¢ a8 n — oo, Let x, be a sequence
in (o, ) with lm, . r, = 0, then by the continuity of Ly e Lylwn) = Lifad,
Sinee 7, € (. b) for every 0o € ZY, we have L,(z,) € (o) for all n € 7. Sinee
Lyta) & (a,b), the only way this is possible 15 if Ly (a) = o or L,(a) = b, and similarly
for b, This is only possible if @ and b are fixed points, are eventual fixed points or
Lol = b L) = a (wo call {a, b} 8 2-cyele - see Section 2,3), We show that the
latter case cannot happen. and this leads to the conclusion that @ = 0 and & = 1.
since there are no other fixed or eventual fixed points in [0, 1] that can satisfy these
condition: Consequently, we muost bave B (1 —1/u) =10, 1).

Now we can check tha

L'f:{.r:l—;r = el —(p+1)a+20x° —pat) — o = (Pl =l p+ Ve p+ 0= p+1),

and o and b must satisfy this egoation. We can disvegard the linear factors as they
give the two fixed points. The diseriminant of the quadratic factor is p#(p + 17° =
et lp+1) = ) p+ ) (p=3) < 0for 1 < p < 3, sothere isno 2cvelewhen 1 < u < 3.
When g = 4, the diseriminant is zero, the fixed point is ¢ = 2/3 and the quadratic
factor gives rise to no additional roots; so again there is no 2-cyele. @

Remark 2.2.4 Note that when p =2, ¢ = 1/2 s asuper attracting fixed point (since
Li(1/2) =0). As we saw ubove the basin of attraction will be (0. 1),

Exercises 2.2

L I Ly(x) = ur{l — ) is the logistic map. show that @ = 1/2 is the only turning
point of L(x) for 0 < u < 2. but when g > 2, two new turning points are created.
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Use this to show that for 2 < u < 3, the interval 1/p5.1 = 1/4] is mapped by L3 onto
the interval [1/2,1 — 1/u].

2.3 Periodic Points

Points with finite orbits are of importance in the study of dynamical svstems and
their long-term behavior:

Definition 2.3.1 Let f: X — X he a function with e € X,
(i} ¢ i & periodic point of f(x) with period r € T+ if frie) = cand fYic) +# o for
0 < & < r (in particular, ¢ is a fixed point of 7). Wecall v the period of ¢ and the
st Ofc) = {e fle), Fledi-o 7 0]} is an reeyele. We write

Per, (f) ={r e X : f{r) =2},

so that Fix(f) C Per.(f), n = 1,2,..., since the points in Per,(f) may not be of
period n, but of some lesser period,

(ii) e is eventually periodic for f if there exists m € Z* such that f™(e) is a periodic
puint of f (we assume that ¢ is not a periodic point).

(iti} ¢ is stable (respectively wsymptotically stable. unstable ete. ) iFit is a stable fixed
point of f7.

The following eriteria for stability now immediately follows from Theorem 133

Theorem 2.3.2 Suppose that ¢ is a point of peviod r for f and that f'{x) is continuous
str=¢ Ifeg=FMYe), i=01,....r =1 then:

(1] ¢ is asymptotically stable if

|F'(ea) - Fler) « o)+ flesy)| < L.

{ii) e @8 unstable if

|F{ca) - flends Fload o flerag)| > 1
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Proof. Let us look at the cose where r = 3 as this is typical:
Ofe) = ii"- ffhl'n.f‘r{r]} Y {-I'Hh l'“j_pl".“g}.
Then

TP = g ) = PP = FPENF TN

= fiea) Fle) e, when b=,
The result now follows from 1.3.3. -

Example 2.3.3 If we look at the graph of the tent map T'(&), we see it has two fixed
points, ¢ = and ¢ = 2/3. If we graph T it has vight fixed polnts: These arise from
two deyeles: {2/7,4/7.6/T) and {2/9,4/9,8/9}, together with the two fixed points,
s thia

Pers(T) = {0.2/3,2/7,4/7.6/7.2/9,4/9,8/9}.

(BN
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The graph of T shows thst T lins four fived points coming from a 2-ovele {2/5,4/5)
and the two fixed points. Since [T(x)| = 2 and T2 ()| = |T'(2)||T*(Tx)| = 4, ete,
{except ot points of non-differentiability }, all these periodic poinits will be unstablo.



Example 2.3.4 Let f{x) = 1)z, & # 0,0 3 £1, Note that f2z) = x and flz) 2
for all such r, giving rise to the 2-evele {r,1/2}. In this case

|fle)f(Lfe)) =] - 1z (=a®) =1,

s0 the theorem is inconclusive. However we see that the periodic poinis are stable
but neither attracting nor repelling,

R x

Example 2.3.5 Consider the quadratic function f{z) = 22 — 2, We have seen that to
find the fixed points we solve flr) =r,or ' -2 =1 o — ¢ 2= (g=2z+1)=1;
sor=2 00 = =1,

To find the period 2-points we solve f2(@} =z or f*{2) —x = 0. This s simplified
when we realize that the fixed points must be solutions of this equation, so that
| =23+ 1) is a factor, We can then check that

Plz) —e=2'—4a? 549 = (o = 2)(x + 1)(a” +x—1),



Salving the quadratic gives
~14+5

T =
ikl ~Ai=niE
=
quaddratics can be complicated, Il f{r) is a quadvatic, f*(x) — r is a polvnomial of
degree 2°,

so that { bis & 2cycle. In general, finding periodic points of

To check the stability, we caleulate
IPU=1 =512 ((=1+ v5)/2) = (-1 = vB)(-1+ V)| =|1-5=d=1,

giving an unstable 2-cyele,

Remark 2.3.8 1. As hefore, periodic points can be stable but not attracting {as
above with flx) = I/x at 2 # 1}, They can also be attracting but not stable as in
Example 1.4.7).

2. Functions such as f(r) = sine can lisve no period 2 points or points of a higher
period since this wonld contradict the basin of attraction of & = 00 being ull of B,
Similarly, the logistic map L, 0 < 5 < 3 cannot have period n-points for n > 1.

Exercises 2.3

1. For each of the following functions, ¢ = 0 lies on i periodic eyvele, Classify this
cycle as attracting, repelling or neuatral | non-hyperbolic), Say if it is super-attracting:

(), ) =

I
cosx, (i) glr) = —E:e:*— s2 41

|-.-| =

2, {a) Show that C,(r) = peos(s) has # super-attracting 3-oyele 10,4, 72} where
o= Aand A satisfies the equation Acos{A) = 7,2,

(b} Give similar conditions for Sule) = psin(r) to have (i) a super-attracting 2-cyele,
(ii} a super-attracting 3-cvele.

(e} Explain why for families of maps, say F,, one member of a super-attracting n-cycle
s o super-attracting ficed point (fora different value of ).
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3. Find the hxed points and the period two points of following maps (if any) and
determine the stability of the 2-oycle:

1 —=x
e +1

; 22 1 A fi
(i) Hz) = —=a+=, [ii) fiz}= u—; (b=£0), (i) flz)=

g g (i) flw) = 21|,

4. Let Q.(x) = 224 ¢, Show that for c.< —d/4, G} has a 2-cyele and find it explicithy.
For what values of ¢ is the 2-cyele attracting?

5. Let f{r) =az* +br+e a# . Lot {ag,x]} be a 2-cvele for fiz),

(o) If f'ira) f'{r) = =1, prove that the 2-cycle is asymptotically stable.
(b) I f'{xa) f'{xy) = 1, prove that the 2-evele is asymptotically stable.

6. Let flz)=as—br+1, a# 0. If {0,1} isa 2-cyele for fix), give conditions on a
and & under which it is asvmptotically stable.

7. Let fir) be a polvnomial with fie] = e

(i) If f'{e) =1, show that (x — ¢)* is a factor of g{z) = fiz) — .

(i) If fi{e) =1, or f'le) = =1, show that (x—c)® is a factor of h{x) = Pzl — = (1e.,
if f(x) has-a non-hyperbolic fixed point ¢, then o is a repeated root of f2(x) — x).
Hint: Recall that a polynomial piz) has (z—e)? as a factor if and only if both pley =10
and p'{e) = 0.

(ili) Show in the case that f'{c} = —1 we actually have that (x — ¢} is a factor of
hiz) =z} — .

{iv) Check that (iii) holds for the non-hyperbolic fixed point z = 2/3, of the logistic
map Lalz) = 3x{l —x),

{v) Check that (i), (ii) and (iii) held for the (non-hyperbolic] fixed points of the
polynomial f(r) = —2¢* + 22% + .
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8. Let f: IR — B be a function which is differentiable everywhere. If {zp 20, . ooz}
is an n-cycle for f, show that the derivatlve of f* is the same at each 7, | =
4 EA n—1.

B, Show that if xy is a peridie point of f with period n and f™(xy) = 5 m € T+,
then m = kn for some k € Z*. (Hint: Write mi = gn+ r forsome r, 0< r< n and
show that v = 0)

10. Show that if f(r) = & and fY(x) = 7, and n is the highest common factor of
poand g, then () = 2, (Hint: Use the previous gquestion and the fact that every
commen factor of poand g is a factor of r).

11, (i) Let f: K — R bean odd function (fi—z) = —=f{z) for all z € R). Show that
= U} is a fixed point and that the imtersection of the geaph of £ with the line y = ==
gives rise to points e of period 2 (when % ().

(b) Use part (a) to find the 2-cycles of f: R — R, flz) =2 = 3¢/2 and determine
their stability.

(e)) Let f: B — K be an even function (fl—x) = f(x) for all r € B), Show that
the intersection of the graph of [ with the line y = — gives rise to eventually fixed
points ¢ {when e # 0), What are the eventually fixed points of f(z) = cos(z)?

12, a) Lot flz) = { J'.'HIII.[I:EILH':' Il:' iig

their nature/stability. Show that 2 = () is & nen-isolated fixed point of f (there are
fixed pomts of f that are arbitrarily close to ). Find the eventual fixed points of f
[note that fir) isan even fanetion).

Find the fixed points of f and determine

(B} (Open ended question) Discuss the stability of the fixed points of f(r). their
hasins of attractions and the existence of period 2-points. Note that f{x) < & for all
re R,



48

roos(lfz) if o0
(), Howe:aat gie) = { s 0
that m this case there are period 2-points (Hint: note that g(r) is an odd function -
see the previous question),

. Find the fixed points of ¢, and show

2.4 Periodic Points of the Logistic Map

We try to find the 2-cveles of the logistic map L, () = pe{l — ), 0 <2 < 1. To
do this we solve the equation
Llj () =,
o
pr{l =)l = pz(l —a)]|—2=0,

—pzt + 2t — A et -2 =0,
Clearly r is a Factor (since ¢ = 0 is o fixed point of L,(x)} and similarly  — (1=1/p)
must be a factor so we get
LA(2) ~ = —a(jim — s+ 1) — gl D i41)
giving a quadratic equation which has no roots if u < 3:
2t = g+ 1+ p41=0,
Solving using the quadratic formula gives
i+ 1) e+ 1 = L+ 1)
= 2
_ () £ =3+ 1)
2y '
This 15 real ouly for g > 3 {called the “birth of period two"), Let us call these two

roots ¢ and ey (dependent on p),
This 2-cyele is asymptotically stable if

(LN ()] = |LL[C;]LL[L':2}| 47

[

O
-] |”=[1 —EE]}[]. eny EE"_!:' = II

1< (=1 =/ (g =2 =31+ (2= 2 = 3)) < 1,
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~l<l—(—u—-3) <1,
and this gives rise to the two inequalities
W —2u—3>0 and p* —2u—5<0,

and solving gives
dcpu<l+ 1,-"'E

This is the condition for asvmptotic stability of the 2-cvele {ey, e}
For g = 1 + /6, it can be seen that

Lile)Ele)=—1, and 5L} <0,

so Theorem 1.5.7 (i) shows that the 2-cyele is asvmptotically stable, Also, the 2-cvele
is unstable-for ¢ = 1+ 6. In summary:

Theorem 2.4.1 For 3 < i < 1+ 0. the logistic map L,(x) = pell — ) has an
dasymptoticelly stable 2-cycle. The 2-cycle is unstable for g > 1+ 6.

The above shows that we have a bifurcation when g = 3 where a 2-cyele is created
iand which was not previously present, There is another bifurcation at g = 1 + /6.
This means that for 3 < u< 1+ 0, when we use graphical iteration of points close
to ¢y and e, they will approach the period 2 orbit, and not the fixed point [which is
now nnstable), o fact it can be shown that for this range of values of g the basin
of attraction of the 2-cyele consists of all of (0, 1), {except for the fixed point 1 -1/
and eventual fixed points such as 174, When poexeeeds 1+ 6 = 3449499, ., the
period 2-points become unstable and this no longer happens, but we shall see that
sotething different happens. We have another bifurcation when g = 1+ /6, with
the birth of an attracting period -eyele,

2.5 The Period Doubling Route to Chaos

We summarize what we have determined so far and talle abonr what happens as p
inereases from zero to around 3.57.

For y¢ < by i= 1, &= 018 the only fixed point and it is attracting for these values of
ft. There is a hifurcation at &y = 1, where a non-zere fixed point ¢ = 1— 1/t is created.
This fixed point is attracting for g < 3 (and ¢ = 0 is no longer attracting) and super
attracting when g = 5; = 2. The second bifurcation occurs when p=b =3 The
fixed point ¢ = 1 - 1/p becomes unstable, and an attracting 2-cycle is crested for
Jcpaltb=1
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2.5.1 A Super-Attracting Period 2-Cycle

We saw that when y = 2, e = 1/2 isa super-attracting fixed point for L,. We
now look for a super-attracting period 2-cyele for L, when 3 < < 1 4 6, as it
llustrates an important general method that can be used for finding where period
three s horn:

Suppose that {x). ra} isa 2-cyele for the logistic map Ly, which is super-attracting,
then

Ty = pra{l —wy), and @y = pry (1 — o),
so minltiplving these equations together gives the equation
1 — 20X — ) = 1.
In addition we must have
(LY () = Ll ()L (g) = 0,
50 that
B =20 — 25 = 0.
Thus either @y = 1/2, or 13 = 1/2, 80 suppose the former holds, then s = /4.

Substituting into the first equation gives

0L — (1 = 172y =1,

pt = A 8 =10
it — 2 must is a factor of this cubic, 20 we have
(p—2)(p* = 2u—4) =0,
and this gives i = 1+ /5. We have shown:

1+ /5
4

Proposition 2.5.2 When ¢ = & = 1 + /3, {1/2,
Leyele for L.

} 15 & super-attracting

When g exceeds by = 1+ B, the 2-cvele coases to be attracting and hecomes
repelling. In addition, a d-cycle is ereated which is attracting until u excerds a vilue
by when it becomes repelling and an attracting &eyele is created, This type of period
doubling continues so that when g exeeeds b, an attracting 2" -evele is created until
# reaches by, These eycles become super aftracting at some s, (B < S < Boyq ),
This behavior continues with 2%-¢veles for all n € B+ being created, until j reaches



approximately 3.57. In other words, for b, < g < bo.y, L, has a stable 2"-cyele, It
can be shown that b = limy, .o b, = 3.570 approximately,
Although b,y — b, = () a8 n — oo, it can he shown that

nru i hu—l

litii =4 = 46692016 ...,

Atk |II-"|r=l ~ ’-'.u
(called Feigenbawms's number), Feigenbanm showed that you get the same constant 8
in this way for any family of unimodal mags ( f, () is unimedid if Ful0) =0, fa(1) =0,
[y s continnous on [0, 1] with a single critical point between O and 1),

2.6 The Bifurcation Diagram.

The behavior described above can be illustrated graphically nsing a bifurcation
dingram. To create a bifurcation diagram we plot x, 0 < p < 4 along the r-axis,
and values of L {x) along the y-axis. The idea is to calculate (say) for each value
of p the first 500 fterates of some (arbitrarily chosen) point ey We ignore the first
450 iterates and plot the next ), 5o for example, if 1 < p < 3, because the fixed
point 1s attracting, the iterates will approach the fixed point 1 — 1/, so for n large,
what we see plotted will he (very close to) the value 1 — 1/ For 3 < p < 1+ 6
the fixed point has become repelling, so this no longer shows up, but the 2-cycle has
become attracting. so we see plotted the 2 points of the 2:evele. This continues with
the d-cyele, S-cyele ete. This is called the period dowbling route to chins,

way'
First we define the logistic map for g = 1, and then a function of two variables:

flx Jimxll-x)

hix:  a 1= a»f[x]

For a given o€ [0, 4] we pick r € (0,1) randamly and iterate hiz, o) 100 times,
amce this gives rise to a sngle number, we can define o function as the autpuat:

gla_]:=(
klx_):=hilx,a]:
A=Nestlist[k, Random[Real, {0,1}], 100]:



Return[A[[10011]
)

Now we generate & list using the Table command for a € [1, 4]:

B=Table[g[j/1000] ,{j,1000,4000}] ;

and now we plot this list:

ListPlot[B, PlotStyle->PointSize[0.001],Ticks->False]

=
e

nh
%H : ?n"'ﬁic'l

4514 v £500

The bifurcation diagram for the logistic map,

2.6.1 Where Does Period Three Occur for the Logistic Map

If we look at the graph of L} for values of g close to 3.8, we see that is where a
F-oyele is created,;
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The Graph of L3 () for p =1+ 5.
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The Graph of L {z) for p > 1+ .

We aim to show that this happens when g = 1 + 8. For values of slightly
smaller than this we only see the two fixed points, For fo =1+ /8 we see that a
3-cyele is born, and for larger values of 1, we see two 3-cveles. For a small range of

values of p, the 3-cycle is attracting,
To show that the bifurcation occurs when g = 1 + /8 we follow the argnment of

Feng [16] (see also [5], [17] and [42]):
Period. 3-points of L, sconr whers £2(x) = &, 5o we look at where
L)~ =10,
To disregard the fixed points of L, we set
gula) = %—3:—;
Using Mathematica (for example) we can check that
gule) = pfr" — (1" + 8% 4+ (' + 45 - 3Pt — (e + 3 + 508 + 0®
S T N TR VTR i S TG, FL e, e+ L4+t
SBet A =7+ 24— #% and let
hulzd = gul—=/p),
theu
Buylsd =4 (41t (I du 4 1t (07 + Bp® + B+ 1)2°
H2 + 30+ A+ 1) £ (P 2P+ 2+ Dz 4 a1,
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crayvaif .H,u+ 1 A t;¢+a]_ﬁ - ﬂ-___ 5 3
kalZ) {h 3 ——— - 2{2 + 3 j' ) 3 +;1_{-= 1zt

then we can check that k() = b,() forall = (e, using Mathematica).
Note that

A0 for p<l+v8, A=0 for u=1+vE and A<0 Tor =14 4/8.

This means that for g < 148, li,(3) >0 for all = (we say flz) e positive: definste).
so caunot have any roots, Le., g.(x) = 0 has no solution, so L, cannot have any
J-oycles. We summarize this as follows:

Theorem 2.6.2 [16] (i} If 0 < p < 1+ 8. then h,(z) is positive definite and the
equation h, [z} = 0 does not have any feal roots, Consequently, the lagistic map L)
does not have a F-cyele,

[IlJ .Irf =1+ ".-""E tfen jJ.HI::EJ'I = [ hes three disfinet roofs, each uf mutfiplicity two,
These-three roots constitute a S-eyele for L,(r).

({if) £f pe =1+ /8 fwith o — (1 + 8 suffictently smiall), the equation h,(z) = 0 has
sen simple roots which give vise to two 3-cyeles for L,(r).

Proof. (i) If 4 < 1+ /8, then since h,(z) is positive definite the result follows.

(ii) If g =14 /8, then A = 0 and the equation becomes
. 2
halz) = (;* + (24D (54 4Dz + 3+ JE) _

The resulting cubic can be solved using the cubie formula to give theee real solutions,
23, 23, =y ol these can be used 1o give the thres solutions w g (2] = 0, corresponding
to the 3-cvele of L, (x):

2T | e J) 2432

1
Tp = T L bt (E‘unm{_ﬁ -~ 3 7

k=012

(see the graph of g, (2} below),

(iii) For A < 0 we can factor h,(z) = hi{z)ha(2) using the difference of two BEJIATES,
anil then use the Intermediate Vahue Theorem on eich of by (2) and hy(z), to see that
they each have three different roots corresponding to two J-cyveles, which can then be
shown to be distinet (see [16] for details)., O
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Example 2.6.3: A Super-Attracting 3-Cycle for the Logistic Map

Recall that super-attracting periedic points ocour where the derivative is zero, so

for a super-attracting 3-cyele {e, oz o), we require
(L3)er) = Liden ) B (ea) i () = 0,
e,
(1 =2 (1 —2e2)(]1 — 205 ) = (),
sOowe may assiume o = 172, This means that r = 1/2 is-a solution of the equation
Lix) =, or Ly{1/2) = 12 But if p satisfies the equation L,(1/2) = 1/2, then
it will also satisfy the equation involving the thicd iterate. Consequently we solve
for g g, (1/2) = 1/2, where g,(x) = (L} {x) — 2)/{Lu{r) — ) ns defined in the last
section (this eliminates the root g = 2 which gave rise to the superstable fixed point
at ©=1/2]. We abtain
ér‘tm + 32+ 160° — 247 — 4 + 605 — ") =0,
Set
pla) = a® — 6o° + 4a' + 240 — 16a® — 320 — 64,

then Mathematica indivates that there is a single veal root g larger than 1+ V'8 with
exact value

fin = El {ﬁ i 3\,#;3 (11 + 2 22425 — 3VBD) 4+ 2. 2225 + :wﬁ]”ﬂj }
1

Mathematica is able to solve this equation exactly because it can be redieed to a
cubic (and then the cubie [ormula may be used
Following Lee [26], replace a by o+ 1 and check (using Mathematica) that
pla+1) =a" — 1la' + 350" — 80 = §* — 115" 4 356 — 80,
4 cubic in b = * which can now be solved exactly for b, then for a, from which the
original equation can be solved, Tt is seen that
po = 38318740552, . . .
The other period 3-points may now be found since ¢ = 1/2, ey = L, [1/2) = ppfd =
0,095796.. .. and &5 = L;‘,Illl[l_.-"E] = i A1 = jepf4) = 0. 16248:.. .

Example 2.6.4: The 3-Cycle when g = 4

When g =4, Ly(x) = 451 — ). In this case we have
gilz) = 40062 - 13312 4 166400 — 10048 + 30240% — 4200 + 21,



i
and we can check using Mathematica (see also Lee [27)
gilz/4) = 2% — 130" + 6507 — 157" + 18027 — 1052 + 91
= (27 — Ta? + M — (e — 6% + Ox — 3],

the product of two cubics, The solutions give a pair of 3-cveles, which we will show
are given by the following theorem:

Theorem 2.6.5 For the logistic map Li(z) = 42(1 — r) we have:
(i) The 2-cycle 1s {sin®(x/5), sin’(27/5)}
(1) The 3-eyoles are
{sin®(m/7), sin®(2n/7), sin®(3n/T)} and {sin’( /9), sin?(27/9), sin(dx/9) .

Proof, Reeall that the difference equation ryey = .:1_[:n{1 —F,).n=0,12_ . . has
the solution
Eo = sin° (2" aresin Vg -
This was obtained by setting », = sin?(#,) for some t € (/2] (n=1.2..)80
that
st (1) = 4ain?(d,)(1 — B (fy)) = 45 (8, ) cos* (8} = sin® (26, ):
We can use this to show that sin®(f, ) = sin®(48, 1), s0 in general

T = sin’(#,) = siu?{?“ﬂnj, where #; = arcsin 4 /7g ).

In particular we have

# = arcsin ( v/sin® E&i'n) = { 20 for 0 <éy<w/d

m—2 for mfd <8y <x/2

Applying this to the situation where we have a Zeyele {eo e}, i o = sin® (8;), we
get ty is equal to 48, 7 —28,. 27 — 48 or 7 — 46, This gives fl = Doar § = w3 (giving
rise to the two fixed points) or fy = 7/5, or 27 /5 from which the result follows, A
similar, but more complicated analvsis gives the -eyeles. O

Remark 2.6.6 Using the above ideas, if we want to find the period n-points of Ly,
we solve the equation LY (z) = . When 2 = sin®(#), this becomies

sin®(#) = sin?(279).
This gives rise to the two equations

T =2"0+2kr, or +H= (2k+ ljw — 28 for scome ke 7.
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This can be summarized as a single equation:

kw
+8 =2"8 + ks l=— n=123...%
T =5 L1 =123 hEE
g0 that
L ani—1 i -1
Per,,[l.l]={z.m{l}”_1}: A< ke? }U{Hitl[qh_bi]:ﬂ{k"_::gﬂ |3

It follows that Ly has points of all possible periods. We shall see that the set of all
periodic points constitutes a “dense” set in (), 1] and each of these points i= unstable.

Exercises 2.6

1. Recall the family of maps defined by S,(x) = peinlr) for # € [0, 7] and g € [0, 7],
Use the Mathematica commuands below together with the ManipulatePlot command
teb estimate the vadues of @ where periods two and three are born, Use

hla_,x_]:= a*8in[x]

gla_,x_]:= hia,kla,x])
kla_.x_]:=hla,hla.hla x]]]

Manipulate[Plot[{x,gla,x]}, {x, 0, Pi}, PlotRange->{0,Pil},
AspectRatio->Automaticl, {a,0,Pil}l}

(Click on the 4+ at the end of the Manipulate line to obtain the Animation
Controls).

2. Maodify the bifurcation diagram of the logistic maps to give a hiforcation diagram
for the family 5,. 0 < p < 7

3. Do the same as in question 1 for the family C,(r} = peosiz), ¢ € [—n. 7| and
e [0, w,

4. Can you nge the method of question 1 to estimate a value of g for which S, has a
superattracting 2-cvele. or 3-cvele?
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(1—a)

{]_‘_T],;L::-E_I'.

5. Let g (x) = ur

(a) Show that g, has a maximum at 7 = v2—1 and the maximim value is u{3—243).

(b) Dechuee that g is a dynamical system on 0,1 for 0 < < 3422 (Le. g.([0,1]) €
[0, 1]).

(c) Find the fixed points of g, for u > 1,
(d) Give conditions an g for the fixed points of g, to be atiracting,

(e) Use Mathematica to graph g

o and g, and estimate when & period 2-point is
created.

(F) Use Mathematica to give a bifurcation diagram for g,, for 0 < u < 3427



fil
2.7 The Tent Family T,.

We define another parameterized family in a plecewise hinear manmer: T, : [0, 1] —
[0, 1], 0 < p <2,
i i <112
e M e Bl o
ul ) { il —g) if 1f2<e<]1
When ¢ = 2 we get the familiar tent map Tix) seen earlier. 'We now look at the
parameter values 0 < ¢ < 2 {and later we shall see what bappens when g > 2, and
where T, 1 R — R) {0 < p < 1 we see that the only fixed point ise=0, fp=1,
thien all ¢ & [[]1 1|.-"2| are fixed points and if 1 < ¢ < 2; then there are 2 fixed points.
We look at each of these cases separately

I r
| /
]
I
|
i /I
! .
15 | Y,
¥
f s
| &
04+ Fi
| ;
i o
! i
12t P 3
|
1 -
£ p
(1K) a2 7] ugs ¥ L

Case 2.7.1 1) < u < 1. We see that 0 is the only Axed point of T, and if 0 < 2 < 1/2,
then 0 < T (x) = pr < r, and if 1/2 < ¢ < 1, then

|
0= Tyle)= pll —2) < l—,rr-:;'ﬁ-r:,r,
s in a similar manner to what we have seen previously, the sequence T () is decreas-

ing, bounded below by 0, 5o must converge to the fixed point (0. Thus By, (0) = [0, 1].

Case 2.7.2 y=1 Clearly if 0.< < 1/2, then Ti(2) = &, 50 is a fixed point. and if
1/2 < &< 1. then = 15 an eventuil fixed point since

TiHa) =Tl —a)=ux

The fixed points ave stable but not attracting.
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Case 2.7.3 1 < p < 2. There is a bifurcation at it = 1 with a second fixed point ¢
created, 1/2 < ¢ = 1. We solve Ty(a) = & to find this polnt:

Til®) = all —a) ==, -sothat we

T4 u
Since |T,(x)] = it > 1 in this case, the fixed point s repelling.

R R T T TR

Case 2.7.4 u = 2. In thiscase Ty = T, the faniiliar tent map. The fixed points 0 and
2/3 are repelling. This time the range of 7' is all of [0, 1]. T has the effect of MAPPIng
the interval (% 1/2] onto all of [1,1] and then folding the interval [1/2,1] back over
the interval 0. 1]. It is this stretehin g and folding that gives rise to the chaotic nature
of T that we will see later, and is typical of many transformations of this type. We
will examine the periodic points of T in the next section.

2.8 The 2-Cycles and 3-Cycles of the Tent Family

At some stage for u = 1 a 2-cyele is created. [t is interesting to use Mathematica

to do a dynamic iteration of T to see how this happens (use the ManipulatePlot
conmand described in Exercises 2.6, hut with

hix_,a_]:= a*Piecevise[{{x, x < 142}, {(1-x), 1/2 < 2}}]
in place of a*Sin[x]), It can be checked that for TP - T:f is given by the formula

I if 0sr<k
o i1 — g f ~<g<i
T‘:f,i'] — = / { ” ] ¥ ?.I" =& |
u pll = g+ ) if FeurEl—-=
{1 —x) g R



The 2-eyele is created when T2(1/2) = 1/2; i.e., when
pll =2y =1/2 or (u—-1"=0, p=1,

so the 2-cycle appears when g > 1. For p < 1, there are no period 2 points, The
2-ovele {ey, 03} say, is unstable sinee

(T3 (e}l = |Tal e} Thea)l = p® 1.

For example, if we solve p(l — ur) = 2, wepet ¢ = 1—:.’;! and solving p* (1 -z) =z
gives oy = J—EF as the period 2-points. Solving p(l — g+ pr) = r gives ¢ = TfT. s
the [non-zero) fixed point.

!.I.lI _.-'"'

. /

=
RPN e
3
F
y
;

i
ng 03 e TR T ]':f for i =1 (hut close to 1}.
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0 T2 for g > 1.

We now look for the smallest value of 4 for which there exists a d-cvele. In g similar
way to the situation for the 2-cvele, we look for where T 41/2) = 1/2 and we compute
the value of the largest root of this equation. In general (see Heidel [19]) the smallest
value of g for which there exists a periodic orbit of period k is precisely the value of
g for which 1/2 has period k. Using the formula for TH1/2) = p(l = ;t/2) above,
then since (1 — p/2) < 1/2 for all i, we oot

T2 = (1= uf2) = 1/2 when p®— 242 41 =10,

or (p— (' —p—1) =0 Disregarding p = 1 and solving the quadratic gives
=11+ v5)/2 as the value of jr where period 3 first oecurs,

In general 1t can be shown that for & > 3 odd, period & first oceurs when e is equal
to the largest real root of the equation

lu'" - ‘31.:"“' R o E‘u*_a +eo=2n+41

- [“ . J-_]{F*_I s Iu-'-'-'ﬂ _#Jl—:'l +|”J:—11 _Iu]:—ﬁ 2 Fk_ﬂ""i'f‘_ I] = HI
s0 has ge—1 as a factor (see [19]). We will return to look at the tent family in Section
6.4

Exercises 2.8

L. Find pe € [0, 2] such that ¢ = 1/2 is periodic of period 3 under the tent map T, {50
that {1/2, u/2, (1 — u/2)} is 8 Fevele).

2, For o> 1, show that T, hias no attracting periodic points,
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3 Lyl#) = pe{l — @) is such that ¢ = 1/2 s n-periodic for some n < T+, prive
that 1,2 is an attracting periodic point, Is it necessarily a super-attracting periodie
point”

4 Modify the bifurcation diagram of the logistic maps 1o give a bifurcation diagram
for the tent family Ty, € [0, 1] and & [0, 2],
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Chapter 3. Sharkovsky's Theorem

3.1 Period 3 Implies Chaos. In 1975 in a paper entitled “Period three implies
chaos™, Li and Yorke proved a remarkable theorem:

Theorem 3.1.1 Let f : X — X be a continuous function defined on an interval
X C R flr) has a point of period three, then for any kb = 1.2.3.. .., there is a
poind havng period k.

This paper stirred considerable interest and shortly after it was pointed out that a
Ukrainian mathematician by the name of Sharkovsky had in 1964 published a much
more general theorem (in Russian) in o Ukrainian journal, His theorem was unkmown
in the west ontil the appearance of the Li-Yorke Theorem. To state his theorem
we need to define a new ordering of the positive integers Z*. In the “Sharkovsky
ordering”, 3 is the largest number, followed by 5 then 7 {all of the odd integers), then
243, 2-5, {2 times the odd integers), then 27 times the odd integers ete.. finishing off
with powers of 2 in descending order:

dohoTe--62-3p2-56 .02 362 . 55 - 2" 0 [ TP 5 Ll SRR I S, 1 1.

Sharkovsky's Theorem says that if a continnous map has a point of period &, then
it has points of all periods less than & in the Sharkovsky ordering. The converse is
also true iu the sense that for each & € Z* there is a map having points of period E,
but no points of period larger than & i the sharkovsky ordering.

Theorem 3.1.2 (Sharkovsky's Theorem, 1964.) Let [+ X — X be o continuons
ap onan anterval X (where X may be any bounded or unbounded subinterval af B ),
If [ has a point of period k., then it has points of peviod v for all v € Z% with ko,

For example, this theorem tells us that if f has a 4-cyele, then it also has a 2-cyele
and u I-eyele (fixed point). If f has a 3cycle, then f has all other possible eycles. If
[ has a G-cycle, then sinee 6 = 2-3, f will have 2-5,2-7,...2%.3 2.5, -cycles, ot

We omit the proof of this theorem, but shall prove the case where kb = 3 (ofien
known as the Li-Yorke Theorem because of their independent proof of this result in
1975). James Yorke is a professor at UMD, College Park and Li was his graduate
student. A few yedrs ago, Yorke and Benoit Mandelbrot were awarded the Japun Prize
(the Japanese equivalent of the Nobel Prize) for their work in Dynamical Systems and
Fractals ( Mandelbrot is regarded as the “father” of fractals, and we will review some
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of his work later), In order to prove this result we shall need some preliminary lemmas,
The first was proved in Chapter 1 (Theorem 1.2,9).

Lemma 3.1.3 Lef f; T — B b a continuous map, I an interval with J = f{I) 2 1,
them flx) has o fixed pownt i [,

Lemma 3.1.4 Let f: I — R be o continuous map. IFJC fll) is a closed bownded
interval, then there crists o elosed beunded wmterval K C [ ith f ()=

Proof, Wrile J = éﬂib] for some n,be R, a <5,
There are r,5 € [ with f(r) =a and fis) = b Set

A=y where yel, |y—r| isaminimum, and f(y) =8,

(4 exists from continmity and f{#)} = b 7 iz the point of I that is closest to + with
the property that £{3) = b). Similarly, set

i =1, where r lies between 3 and r, le = | is & minimum, and flr)=ua

(possibly equal to r), so as before fla) = e In this way, there is no ¢ € (e, 3)
where flc} = a, or fle] = b Then the closed interval K (either K = [o, 5] or
K = [d.a]) hes the property f{K) = lee, B]. simee firstly; fla) =a, f(3) = b, so by
the Intermediate Value Theorem [a. 8] € f{K). On the other hand, if K, then
w = f{z) for some £ between o and 3. This must give f(z) € [a, ] since otherwise,
anather application of the Intermediate Value Theorem would contradict the chaices
of o and 3. O

3.1.5 Proof of Sharkovsky's Theorem for & = 3

We are assuming that f has a point of period 3 so theve is & 3-cvele {a, b, e} with
fla) =0, fib) =¢and fir) = . We assume that 4 < b < ¢ (the other case with
a < o< bmay be treated similarly ),

We give the idea of the proof by showing why there st be poaints of peried one,
two s four. Let

lo ] = Ly and [boe]= L.
Observe thal
Filo) 2 Ly amd f(Ly) D Lyl Ly,

Case 1. [ has a fixed poiut.
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Sinee
Filq) 2 Lyuly

|
Lemma 3.1.3 implies that £ has & fixed point in L

Ly,
I
Case 2. f has a point of period 2.
This time we nse
F{ly) 2 Lo ULy 2 Iy,
s by Lemma 3:1.4 there is s set B C Ly such that f{B) = L;. We then have

4B} = f(Ly) 2 L 2 B,

so by Lemmia 3.1.3. B contains a fixed point ¢ of f2. ¢ is a period Z-point of f (and
not a-tixed point of f) because

He) € Ly and € Ly, so0 fle) £ e

Case 3. [ has a point of period 4.

The above two constructions do not illustrate the general method, but the fullowing
construction is easily generalized to any number of fixed points greater than 3. Our
aim is to show that there is a subset B of Ly which is mapped first by £ into Ly, then
into Ly again, then onto Ly and then onto L, so that f4(B) 2 B. Thus f* has a fixed
point ¢ in B, which camnot be a point of lesser period because fle) € L, Fle) e Ly,
fHe) € Lo and fi(e) € B (so cannot have fle) =, fe) = or Fie) = e).

It s useful to think of 5 copies of Ly U L) with f mapping the ficst to the second
ete. as shown:

We find sets By, By and By as follows:
)2 Ly, flE) 2 Lyuly,

so there exists By C Ly such that f{ 8] = L.
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There exists By € Ly such that f{B:) = B and there exists By © Ly such that
fiBs) = By, Set B = By, then
f(Bs) = f(By) = By, andso fYB)= Lo, fY(B)=L) 3 Bs

In other words f1{B) 2 B, so there exists © € B, a fixed point of %, which is not a
point of period 3 or less, so must be a point of period 4, O

In general if a function has points of period 4 the most we can deduce s that there
are points of period 2 and fxed points, However, the following is trae:

Proposition 3.1.68 If [ [ — [ is-continuous on an inferval 1 owith
flay="b, f(b)=0. fley=d, fld)=a, n<bor<d
then flx) has a point af periad 3, 5o also has points of all other periods,
Proof. We may assume that
(b= (b, fiboel = [, flevd) = [a,d]
In particular, there exists By C [e.d] with f{B) = [e.d]. There exists Bx © [e.d

with flBz) = [b ¢].
Take Ky € By with f{K,) = By, then

P = fABs) = f[bd = [6,d] D K,

50 f* has a fixed point in K which is not a fixed point of flx).

The above proofs can be summarized with the following type of result:

Proposition 3.1.7 Let f : I — [ be a continuous map, and let 1, and I; be two closed
subintervals af [ with at most one poent i commaon. If f(1) 2 Iy and f{I;) = Luls,
thenm f has a S-eycle.

Proof. Exercise: Usethe ideas of the proof of 3.1.5. .

3.2 Converse of Sharkovsky’s Theorem
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As we mentioned, for ench m € 2% in the Sharkovsky ordering of Z+, Sharkovsky
showed that there is a continuous map f: 7 — | (£ an interval), such that f{r) has
a point of period m, but no point of period & for ko The following were shown
(a8 usual, I is either the real line or an interval):

Theorem 3.2.1 For every k € Z, there erists o confinuous map f: I — I that has
a k-cycle, buf has no cycles of period n for any n appearing before k in the Sharkovskiy
ardering.

Theorem 3.2.2 Therw exists ¢ conbinuons map f o0 — [ that has a 2-cycle, for
every i € IV and has no other cyeles of any other period.

Strictly speaking, Sharkovsky's Theorem is teally the combination of Theorem
3.1.2, Theorem 3.2.1 and Thecrem 3.2.2 (seer [32]), and sometimes the latter two
theorems are referred to as the converse of Sharkovsky’s Theorem (see 14]). We look
at some particular cases of this:

Example 3.2.3 Define a function f: |1, 6] — [1,5] as shown by the sraph helow (50
1) =9, fi2)=5, fia)=4, fla)=12 fla) =1,

with flx) piecewise linear between these points). Then f has a point of period 5, but
no point of period 3.

hi'- ._-_I__.-
P
.
*t i P
} ra " o
I ‘,f"{ L“‘HHH% -
L/ X
1
== \
z y \
o
___.-"" \
It - k=
' T F 5 f

Proof. Clearly no point from the set {1,2.3,4.5} is of period 3, but this set is a
S-eyele, Also, Theorem 1.2.7 tells us that f(z) has a fixed point ¢, 50 ¢ is & fixed poing
for 3. We shall show that £* has no other fied points. Suppose to the contrary that



7l

f* has another fixed point o, Now we ean check that:
L2 =25 2.3 =35, 4.8 =0.4]

so. f' cannat have a fixed point in the intervals [1,2], [2.8] or [4,5], s0 o must le in
the interval [3,4]. In fact f*[3,4] = [L,5] 2 [3.4] and we show that f* cannot have
another fixed point in (3, 4],

If v € [3.4]. then fla) € [2,4], so either f{o) € [2.3] or fia) € [3,4] IF the former
holds, then f(a) € [4.5] and *(a) (1 2] which is impossible as we have to have
fa) =a (3,4

Thus we must have fla) € [3.4]. so that f{a) € [2,4]. Again there are two
possibilities: if f*(a) € [2,3] then f*(a) € [4,5], ancther contradiction. so that
Pla) € [3;:4].

We have shown that the orbit of a: {a, fla), fAla)} is contained in the interval
3.4]. On the interval [3, 4] we can check that f(#) is given by the strajght line formula

Flx) =102z, and f(10/3) = 10/3,
so o= M3 1s the unique fixed point of f, Also
Fia)==10+4x, z)=30-— &,

also with the unique fixed point & = 10/3. It follows that f cannot have any points
of period 3. 1

Remark 3.2.2 The above can be directly generalized to give a miap having points of
period 2n + 1, but no points of period 20 < 1, n=2.3, ... .

Exercises 3.2

L. Use the ideas of Chapter 3 to show that if f : B — R is continuous and has a
Z-cyele {a, b}, then f has fixed point.

2. Show that the map f{r) = (2= 1/¢)/2 # # 0. has no fixed points but it has
period 2-points. Find the 2-evele and by locking at the gruph of T, check to see
whether it has a 3-cvele. Why does this not contradict Sharkovsky's Theorem?
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3. A map f: [L7] — [1.7] is detined so that f(1) =4, f(2) = 7, f{3) = B, fl4) =
5, f(5) = 3. f(6) = 2, f(T) = 1, and the corresponding points are joined so the map
is piecewise linear. Show that f has a T-cyele but no S-cyele,

4, If Fy(2) =1 = Az? for ¢ € R, show

(i} £y has fixed points for A = —1/4,

{1i)F) has a 2-cvele for A > 3/4.

(ili) The 2-cycle is attracting for 3/4 < X < 5/4.

5, Show that an increasing function f : R — R cannot have a Jeycle. Can it have a
Zeyele? Answer the same questions when f is decreasing,
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Chapter 5. Devaney’s Definition of Chaos

In this chapter we will give Devaney's definition of chaos for one-dimensional maps
and also for more general maps defined on metric spaces. One-dimensional maps are
functions f: [ — R for some interval / C B, It turns out that maps whose periodic
points form a dense set often have highly chaotic properties.

5.1 The Doubling Map and the Angle Doubling Map
Example 5.1.1 The Doubling Map.

The doubling map 2 : [0, 1] — [0, 1] is defined by

Y O 2 N<er<1/2
2 s {_ dr—1; 12<sgl
o x ¥al L
i bgond.
L o 34
| / ha} l*“i:ijﬁ Bakey
s ,"I f g - Mg
._,-" I."'llll g’?ﬁ:-li'- X, I!'E'.l!"":'
u.r.:- __.s' / 2yl 1—11 IH

ﬂl-ﬂ B3 od & oas  as 1 =
& The doubling map D,

It is useful to deseribe D in terms of the binary expansion of a real number in [0,1],
Let & & [0, 1] with binary expansion

= uljfaty .. where ‘ai=0 or L

In other words,

Suppose that ey = 0 in the binary expansion of r, then

thy Iy

D[r-!']=2:r=-2-+*2-i t o=y .
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On the other hand, if a; = 1. then
iy

Iz L .
J:J{.-r]|=2:e?—1=[uc11+-2—+Eil )=l 2+25‘+ = gy ..
We see that in general
Dimygang . ..) = -aaty, .. and D"(-aiee0g...) = G @orelnsg- -

Consequently, if # = -ajaz ... dgimyag . . aqay ... has an expansion which repeats every
n places, then D%(x) =z, so that r is periodic of period n,

For example [2(.010101...) = 010101 ..., 20 is & point of period 2. We use this
to show that the set of periodic points of D are dense in [0,1]. This can also be
used to count the number of periodic points of period n. Notice that since IF () = 1
everywhere it is defined, all of the periodic orbits of I} are unstable.

Proposition 5.1.2 The periodic points of the doubling map are dense in [0, 1].

Proof. Let € > 0 and choose N so large that 1/2% < ¢, If £ € [0,1] it suffices ta
show that there is & periodic point  for D that is within ¢ of x. Suppose that the

binary expansion of = is . ot
s, 0 ST
E=-dydgdy. .. = ey | e [ =73
i=1 - " T v
then we set L'P @ Z_E = —r-L— 3 TEH
= sdljila - o . By . g o ;.EI
i B 5o 2 \ I
a point of period N, Then Z e B 3l
Y Bie ¥ 2e EE
|T = Ilrl' T | ™ T T £y 3 -W
.'I'—'I-'-I-]EI:I f=iN E-f 2 i,.\_ = ""l—t';_'—r h‘;{.i_"':
(where &, = 0,1 or —1). -2 :‘E;-—H ‘“;11_,3#
L
Example 5.1.2 The Angle Doubling Map. fe2)=T |- 5 —5s" fe! H

As before, we denote by © = {z = a+ib:a, b € R}, the set of all complex numbers.
If z =a+ib € C, then its absolute value (or modulus) is given hy |z| = val + 2
The conjugate of z is 2 = a2 — —ib and we can check that =2 = |z1*. We can represent
C using points in the (compler) plane {{a.b) : a,b € R}. The unit eircle ' in the

complex plane is the set
= {zeC:|z| = 1}. i

Sy
Points in S may be represented as; X .kl' -l;"_l':‘f_:l,, e
z=¢"=poafl +ising, foreome fER. oo y }'.FH
o T dea
| gt A
o]

WP i ’uﬂ-r‘

- ¥

L



17

Here # is the argument of = (written Arglz)), and it is the angle subtended by the
ray from (0,0) to (a,b) (when = = a+ ib, a,b € R), and the real azs.

&' is a metric space if the distance between two points z,w € 8 is defined to be
the shortest distance between the two points; going around the circle. We define
map f: 8! — 8! bj’!ﬂz] = EE.| This map is ealled the angle doubling map because
of the effect it has on # =Arg{z): f(e") = . We see that the angle & is doubled.
It is clear that there are a lot of similarities between the doubling map and the angle
doubling map, and we shall examine this in the pext section when we study the notion
of conjugacy for dynamical systems. First we show that the periodic points of f are
dense in 57,

Consider the periodic points of f(z) = 2% Solving 2* = 2 gives = = 1 (we can
disregard 2= 0), f2(2) = 2z gives 2 = z or z* = | and continuing in this way we see
that the periodic points are certain nth roots of unity.

Proposition 5.1.3 The perodic poinis of the unu.if' dﬂuhfmq map f: 8" — & are
) dense in 8. e
( { e 1) =

ooy Proof. If f"(z) = = for some n € B, then =¥ = 2 or 22"~! = 1. Write z = ¢, then
[ it

. — _a¥ we want to find the (2" — 1}th roots of unity. This gives: . = _,.";"_|I wd
E,.;EI, t;ﬁ'ﬁ“; ; et M| . a=Yel = Z

-—!—'-:;—"t‘ = bl el — Mert forsome keZ*, [ 2. E'ﬂm 5] [P w——
32 € - ! — ST T

"‘ | “,,{‘I"“ giving thej 2" — | distinet roots: 7, = =150k —0,1,2,,.,,2" — 2, showing that
.

.f{';p had
‘/ww"’f Per,(f) = {0k <2 —1}, neZ*,

ak These points are equally spaced around the circle; a distance 27 /(2" — 1) apart,

which can be made arbitrarily small by taking r large enough. [t follows that the

periodic points are dense in §°, |
,.;r‘-‘?“q‘f'

1.#'::; 5.2 Transitivity

1 Sometimes, given f i X — X (X a metric space), when we iterate o, € X, the
orbit (ag) = {rg, flaa), .. .}, spreads itself evenly over X, 50 that Ofxy) is a dense
set in X, This leads to:

Definition 5.2.1 [ : X — X Issaid to be (topologically) transitive if there exists
ag € X such that Ofry) is a dense subset of X. A transitive point for [ is o point
#y which has a dense orhit under f. If [ is transitive. then there is 8 dense set of
tmn:n.i’rlw points, sinee éach point In Q) will be & transitive point.

| T _.p*__,l' i TR i
Zvr o |
# )

wheve ‘% _'I'-"'-‘L . .:' : . 7/;' - -: I
3

—— 1 -
- g T ¥a
- s g - L e o |
H ﬂ‘-i-f_-}—, "i""""_‘m I "I'II: .":-' ﬂ
"':.) L bk () P
.'.‘p_"-"-"*: allar [ a8 - - 3

_':L'_tl"-\_.i_, __,.1._1:.\..__.."‘ i L
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Example 5.2.2 The doubling map 0 : [0,1] — [0,1] is trapsitive: To show this
we explicitly construct a point @y € [0, 1] which has a dense orbit under D. xg i
defined using itz binary expansion in the following way: first write down all possible
“1-blocks”, i.e.. O followed by 1. Then write down all possible “2-blocks™, L.e., 00, 01,
10, 11, then all possible ‘3-blocks™, i.e, 000, 001, 010, 011, 100, 101, 110, 111, and
then continue in this way with all possible “4-blocks™ ete, {we conld write them down
inn the order in which they appear as in the hinary expansion of the integers). This

EIves:
rg =01 00011011 000001010011 100 101 110111 00000001 .. .

a point of [0, 1].
To show that Cag) is dense in [0, 1], let y £ [0, 1] with binary expansion
¥ =t . .= E:i yi=0 or 1,
et E

=1
and let 4 = (L
Choose N s0 large that 7y < 4. All possible finite strings of ('s and 1's appear in
the binary expansion of &y, so the string g yays. . 4w must also appear in the binary
expansion of &,
It follows that for some r € Z1 we have

ao=d I () = gy - -r.r.-v1ﬁf~+1b.-.-+z covn forsome byag, byea oo,
so that = T
|ﬂ’{ﬂ'7ﬂ:l e :!-l'| = |- Ynbnsrbrio... = e - UNENGIYN 2|
=01 1 :
= Z R P jad
= ; N S | B
st > 1..__2_ > ok
This shows that any point y € [0, 1] is arbitrarily close to the orbit of zp under D, so
this orbit iz dense in [0, 1] O

Remark 5.2.3 It is quite easy to =ee that for a transitive map f: X — X on a
metric space, given any non-empty open sets U7 and Voin X there exists m € £7 such
that

oo vy #e.

Less easy to see is the converse of this statement, which holds for complete separable

metric spaces | X is separable if it has a countable dense subset - see Chapter 7 for
the notion of completeness). This is the Birkhoff Transitivity Theorem:
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(uf-ulnc{_fwuh'uﬁ to "E.I"tlirﬁ-'tl'ﬂ"-l" F“HE#”") ..'J .p/

transttive if {md rmﬁ,.l 1_ffm" F-alrr;f,r pair U and V7 ﬂf T Eﬂip!y n-.c.u*n suhsels uf..’{' there
erists o€ &7 with U0 ™V £ 0.

Using this result it is easy toshow directly that the angle doubling map is transitive,
hewever, the proof is bevond the secope of this text.

5.3 The Definttion of Chaos

Devaney was the Hrst to define the notion of chaos, saying that a function iz chaotic
if it has a dense set of periodic points, it is transitive and also has what is called
senstlive dependence on imitial conditions (known as the “butterfly effect”™ in the
popular literature). Subsequently it was shown that the first two requirements imply
the third, so we define chaos as follows:

Definition 5.3.1 Let f: X — X be a map of the metric space X, then f is said to
h":‘ Uhﬂﬂ'ti’-{! IEiI: Cd T .;.__'l !I |"'_I|=ﬂ.5—"_'.l.'.:| _r_,_—'- e b

(1) The set of periodic points of _Luf.- dense 'L:: g & ‘ -c ( ’EE{: = r arist
e Rl 5

I Tive,
(ii) f is transitive g {.& u'"'lﬂ o

Examples 5.3.2 L H::ummmurplumm or diffeomorphisms of an interval I € R
cannot be chaotic as they are never transitive. The same type of considerations apply
to functions such as sin.r, cos ., arctan r and the logistic map L, for 0 < p < 3,

2. We have shown that the doubling map D : [0, 1] — [0, 1] has a dense set of periodic
points and is transitive, so it is a chaotic map.

3. The tent map T : [(),1] — [0,1] is chaotic. Recall that if = € [0,1] has a binary

. - gty i ap =10 :
expansion r = <@y aang ..., then Tz = R i where af = 1 if
rr‘!u.q,u,_ . i ey =1,

a, =0 and af = 0if oy = 1. More generally we can see using an induction argument
that ([47]):

g — ] o) Gngd s s if qu=0
Al B By =L

We can use this to write down the periodic points of T'. For example. the fixed points
are ¥ =0and = -1010... = 2/3, and the pericd 2-points are

#y =-01100110... = 2/6 and w3 =-11001100.,.=4/5,
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The period 3-points are

010010010010, ., = 2/7, -100100100100...=4/7, -110110110110... = 6/7
and
-001 110001 116:.. =2/9, -011100011100... =4/9, -111000111000... = 8/9.
Notiee that points of the form r=k/2" € ((,L1). k € Z*, are almost fixed since they
have a binary expansion of the form

T= iy iy, . 2,00 ...,

where i, = 0 if & is even and a, = 1 if & 15 odd. It follows that T"¢ = 0 if k is even
and Tz =1 i k is-odd. In particular
initerval [

k—1 &
T® || =[0,1].
4]
The Intermediate Value Theorem now implies that there is a fixed point of T" in the
=L £ ] Since suel intervals can be made arbitrarily small and cover all of
[0,1], theset of periodic points must be dense in [0, 1],
L. F
| S 7
oA £
¢ 1

| I,"lhl'.l ."h', Iy
i JJ"II

/ ""-.. .4 | II'- .-"IIIJI II"

J“ /7N 1A
S\

nxk k

-"- lI|
\ ,
II" e IIII -"-IIII 'I II|
5 o 1 I| 1
||I 2 LY ] III
,.f" \ 2 ! III.' |
; b v \ I'nIL
R T I T T B0 &2 G4 08 08 18
The fixed and period 2-poiuts of the tent map,

We use these ideas to show that the periodic points of 7' are numbers in [0, 1] of
the form @ = r/s where r 15 an even integer and £ is an odd integer;

Proof. If & € (0 1) = a periodic point for T, then Tz = & for some n € £, There
are two cases to consider; Suppoese that ¢ has a hinary expansion

A =il fpdlyg .0y B

where w, = (1,



111
thin
Tl =ty gy o g o
HO W IUSE BAVe 0y = dy.0,82 = o, 0.l = 0z, = 0, and
=l g, Byt g By ) ... Where o, =10,

Rewriting this gives

_ {4 ag Ly—1 | iy (i Ty—1
.r_(—i—vg—_;+..,+2n_l)+—-(-++ +..+-"—}+...

RPN T T
ity My s 1
= — =g
ol ki +zn-'){1—u2n]
B a2 et i ¥ PR _Fr
Pl | gt

whore v is even and = {s odd.

In the second case. 2 = -ayagag. .o 0, g0y -0 where a, = 1, s that

Te =g

r ¥
m+1 “ll-i—! ok ‘ﬂijr 1leit g
and this gives oy = a, .4, @2 = a0 2, 008 = @l -0, and

E =y iy tyag by g Oag

We can now argue as before, bur using the first 20 terms of 2.

Conversely, suppose that @ = r/s € (0.1 where r is aneven imteger and & is an odd
mteger; Sinee s and 2 are coprime, we can apply Enler's generalization of Fermat's
Theorem to give

2 =1{med 5), or P—1l=ks fopsome pkeZ,
(1< kr < 2" — 1), where o is Ealet’s fanction, Write the binary expansion of kr is
fr =2 e ® e 2 ey s 0, 1},
which is even, so

R
20 -1

ol ~ /2
= |:_|".l.|_.-_:."‘rI 1 + F!-j.!"' + .. .1']..._2..-:_'AE -+ -I'IF_]E]' (ﬁ;ﬁ)

ay g gy |
=|l—4—=4+...+
g g ::::-—13(1-1;@)

= @8y it Dagag. oy 0 o

which is & point of period p {or less), O
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It is now clear that T is transitive since if we define ay E {ﬁ 1) having a bi-
nary expansion consisting of all 1-blocks, all 2-blocks, all 3-blocks ete., as before,
except that we insert a single zero between every block then it follows that if # =
VEpEg . B By .o then TPry =cxpmg. . 2y byyy ... for some p > 0, Le., every
block will appear in the iterates of z,. As before we see that T is transitive, so is
chaotic,

4. It is possible for 4 map to be transitive without being chaotic (although for
continnous functions f on intervals in B, this is not possible: see [50]). For example,
consider the irrational rotation B, : §' — 8! defined by R.(z) = a- 2 for some
(fixed} & € S'. To say that R, is an irrational rotation means that a® £ 1 for any
n € &7, e, ais not an nth root of unity for any n € &7, It can be shown that every
z3 € S has a dense orbit (a transformation with this property is said to be mindmal).
However. suppose that Bz} = z, then ez =z or a" = 1, a contradiction, so that
f, haz no periodic points. K, is an example of an isometry: points always stay the
same distance apart:

|Ralz) — Bulw)| = |az — aw| = |lal|z = w]| = [z — w.
Note that if nstead we have a" = 1 for some nn € %, then B?(2) = a"z = ¢ for all
z € 8! so that BT is just the identity map (every point of S* is of period n),
5.4 Some Symbolic Dynamics and the shift map
Recall that the set of all infinite sequences of s and 1's;
E={w=(s,8,8,..):5=0a 1},

is & metric space with metric defined by

r
"'.pli.-;" 19“:“-’1 LI:r"‘_".I']' = E |‘5k kl.j whire why = {3;.3‘;....}, kg ={tht21...}| o
5

— R =

This metric has the fﬂlluwmp; properties:

Property 5.4.1 If wy = (s1,50,...), ws = (t1,ts,..) € E, with 8, = 4, i =

1,2,...,m, then diwy, wy) <1/27, L ) ——
) (o b ion iy D A
Proof. { Canydsmaicyf
R el R Bl BT R
13 Ek 21_ 2""
. e Tl =41 I
! — O
,Emﬂ 1"-!’1" Z__ oy K ‘_':L___ n .
. - L] - R ]
Zt:_i__._,d:é--" = e g Heenb j_ "_'F ZZF 'F.
T kT '@ “-:-___ —— p= £ = [l‘é.:r
= o 'Iﬂ"f-l' HH'"" \ *. ali_;: I {F’u
. > 7 > o T .
Ja-}'ll- 'I' II- Sk '.u i r- = -._'_._ Fﬂ‘\’!
= f..li".l.] RN (L] i L - df

g 20-3w)=
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Property 5.4.2 If d{w;,wy) < 1/2", then sy =t fori=1.2. .., 1.
Proof. We give a proof by contradiction: Suppose that 5; = t; for some 1 < 7 < n,
the
d(wy,ws) = E '“‘ > > 2o
a contradiction, O

The shift map o (sometimes called the Bernoulli shiff} is an important function
tlefined on E.

Definition 5.4.3 The shift map o ¥ — E is defined by

oo 8y 85,0 . = (sa85..0.)

so for example «(1,0,1,0,...) = (0, 1,0,1,...) and 2%(1,0,1,0,...) = (1,0,1,0,...),
so that if wy = (1,0,1,0,...) and ws = (0,1,0,1,.. .}, then {w;,un} isa 2-cyele for o,
In this way, it is easy to write down all of the pointsof period n. Any sequence which is
eventually constant is clearly an eventually fixed point of X, and any sequence which
12 eventually periedie (such as (1,1,1,0,1.0,1.0,1,...)), is an eventually periodic
point.

Proposition 5.4.4 The shift map 7 : £ — E is continuous, onto, bt nol one-to-one,

P PR LA e T

o} i
mEACE S bwds oo

Proof. Clearly o i onto but not one-to-one. To show that o is continuous, let £ = 0,
then we want to find & > 0 such that if

dluy,wy) < 4, then diofw ) oluw)) < e

We shall see that it suffices to take 4 = 1/2°*! if n is chosen so large that 1/2% < ¢,

In this case, if dlw,wa) < 8§ = 1/2%* then from Property 54.2, 3, = 1, for
i =12,...,n+ 1 Clearly the first n terms of the sequences o(w) and o{wy) are
equal, so by Property 5.4.1, dio{uwy ), ofus)) < 1/2" < ¢, 50 that 7 is continnous. [

We can now prove;

Theorem 5.4.5 The shift mop o & — T is chaatic.

Proaof. ‘lf"u?hrut show that the periodic points are dense in £ Let{w = (5, 53, . J:.E =,
then it suffices to show that there is a sequence of periodic points wy, € © with w, — w
#wa 1 — oo, Set

wh = (#y, 81, 81, 81, ..), a period 1-point for o,

ol T
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wh = (81, #2,81, 8z,. ..}, & period 2-point for o, whert =il
l'.-l-'.fl={$I|325931HI|3‘:!:53.._.}1.I;lpd_-!["inda.-[_-,.ui“t for o, > 1‘5,‘_‘_1,_"; PR
and continuing in this way so that ti: d_f_i-r

W = (81,88, ..., 8, 81....) a petiod n-point for 0. & =\
Since w and w, agree in the first n coovelinates, d{w,w,) < 1/2°, 50 dir wy) =0
A 5

A5 FL == DG, O —+ L A8 L — OO, = e T
' Litn ':.":'I."-E' 'l_,.ﬂ-"l'l =T N

T show that o is transitive, we explicitly construct a point wy = © having a dense
orbit under o. Set '

-

wo={ 01, 00011011 000001010101011..),

i
Iitdocks 4l prsiblc il presisilale 3 Bhockn
2-hilocks

and continuing in this way so that all possible n-hlocks appear in wy. To see that
Ofwy) = £, Iet.':':l = (51,82, 83,:..) |€ I be arbitrary. Let e > 0 and chooss T S0
large that 1/2" < ¢, then since mt._' consists of all possible n-blocks, the sequence
(81,82, .0 §u) must appear somewhere in wiy, 1.6, there exists & > 0 with

Hkl:“"ﬂ} = f5111'1!31 it -:3::| " *]1

s =

._-t.ﬂ_-:-l" a
a0 that w and o*(wy) agree on the first n coordinates. It follows that

= 1
._;;m:,.' dfur, 7)) < — < .

s
Bl

This shows that the orbit of wy comes arbitrarily close to any member of T, 80 it is

dense in X, It follows that o is transitive and so it is chaotic, O

Remark 5.4.6 It can be shown that (topological) properties such as being totally
disconnected, perfect ete, are preserved by homeomorphisms.

The shift space £ and the Cantor set O are homeomorphic metric spaces. In
addition, the half open interval [0, 1) and the unit circle 5 in the complex plane are
homeomorphic. In particular. £ and € will have identical topological properties; and
s will 5% and [0,1). It follows that £ and [0, 1} cannot be homeomorphic as ¢ and
[0, 1] are not homeomorphic (€ is totally disconnected, but [0, 1] is not).

Proof. ¥ is given its usual metric, and C has the metric induced from being a subset
of R, so that d(x,y) = |z — y| for .,y e,

Wedelinve amap h 1 C =< Z by hl-ajasay ...} = (81,59, 84,...), where a, = 0 or 2
amd 5 = a,/2. Clearly f is both one-to-one and onto, We show that it iz continuons
at each ;€ C.

x
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Let ¢ > [} and choose n so large that 1/2" < ¢, Set 4 = 1/3", then if |ry — x| < 4,
both z; and x must lie in the same component {sub-interval) of S, of length 1/3". Tt
follows that rp and & must have an identical terpary expansions in the first n places,
Correspondingly, filag) and h{r) must have the same first n coordinates. It follows
that d{i{zq), h{x)) < 1/2° < ¢ so0 h is continuous at #g. In a similar way we see that
ii=! is continuons.

To see that [0,1) and 5 are homeomaorphic, define ki : [0,1) — 87 by h{z) = e,
then h iz clearly one-to-one and onto. The map h wraps the interval [0, 1) around the
circle, so that strictly speaking we are looking at [0, 1] with the end points identified.
so in this way h hecomes continuous. 0

Exercises 5.4

1. Let f: X — X be a transitive map of the metric space (X, d). Show that if U7
and 1° are non-empty open sets in X, there exists o £ % with [/ (V) £ 0.

2, Let F: [0,1) — [0,1) be the tripling map F(z) = 3r mod 1. Follow the proof for
the doubling map (but use ternary expansions) to show that F is transitive and the
period points are dense (fAnd the periodic points), and lence show that F is chaotic.

3. Let D [0, 1) — [0, 1) be the doubling map. Show that |P{~r”|[ﬂ}| -0
-

e T B -

4. Use Proposition 4.4.7 to show that for o continuous increasing function f: [a, b —
[, 4], the periodic points cannot be dense in o, b (30 a homeomorphism of Ja, 8]
cannot be chaotic).

5.5 Sensitive Dependence on Initial Conditions

We now show that the original definition of chaos due to Devaney [12] follows from
the definition we have given. This result is due to Banks et al. [4],
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Definition 5.5.1 Let f: X — X be defined on a metric space (X, d). Then [ has
sensttive dependence on tritiol cum.!itfuna[‘_f_fh‘-_l:L_ere'e}dstg & = Dsuch that for any r € X
and any open interval 7 containing & and points other than =, there is a point y € U7
and n € T with o

d{f*(x). f*(y)) =&

This is the precise definition of the ides that iterates of points close to each other
may eventually be widely apart, so that a map has sensitive dependence on initial
conditions 1f there exist points arbitrarily close to r which are eventually at least
distance 4 away from 2. It is important to know whether we have sensitive depen-
dence when doing computations as round-off errors may be magnified after numerons
iterations, For example, suppose we iterate the doubling map, starting with =y = 1,/3
and ry = 333, After 10 iterations we have D) = 1/3 and D'%(z;) = .92, more
than distance 1/2 apart.

Examples 5.5.2 1. The linear map f : R — R, f(z) = ar, |a| > 1, has sensitive
dependence since if x # y,
I/ ()= Myl = la™x— a”y| =a"|r - y| o0 a8 n— oo

R it i 3

However, clearly the dynamics of fis nut mmpl.u'ated [ f is not :hant:c-} rat druwsitive

2. The shift map o : £ — X has sensitive dependence on initial conditions since if
wiywy £ L with wy # wy, then they must differ at some coordinates, say s; # t,. Then
ﬂ'ih l{U\-’I]' = (8. 8it1:- } and o'~ I[ :' = {h,f«ﬁl }

s0 that

+ other terms >

k3| =

= s — tika1] 1
d{o = wn), o' Hwn)) =Y ’“_12* — =
LTy

3. The angle doubling map f: S' — 5%, f(2) = 2? has sensitive dependence since if

we iterate z = e w = " £ 51, their distance apart doubles after each fteration.

4. The doubling map D : [0,1] — [0, 1] ean be seen directly to have sensitive depen-
dence on initial conditions. This also follows from the following thearem:

Theorem 5.5.3 (Banks et al. [4]) Let f: X — X be a chaotic transformation, then
I has sensitive dependence on initinl conditions.

Um";‘-‘;«*ﬂ"‘ff‘c{
)mu*n;fﬁ[_]h?"'

Wi first prove a preliminary result:
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Lemma 5.5.4 Let f 1 X — X be a transformation which has af least two different

pervodic orbits, Then there exists € > 0 such that for any r € X there is a periodic

ponit posatisfing
d(z, fHp)) > e, forall ke Zt.

Proof. Let a and b be two periodic points with different orbits, Then d{ f*(a), f'(b)) =
0 for all k and ! (since we are dealing with finite sets),
Choose ¢ = (0 small enough that df f*(a), f4b)) > 2¢ for all & and {, Then

d FE(a). &) + dic, 1) = diff(a), F1B)) =2 Yk leZt,

b the triangle ineqguality,
If r is within ¢ of any of the points f'(B), then it must be at a greater distance than
¢ from all of the points f*(a) and the result follows, 8|

Proof of Theorem 5.5.3 Let x € X and U/ be an open set in X containing =
The periodic points of [ are dense in X so there 13 a periodic point ¢ of period ¢
Say
geV=Unz,
Let p be a periodic point of period o for [, whoss orbit is a distance greater than
48 form o, and write

Wi = Bal Fips)
Now
e e WiaVi=pe WY
st the open set
W =W n AW nee - ) # 0

Sinee f is transitive, there is a point z € V with *{z) € W for some k € 2+,
Let 3 be the smallest integer with & < nj, or

l<nj—&k<n

Then
7 (z) = [ M) | PR,
But
FEEW) = R WS (Wa)ne 0 TN )) € eI L = W),
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so that d{ ™ (z), f~*(p)) < 4. Now f(g) = g, s0
d{f™ (q), f™(2)) = dig, f(z))
2 d(z, [ (p) = d(f* " (p), F9(2)) — dlg, =),
by the triangle inequality since
dig, =) < dlx, [ (p)) — d( 7% (p). fY(2)) + dlg, (z)).
So
d{f"(g), fM(2)) > 46— 6 — 6 =25

This inequality implies that either

d(f*(z), f7(z)) = 6,
or

d(f™(z), f(g)) = 8,
for if f*/(x) were within distance < § from both of these points, they would have to

be within < 2§ from each other, contradicting the top inequality above, So one of
the two, = or ¢ will serve as the y in the theorem with m = nj. O
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Chapter 6. Conjugacy of Dynamical Systems

Two metric spaces X and ¥ are the “same” (homeomorphic) if there s a homeno-
maorphism from one space to the other. In this chapter we study the question of when
two dynamical systems are the same. Given maps £ X — X and gV = ¥, we
reqpuire them to have the same type of dynamical behavior, e.g., if one is chaotic, then
s0 ia the other, there is a one-to-one correspondence between their periodic points ete.
One obvious requirement is that the underlyving metrie spaces should be homeomor-
phic. We have seen a lot of similarities betwesn the logistic map Li(rx) = 42(1 — #)
and the tent map T'(x) and this will be examined i this chapter together with other
examples such as the shift map and circle maps,

6.1 Conjugate Maps == L=k !=!

This “sameness” is given by the idea of conjugacy, a notion borrowed from group
theary, where two members a and b of a group & are conjugate if there exists g €
G with ag = gb. One of the central problems of one-dumensional dynamics and
dynamical systems in general is to be able to tell whether or not two dynamical
systems are conjugate. We will see that if one map has a 3-cyele and another map
has no 3-cycle (for example), then the maps cannot be conjugate, or if oue map has 2
fixed points and the other has 3 fixed points, then they are not conjugate. These are
examples of conjugacy mvarants, which give criteria for maps to be non-conjugate.
A generally harder question is establishing conjugacy between maps,

Definition 6.1.11) Let f: X — X and g : ¥ — ¥ be mape of metric spaces. Then
fand g are said to be conjugate if there is a homeomorphism b0 X — ¥ such that

)(hnf=y::.|':

The map h isa conjugacy between f and ¢ E {}Imqmbly conjugacy is an equivalence

Ribion; L uﬁt;br”k? I‘:nﬁr
=

..FF If in the above definition we only require the map f : X — Y to be continuous,
then we zay that ¢ is a factorof £, If in Hdd]tluu., h is-an onto map, then we say that

i 18 a quasi-factor of f, S _P@I"LF
S -V ¥ u.u"J _ “‘“‘@mhu:« —
Exercises 6.1 {E'v @ & 4 frommpie relem

:':
I Prove that if f : X — X and g2 ¥ = ¥ are conjugate maps of metric spaces, then
[ is onesto-one if and only if g is one-to-one, and [ is onto if and only if ¢ is onto,

PR ’/ﬁ iP5l b

hl-ﬁ*; l Ehe cl-...lj,rﬂm Cormgy (€
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2. Prove that if f and g are conjugate via b and f has a local maximum at oy, then
i has a local maxhmum or minimuwm at bz,

3. Suppose that f : [0,1] — [0.1] is & conjogacy between f, g : [0.1] — [0, 1] where
S0} = f(1) = 0 and g() = g(1) = 0. Show that h is increasing on [0,1]. Deduce
that & maps the zero’s of f to the zera's of g,

4. ([6]] The function T, () = cos(n arceos(r)) is the nth Chebyshey polynomial, Show
that T, is conjuagte to the map A, : [0, 1] — [0, 1], the piecewise linear continnous
map defined by joining the points (0,00, (1/e 1), (2/n,0), (3/n.1),. .. ; ending with
(1.1) if n is odd; or (1,0) if n is even. Use the conjugacy map h @ [0,1] = [0,1],
hix) = cos(per), (In [G], there is a generalization of this to maps 7., where A > 1 is
a real number).

6.2 Properties of Conjugate Maps

It is often easier to show that certain maps are chaotic indirectly by showing that
they are conjugate to chaotie maps and using the following result:

Proposition 6.2.1 [f f: X — X and g : Y — Y are maps conjugate via o conjugacy
i X —Y:hof=goh, then
Lo ff=g"ah foralln e 7, {so f" and g are also conjugate),

2, If e is o point of peviod m for f, then hic) i a point of period m for . c is
iattracting if and only if hic) is attracting.

3. f is tranisitive if and only if g i transitive,

4. f hos a dense set of periodie points if and only if g has a dense set of periodic
purineds.

5. [ s chaotee if and only if g s chaotic,

Proof. 1. hof*=hofof=gohof=ygyegoh=g"ch, and in the same way
ho =g ok, and continuing inductively the result follows.
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2. Suppose that f*¢) # e for 0 < i < mand f™(c) = e, then h o ff{c) £ hic) for
0 < i < m sinee h is one-to-one, and so ¢' o hic) £ hic) for 0 < § < m. In addition,
o f™c)=g™ehic), or hic) = g™lhic)), so kle) is a period m point for g.

We shall only show that if p is an attracting fixed point of f (so that there 15 an
open ball B, {p) such that if ¥ € B.(p) then M{x) — p as n — o), then kip) is an
attracting fixed point of g.

Let V= A(B.(p)), then since i is o homeomorphism, V' is open in ¥ and contains
hip). Let y € V', then h=Y(y) € B.(p), so that f*(h~1{y)) — pasn — cc.

Sinee fis continuous, h{ (A~ (y))) — h{p) as n — oo, e,

gyl =ho ffoh y) — hip), as n — oo,

s0 hi{p) 1s attracting,

3. Suppose that O{z) = {z, flz). f2(z),..:} is dense in X and let V C Y be a non-
emipty open set. Then since i is a homeomorphism, &' (V) is open in X, so IE]]EIE!-

exists k € 2+ with f*(z)€ b=} (V). | s sl
It follows that h{f*(2)) = g*(h(z)) € V, so that 2 NN
O(h(z)) = (A=) glh(z)) a*(h(=)) - -} . f ==

is dense In ¥, Le., ¢ is transitive. Similarly, if g is transitive, then f s transitive.

4. Suppose that [ has a dense set of periodic points and let V' C Y be non-empty

and open. Then A=V is open in X, so contains periodic points of f. As in (3},

we see that 1 contains pedodio points of g, Similarly if g has & dense set of periodic

points, so does [

5. This now follows from (3) and (4). "1 £Ly _- 1.' et 0
A 'tu.i - ] el =

E:nca.mEle B:0.5 We raiack it sensitive rie-pmntlenw on mmuJ conditions is not a
conjugacy invariant, It is possible for two maps on metric spaces to be w'ﬂ_]ugaw
one ta have sensitive dependence, but the other not; Consider T2 (L sc) — (0, 2¢),
Tlr)=2¢ and § : R — R defined by S{z)=x+1n2. If H:{(.0c) = R is defined

.'H{_} = ln.::,, then A is a homeomorphism and we can check that HoT =50 H
so T and 5 are conjugate, T has sensitive dependence, but 5 does not,

Ii can be shown however, that if T : X — X is 4 map on a compact metric space
X (for example X = [0, 1]) having sensitive dependence, then any map conjugate to

T also has sensitive dependence: =
e 1..—) e = ¥ t:-l:‘?':'l 7t

&, =y Ly Whavead
o 2

A R
Lfﬁﬁkjﬂwﬂ‘*w BV = <o
."_-,‘|‘*i'_'!\?‘?|l i ._|_. 'l..t.a.- KE{DFW 'gﬁ
S I!"'T'I"I'L{-‘I‘r 2\1.__1;_.,= i { _'_""L.]‘j - Hrl‘ﬁ-'] = i 3
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It can also be shown that the property of having negative Schwarzian derivative is
nl & conjugacy imvariant,

Example 6.2.3 1. The logistic map Ly : [0, 1) — [0, 1], Ly(z) = 4z 1—r) is conjugate
2r 0w <1/
Al—g) if 12<ep<1"

to the tent map T : [0,1] — [0. 1], T{z) = {

Proof. Define & : [0, 1] — [0,1] by h{x) = sin®(7x,/2). We can see that h is one-to-
one, onto and both i and A~ are continuous, so it is a homeomorphism (it i not a
diffeororphism as /(1) = 0). Also

Lyoh(z) = Ly (sin"![?j) = 455113(%) (] - siui{%f}) = sin®(rr),

and
h{2z) i 0sx<1f2 5
h2—2z) if 12<z<q — S0 (me),
s0 Lyoh =heoT and Ly and T are conjugate. %ﬁiu 26=25mB P (s [
D ST -8) =4inE
2. The doubling map D : [0, 1] — [0,1] is a qudsi-factor of the shift map o L - .
e

1
e R s E_;. e

hoT(x) = h(Tz) = {

Proof. D isa factor of o sinee
heog=Dal,
where b E — [0, 1] is defined by
bz, r9.29,,..) = Ty Lazy ... = —_
i=1
is & continuous function (note that & is not a homeomorphism sinee it is not one-to-

one: for example 4(1,0,0,...) = 1/2 = hiD, 1,1, 1, .. bt (1000, 00) # (001101, 5]
in ¥}. In addition A{X) = [0, 1], o that & is onto and [7is a quasi-factor of ¢ O

34 The logistic map L, is a quasi-factor of the angle doubling map f : §' — 8!,
fz) =22,

Proof. Define h : §' — [071] by h(e™) = sin® 2, then
Ly o h{e™) = Lyfdin® r) = 4ain* (1 —sin® ¢} = sin®(22),
and
ho fle¥) = h{e*) = sin®(27).
i is clearly onto and continuous, but it is not one-to-one: h{e™) = he™), 80 Lyisa
quasi-factor of f, but i is not a conjugacy. |
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We can now show that many of the above maps are chaotic, In order to do this
we need to weaken the conditions of Proposition 6.2.1. 1f we drop the requirement
that h is & homeosmorphism, but just require it to be continuous and onto, then we
can show that if f is chaotic then g0 is g, ln other words; if g is a quasi-factor of f
where | 15 chaotic, then g is also chaotic. This result will be useful in showing that

a number of well known examples are chaotic. i I
|

LRSS N

and g: Y =¥ ﬁfil’l-‘#fJ h cl_f = ol ol _,|" 15 r‘huu:r: then g -is mnum

Before proving this proposition we need a lemma concerning continuons functions
01l Metric spaces:

Lemma 6.2.5 Let h 0 X — Y be a continuous function af metric spaces and A a
subset of X, then W{A) C h(A).

Proof. Let y € h{A), then there exists » € A with i = hix). We can find a sequence
Iy € A with Him, ..o &, = 1.
Then hix,) € MA) and sinee b is continuens

lim hir, ) =hir) =y sothat ye h(A)
O

Proof of Proposition 6.2.4 Use Per( f) and Per(y) to denote the periodic points of
_.l' and g respectively, then we saw earlier that h{Per{ f1) € Per(g). Since [ is chaotic,
Per(f) = X, and since h is onto, H{X) =Y, Then using the lenmma we have

Y = h(X) = hiPer[f]) € k(Per(f}) C Parly).

so that Per(g) = Y, In other words, the periodic points of g are dense in V.

T is transitive so there exists r, € X with Op{ag) = X (where we use the subseript
to distinguish the orbits with respect to [ and g), Now

R{Op(ma)) = k{IMra): n € T} = {ho f*{xa) : n € T}

= 19" ahlry) :m € &7} =0, {h{1y)),

&0 thiat

Y = h{X) = W0 (re)) € h{O;{xa)) = O, (Mxa)),

sa that flrq) is 8 transitive point for g. |
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It 15 easily seen that Proposition ﬁ);{-l remains true if we replace the requirement
that h be onto by requiring that (X)) be dense in ¥,

Theorem 6.2.6 The tent map T : [0, 1] — [0, 1], the logistic map Ly(x) = 4x{l — 1),
the angle doubling map f : §' — 51 f{2) = 2*. and the Doubling map D ; [0,1] —
[0, 1] are all chaotic,

Proof. Suppose that we can show that the angle-doubling map § is a epuasi-factor of
the doubling map 1, then we have:

The tent map T is conjugate to the logistic map Ly, which isa quasi-factor of f(z),
which is quasi-factor of I, which is a quasi-factar of o, the shift map. It has been
shown that the shift map is chaotic. The result now follows.

It therefore suffices to show that for f: 8 — §, f{z) =22 and D - [0, 1] — [0. 1],
Diz) = 2r (mod 1), f is a quasi-factor of D, Define h : [0,1] — 8" by hiz) = e
then i is continuous, onto and one-to-one everywhere except that A(0) =1 = k(1)
Now

L}

f L] h{;r} = f{fﬁl!!m:l — I,__.~.‘|1'r|_':-1
and
hia D{I}I - "-!-{EI [lﬂ.l'_'lt'I 1]] = pdmil2a (mod1 )} _ l’d"ir,

or ko D= foh, and f is a quasi-factor of 12, |
Exercises 6.2

L If glz) = =% on 8%, show that g is the angle tripling map. Find the period
points and show that they are dense in 8!, Show that g is conjugate to the map
F:l0,1) —[0,1), F{z) = 3r mod | of Exercises 5.4,

L ITy: € — C is the tent map with g = 3, but restricted to the Cantor set. Show
that Ty is conjugate to the shift map o1 £ — T,

3. Prove that the doubling map D : [0,1) — [0, 1), B{x) = 2 {mod 1), and the angle
doubling map f: &' — 8%, f{z) = 2° are conjugate.
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4. s the shift mwap o : ¥ — X conjugate to the doubling map D7 (It ean be shown
that the shift map & is conjugate to Ty restricted to the Cantor set ).

5. Let U7 : [—1,1] — [=1,1] be defined by £{x) =1 — 22* and T%: [0, 1] — [0, 1] be
the tent map

figy < e i B<a<1y2

g A01-x) if 1/2<a<l.
Prove that H : [(L1] — [-1.1]. H{r) = —cos(7x) defines a conjugacy between these
.

6. Prove that the map F : [=1,1] — [-1,1], F(x) = 4r* — & is conjugate to
T 1] — [0,1], T(2) = 3¢ mod(1), via the conjugacy b : [0.1] — [=1,1], k(z) =
cos(mr), (Hint: cos{(dr) = deos*(r) — 3eos{x)). Deduce that F s chaotic. This
question is related to Exercise 6.1, # 4 concerning the Chebyshey polynomials,

6.3 Linear Conjugacy

[t is sometimes the case that the conjugacy between two real (or complex) funetions
is given by a map with o straight line graph (an affine map). This {5 called a linear
comjugacy, and i5 stronger than the nsual notion of conjugacy.

Definition 6.3.1 For functions f ; [ — [ and ¢ ; J — J defined on subintervals of
B, we say that [ and g ave beearly conjugofe amd that h is-a bnear conpugacy if f
maps { onto J where iz} = ar+ b for some o, b € B, e Dand he f=goh

The following example gives a criterion for two quadratic functions to be linearly
conjugate:

Example 6.3.2 Let
Fle)=ni" +br+¢ and Glr)=ra’ + sz +4,
where a# Oand r# 00 If

RN R T P T
LA 4 -

i S - ~ et =
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then F and G are linearly mujugm e via the mear conjugacy
h— 5"

e

f :;5"1‘[-53 = -:-|-

Proof. ‘
ho F(z) = hlaz? + b+ o) = alax® + bz +c) N b— 4
r A
_"‘3 b Zac+b-s
v " T 2?_ E] o
and
Gohfz) = E,'L’;E: . 5?— 5, ];

e, all — .-_1] I:EI'—-ﬂ]'2 ﬁu! — &?
= 2 = 4
(r.;, + 5ed Eh P ) .r+ T £
al 5 o ab | (b—5 4 s — 25t + At
= et =T :
v T 4
and we see that these are equal if O At
B2 B4 4 B ¢ kgt
= o )
8
For example, if F is defined on the interval [0, 1], then
b~ =
h{0) = ,—"’ l pyp=tti=s
2r Er
soif afr = 0, then Fis conjugate to G on the interval [ = 2“ :h = 5h]
r
; . 2 2y — p?
Example 6.3.3 1. If L,(x) = pe(] — ), and Q.{z) = 7* + ¢ and ¢ = tlwn

Ly, om the interval [0, 1] is linearly eonjugate to Q) on the lnterval [—p2, _u,.-‘ 2.
=4, this shows that La(z) = 4r(1 - ) on [0, 1] is conjugate to tlalr) =2 +con
the interval [=2, 2] when ¢ = —2, In particular, )z on [-2, 2] is chaotic.

Proof. We apply Example 6.3.2 with
a=—p; b=, e=0,r=158=0 t=r
In this case A0} = f/2 and k(1) = —pu/2 anel we ean check that the conditions of

i
the example hold when ¢ = Ay :




b

2. On the other hand, if g = 2, we seo that La(r) = 2¢(1 — z) on [0, 1] is conjugate
ta Qulx) = #* on [=1,1}. Recall in Exercises 1.1 the difference equation .4 =
2z,(1 — x, ) transforms to a1 = ¥ on setting o, = {1 — . )/2. This is just the fact
that Ly and €}y are conjugate via h{r) = —-2r + 1.

3. We can check that the logistic map Ly is conjugate o F @ [-1,1} — [-L.1}
Flr)=2r'— L

Exercises 6.3

1. Show that every quadratic polynomial ple) = i + b -+ d i conjugate to a unigue
polynomial of the form f(r) = = + e

2. Prove that the logistic map Ly is conjugate to F : [—=1,1] — =1, 1], Flz) = 2:*- 1.
L= a —A%Y oGa=4, b=d <cza A yaa,6 Szo, %=

=

Sl c-,m-_:;f;t’lu‘—i?-.-'15-15-*“'{3:-]Lr‘ﬁ-a+u~3-r§+} =o 5

e —

3. Show that the logistic map Ly(z) = pe(l—2), & € [0,1] is conjugate to the logistic
type map F,(z) = (2 —p)r(l - x) {p# 2}, via the linear conjugacy (which is defined
on the interval with end poings 1—':{ anel ﬁ,’l:

g i itk

) = E_-,HJ + STy
1
{E{H;T]

4 Let f.(z) = 2"+ ¢ Show that if ¢ > —l{-‘-l, there is a unigue g > 0 such that f. is
conjugate to L,(x) = pr(l —x) via o map of the form A{r) = ax + b,

5. (a) IF falz) = ax, filz) = bz, a,b € R, defined on R, when are they linearly
comjugate’

(b} Sheaw that f . and f) 4 ave conjugate via the map fi(z) = { _% :'; ;Eg :
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6.4 Conjugacy and the Tent Family

We saw in Section 2.7 that for p > (1 + v'5)/2, the tent map T, has a point of
period three, so by Sharkovsky's Theorem. it will have points of all possible periods.
In this section we use 4 certain conjugacy to show that for g = 1, T, will have points

of period 2" for each n > 1. Our argument is based on that in [19]. We first show
that the interval [1/{1+ p), /(1 + p)] is invariant under T when L < p < /2,

The formula for T in Section 2.7 gives

1, 1
.“-I-'! flfr ﬂlEIE'ﬂE
; — 4T e o o
Talc) = pz..H 3 e =l
Fatp—pg i s<e<l—g
p — it e d—dhmp]

Proposition 6.4.1 For | < u < /2, The restriction

it B B4y
i TR l+p' 14 p"

w well defined.

Proof. Note that for this range of values of i, /(1 +pu) < 1/2 and po/(14p) > 1/2,
so that T,(1/(1 4 p)) = p/(1+ ) is an eventual fixed points since T, (1/(1 +u)) =
pfiL 4 ),

Let 2 € [1/(1 + ), /(1 + )|, then from the formula for TE and the fact that

k1 = : T :
4 1+p 14p 2u’
we see that on this interval the minimum value of T3 ocours at o = 1/2 and this givis

since this is equivalent to
- - 2u2<0, o (u-1(xt-2) <0,

where 1 < 4 < /2.

Again assuming that & € [1/(1 + g, 5/(1 + p)]. we see that sn the other hand, if
x = 1/2; then T.(z) = pz > pf{1 + p) > 1/2, s0 T3x) = p(l — pr) < il — /(1 +
th) = /(1 +p); 80 Tix) € [1/(1+ pu), wf(1 4 u)].
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If instead x> 1/2, then

ji 1
Tolx) =il I:I}'u“_lﬁ—p} 1-:-;1}1
Rk
Wi i H
Tlz)=p{l —p{l —x))=p(l — p+px) = p{l — pu+ )= ;
L+ l4p
s again T'f{.-r]l € [1/(1 4+ 4); 15/ (1 + 1)) |

We use the above proposition to show that T, and T= are conjugate when T':.F
restricted tooa suitable invariant subinterval.

Proposition 6.4.2 For | = < /2, T3 restricted to the iterval
] s
1+p 1+pl’

Proof. From Proposition 6.4, 1, we see that the given interval is invariant under T3,

i comgugate to Ty oon 0, 1].

Now we show that we actually have a linear conjugacy hir) = ar+ b

.ﬂr::-]’ﬁ:Tﬂnh“

wlhiers
[1+,u L4 j

and
BT iy M
ﬂ—]_ﬂ. h_,u—l'

where we can check that

jt ]
h{i———| =1}, 1 k——}= 1.
J{l-|—‘u] ot t[l+,u}

If0<ax<1/2 then singe h~{r) = rfa — b/a, we can check that 1/2 < h-1(x) <
(1 4 p) < 1— 1/2p, 80 that

heTioh™ 'fr}"hcﬁ(%—ﬁ)
[

il

L S . . ; ;
= }i ("L_JI::E - E] - le) = it = pthdalp = 2+ b= y'sr = Talz].
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Similarly we can check that if 1/2 < ¢ < 1, then 12y < L(14+p) < h Yz < 1/2,
g0 that

1 = y L I . 1
hﬁffﬂh 1{1‘]=F.-.u'j'"::[§_ﬁ}=h(“_ﬁ_f£__{}I)

il fi

= ap— e+ @b +b=p?(1 = 1) = Talz),
Le, in both cases we have h o ?}f o h™ () = T)2(z), giving the desired conjugacy, [

Corollary 6.4.3 For 1 < u <2, T restricted to the interval

v
vE—1 4=
a—1"u=1 )"

te conjugete to T, on [0, 1].

We apply these results to give us information about the period points of T,
Proof, Replace gy by /i in the previous result, O
Theorem 6.4.4 For 1 < i < 2, T, has a 2%-cyele for each n € T+,

Froof. We have seen that for each p > 1, 7, has a period 2-point distinet from the
fixed point of T, In particular, as 4* > 1, T\a has a period Lpoint distinet from
the fixed poiut of Tz, But by the last result, T, and T7 are conjugate, so T3 has a
period 2-point distinet from the fxed point of T3, This must be a period 4-point for
T, for if not it would be & period 2-point, miving a fixed point for T7,

Continuing this argument, starting with a period Z-point for T, and the conjugacy
between T:f; and T4 we deduce that T, has a period 8-point. In this way, for each
n € &Y we see that T}, has a period 2"-point. O

Example 6.4.5 Consider the case where i = 2, then we =ee that T, the stancdard
lent map, is conjugate to Tj‘i when it is restricted to the interval [vﬁ— 1,2 - 1.-""E_| .
This implies that, T‘Eﬂ has the same dynamics as 7 on this subinterval. For examnple,
it must have a J-cycle, say {¢y, ez, ea}, where the o s are distinet. and Tﬂfi{nj} =
It follows that ¢ is a point of period 6 for T s, and in this way we deduce that T
has 2k-cyeles for each & € Zt. We saw earlier that u = (1 + VI}/2 is where poriod
4 is born for the tent family. In particular T’ 5 has no 3-cvele, but if o = (1 + V)2
and using the fact that Tj.ﬁ (suitably restricted) is conjugate to T, it follows that
T’ must have points of period 6.
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i a 1

£ .z l then =
L4 p =2 1+ g 1443~

Remark 6.4.6 1. Suppose that p > 1 and

1
—. a0 that

3 2 3 3
il - i r i H : i i
1y T ——— T .r. )= —_— — "
T’(H#‘) Lpd’ " (Hﬂ“ T o I"(Hy“) 14 fi#

We see that we have n 3-cycle:

{ T
T4 L Lt |

"y |
This 3-cyvele appears when i > 1 and H - < = Or equivalently
| 2 T A

=2+ 120, or (u-1){pt—p-1)20

We see that this will happen when g = (1 4 +/51/2. A similar analysis can be done
3

1
< — we get a d-cyvele, and

for other periodic orbits. For example, if g > 1 and T8 =3

this happens when 4* = g =y =1 20,

2. Suppose that 1 < p < 2, then if & € [p —p*/2. p/2]; we can check that T,(z) €
[t —p* /2, 41/2], 5o that this interval is an invariant set. For 1 < p < /2, the smallest
set invariant under T}, is a collection of subintervals of [p— /2, 0/2. If u > 2
this becomes all of the inverval [ — 1% /2, 12, called the Julia set of T, (named after
one of the early ploneers of chaotic dynmumics: Gaston Julia, who worked on complex
dymamics in particular in the early 1900's). For ¢ = 2, the Julia set is all of [0,1].
The hifurcation disgram for T, g = 1 gives us some insight into what is happening

here,

3. The conjugacy between Ta and Ly can be constructed by consideration of the
periodic points of these maps, Sinee the period points are dense for each of these
maps, by carefully ordering them aceording to their ordering in [0, 1], we can define a
map A by defining iv on the periodic points. f i then defined on a dense subset of [0, 1],
into & dense subset, This map can be continmously extended to o homeosmorphist
of [0, 1] with k(0] = 0.f(1) = 1. In this way it can be shown that the conjugation
between To and Ly 1= unigue. See the exercises for a proof that the conjugation
Between T and Ly is unique,

6.5 Renormalization



k2

The previous example shows that T3 restricted to the interval

p—1 ,ui—,u"_[ 1 It
=12 -1 |p+1"p+1]|’

s conjugate to T on [0,1] (where we are replacing o by ¢ in 6.4.2). How do we
arrive at this conjugacy? Notice that for u > 1, T, has a fixed point p, = p/(p+ 1)
and another point p, = 1/ (3 + 1) with T, (5] = T.(p,). 5o it 15 eventually fixed. Let
us look at the graph of T restricted to the interval [p,, p.]. Inside the square shown
we see that the graph obtained looks like an “npside-down” version of T),, and we
consider the possibility that T2 restricted to the interval [f,, p.] i actually conjugate
to T, {or in fact T2

Define & linear map hy, © (B, pu] = [0, 1] of the form hy,(x) = az + b in such a way
that A, (p.) = Dand k(i) = 1. We can check that

1 -
Kals) = = (=mp,), and h;’tur} = (pu — palr + D

o P
ky, expands the interval [p,.p,] onto the interval [0, 1] and changes the orientation,
This is exactly the conjugacy defined in Propasition 6.4.2.
We define a renormalization operator of T, by

(RT, )} = hy o T2 o b7t (),

What we actually showed in the previous section is that (BT, )(z) = Tzlx), giving us
the conjugacy claimed, This procedure can be continued for ‘T:. I‘: eto, and similar
considerations can be made with the logistic map L, {zee [12] for more details).

6.6 Conjugacy and Fundamental Domains

We have seen that two dynamical svstems f and g with different dynamical proper-
tie= cannot be conjugate. On the other hand, sometimes we have dynamical Svstems
having seemingly very similar dynamical properties and which we would like to show
are conjugate, This i3 sometimes possible using the notion of findamental domain, a
et on which we constroet & map f in an arbitrary manner and show that it extends
to a conjugacy on the whole space. We first illustrate this idea with homeomorphisms
fig iR — R, We look at a fairly straightforward case where both homeomorphisms
are order preserving and have no fixed points {in fact lie strictly above the line iy = I).

FProposition 6.6.1 Let f.g: B — R be homevmorphisms satisfying f(x) > ¢ and
glr) =x for all z € B. Then [ and g ore conjugate.
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Proof, The idea for the proof is a follows: Select ay € R arbitrarily and consider the
d-seded orbt

Oplza) = {"(20) s n € Z) = {5 omiitarmiiagi )

Sinee f(a) > r for all 2, this is an increasing sequence: . ..r_ | < 7p <2y < Ta< ...,
si that the sets

vi lE—tema)iima ) E5 ) AN
are disjoint and their nnion is all of B. We must have lim,, . 1, = nc since otherwise
the limit would exist and would h.m to be a Hxed point, There are no fixed points
since flr) = & always. < iaEal

'Ihl? set I = [rg, flizo)) = [wo,ay) is called o _frmriummruf domain for [ Set

= |ra, glza)) and define & map b : I — Jarbitrarily as a continuons bijection (e.g.,
we cann set ey ) = oo and B{ fr)) = glas) and then linearly from I to J),

Now every other orbit of f intertwines with Oy(ry) if wy € {2y, 1), then y, =
fim) € FUUT) s dies between oy and 2. It follows that every orbit has a unique
member in the interval g, 2] and we use this to extend the definition of b o all of
E.

Ifxe fr{) we define i{x) by mapping « back to I via f"‘ tlwn using ki f~"(x))
which is well defined, aud then mapping back to g"(J) using ¢". Le. if 2 £ (1),
n e &, detine

) =4" eho F"x).
In this way, f 15 defined on all of R, We can check that £ is one-to-one. [t is onto
becanse b f*( 1)) = g"(J)) for each n, and we can check that it is continuous, Finally,
becanse of the definition of ki, 2 € B, then « € 1) for some n € Z, 502 = f(y)
for some y € 1, Then

golla)=glg" ohio f(x)) =g" aho fTN(flx)) = hoflz)
so that foand g ave conjugate, Cl

Examples 6.6.2 1. The above argument can be generalized to the situation where
fle) and gla} are homeomorphisms with corresponding fixed points. To be more
precise, consider ahomeomorphism f - [0, 1] — [0, 1] which is orientation preserving,
so that fiO) = 0, f{1) = 1 and f is ineteasing. Suppose that [ has Hxed points
{in addition to 0 and 1), at e, 65,0000, then f* has the same ecollection of fsxad
points (no additional fixed points as' f cannot have points of period 2 or higher). If
fle) = & for ep < &< Gy, then we can use the argument of the proposition to
constroct & homeomorphism between f and 4 and do the same for each interval
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(. £ig] (treating the case where f{z) < x in an analogous way), In this way we see
that f and 2 are conjugate maps

2. Consider the logistic maps L,(r) = pr(l — r) for various values of ;¢ € (0. 4] and
z € [0.1]. We first show that for 0 < p < A < 1, L, and L, are conjugate. There
is a slight complication here as these maps are not increasing, but they do have an
attracting hxed point at (), and we saw earlier that the basin of attraction is all of
[0, 1]. We first deal with the interval on which the maps are inereasing, [0,1/2], and
look at the restriction of the functions to this interval,

Our aim is to construct a homeomorphism b [0,1] — [0,1] with the property
Lyeh = holy Take (L,(1/2):1/2] = (u/4,1/2] as a fundamental domain for
Ly oand (Lx(1/2),1/2] = (A/4.1/2] as a fundamental domain for Ly, Defing h
(e, 1/2] — (A/4,1/2] by hi1/2) = 1/2 and h{p/4) = A/4 and then linearly on the
remainder of the interval,

Set [ = (p/4,1/2] and J = (A/4,1/2], then since 0 is an attracting fixed point, the
intervals LE(T) and L3{J) are disjoint for n € 7, and their union is all of (0, 1/2],
Extend the definition of i so that it is defined on (0,1/2] hy;

Mz) = Lioho LMz}, for e Ll(])

We can now check that f is continmons and inereasing on [0, 1/2] when we set A(0) = 0.
Now define h on (1/2,1] by setting h{1 —x) = 1 —h{z) for z € [0, 1/2), clearly
giving a homeomorphism on [0, 1], Then

Lath{l — z}) = Laf1 = h(z)) = Lilhiz)) = hiLulz)) = hiL, (1 —2)),
g0 that & is the required conjugation. |

3. A similar proof shows that L, and Ly are conjugate whenever 1 < = A < 2,
Look at the intervals [0, 1—1/u] and [1-1/p, 1/2] separately and the fact that 1— 1/
is an attracting fixed point, then use the symmetry about the paint @ = 1/2,

However, these maps cannot be conjugate to Ly since any conjugating map h -
0, 1] — [0. 1] must have the property that h(1/2) = 1/2 (see the exercises). This
leads to a contradiction.

4. The maps Ly and L, p € (0,4] cannot be conjugate sinee Ly 2 [0, 1] — [0, 1] is an
onto map, but L, is not (zee the exercises).

Exercises 6.6
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1. (&) Let a,b e (0,1) and f,{x) = ax, filx) = bs be dynjamical systems on [0, 1],
We saw in Exercises 6.3 that these maps need not be linesrly conjugate. Prove that
Jo and fi are conjugate {(Hint: Use the method of examples in this section),

(b) Let g @ [0,1] — (0,1} be continuous, strictly increasing with g(0) = 0 and g(z) < 2
for all 2 € (0, 1]. Prove that g is conjugate to f, for any a € (0,1).

2. Consider the tent map T 5.

(1) Show that » = 1/2 is an eventual fixed point for T 5.

(i) Use Section 6.4 to show that there is a subinterval of [0,1] on which T2 18
conjugate to 1,

(iil) Deduce that T 5 has periodic points of period 26 for any & > 1, but no points of
oddid period greater than 1,

(iv) Prove that if > /2, then T, has a 3-cvele,

(v} Prove that there is an interval on which 75 is chaotic.

3 Lev @< A e 1 IEA [0, 1] = [0, 1] is an orientation preserving homeomorphism
with h & L,(x) = Ly e hir) for all £ € [0,1], show that #{1/2) = 1/2 (Hint; h is a
conjugation between two different logistic maps with i o L,(x) = Ly a hir). Note
that this equation also holds if we eplace # by 1 — o, Use this to deduce that
hiz) + hi{l —a) =1 for allx € [0, 1]).

4, Use exercise 2 above to deduee that A/ 4) = A4 I follows that the orientation
preserving homeomorphism of Exaonple 6.6.2 can be extended in only one way from
[1e/4,1/2] to [A/4, 1/2].

3'. Prove that for the logistic map Ly, if 0 < p < 2, then L, is conjugate to L7,
the composition of Ly, with itself, Show that this is not true for g > 2. What is the
corpesponding result for the tent family?

6. Lot Sula) = psin(r). Prove that if 0 < g < A < 1, then S, and 5, are conjugate.
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7. Prove that the rotation R, : 51 — 8% R.(z) = ez is conjugate to the miap
Ta:10,1) = [0,1), Talz) = 2 + & (mod 1), when a = €™, Can R, be conjugate to
Ry for a £ 67

8, Prove that T, : [0, 1) — [0.1), T{x) = z + a (mod 1) is conjugate to its inverse
map I r) =2 — a (mod 1), Can T, he eonjugate to T27

8, The aim of this exercise is to show the uniguenecss of the conjugacy between the
tent map T: and the logistic map L,.

{i) Check that this conjugacy k: [0,1] — 0. 1] is given by,

k(r) = % arcain{yz); Took=ko L,

{ii) Suppose that h - [0,1] — [0,1] is another conjugacy between Ty and Li, then
hil) =0, (1) = 1 and h is a strictly increasing continuous function {(why?), e, & is
an orientation preserving homeomorphism of [0, 1],

iii) Show that b maps the local maxima (respectively minima) of L3 to local maxima
(respectively minima) of L},

(iv) Use the fact that any such conjugation is order preserving to show that h(z) =
E{x) at all local maxima and local minima,

(v} Use the continuity of h and k to deduce that A{r) = k{x) for all & € [0,1].

(vi) Deduce that there is no C' conjugacy between Th and Ly

10, Use the above exercise to show that if Lifz) = 4u(] — a), then LY has turning
points at sin®{(kr /2, for k=1.2,. ... gL =y

11, Use the fact that the conjugation between T, and L, is unique to show that if
¢ 2 10,1] — [0,1] is & homeomorphism satisfying Ly 5 ¢ = ¢a Ly, then (i) = r forall
r € [0,1], l.e.. o is the identity map (hint: first show that ko ¢ i aléo a conjugation
between T: and L),
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12°, Let T, be the tent map. Show that if g > /2, then for each open interval
[T c [0,1], there exists n > 0 such that

[T301/2),T.01/2)] € T2(D).
(Hint: Use the fact that [T,(00] = p|t7] i I does not contain 1/2, so that the length
keeps increasing. We elaim there exists m > 0 such that T™(07) and 717} both
comtain 1/2, for if not, |T™(U)| = p#|U1/2 for all m € 2, a contradiction, since
this eventually exeeeds 1),
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Chapter 7. Singer's Theorem

We shall now show that the logistic map Ly, = [0,1] — [0.1], L,(x} = uz(] — 7
with 0 < p < 4 has at most one attracting cycle. We use a result due to Singer {1978)
which is applicable to maps having a negative Schwarzian derivative. Recall that a
map f: R — R is C* if f(z) exists and is continuous.

7.1 The Schwarzian Derivative Revisited

Recall the Schwarzian derivative of f{x) is:

0 i I T [, S
5169~ 153 -3 |75y = Fio -3,
where Fr) = %

Ohr first goal is to show that many polvoomials have negative Schwarzian deriva-
tives.

Lemma 7.1.1 Let fiz) be a polynomial of degree n for which all the roots of its
devivative f'(z) are distinet and real, Then Sf(x) < 0 for all 1,

Proof. Suppase that the derivative of f{x) is given hy
filz) = alz —ri}{e—ra) - (2 —ry 1 )4

where a € R, then

] n—1
Pir) =28 gy pragy =

= Tle) 2ag—r
and s0
-] i
Fla)= - ; E——ry
Now put this into the Schwarzian derivative:
Sflz) = F'(z) — é[ﬂ:;}r <0.

By e
Lemma 7.1.2 Assume that f isa OV map on B, then

(i) S{fogila) = Sflglz)) (¢'(x))* + Sglz).
(ii) If §f < 0 and Sy < 0, then S(f ag) < 0.
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(iii) If §f < 0, then Sf* <0 for ull k € Z+,

Proof. {i} As above we have Flr) = %. s set G(x) = f:[f:‘; and H{z) = :’:{':IE;‘

where i = [ o, Then

Wix)= fflgtx)) - g'(x), W'x)= (ol (@) + (' g(2))g" (),

a0 that
o SMgla))g' e + Plale))g(2))
Htz)= flalz))gx)
flgle))a'(c) | g"(x) ; i
= =-Flolzi Tla].
Flo(e)) +: i) {gle)ly (z) + Glz)
This gives
H'{x) = F'{gle)e'(2) + Flgla)g"(x) + Glx),
sy Eliag

S(f o @) = H'{z) — %Hﬂp-]

: P . ; A ;
= [F'{g{rl} - =F¥{g{x)) g’m‘+Ftyt-r}]y”[r]—F{yixny[m'}G:zJ+G‘m—%ﬂitr}

= Sflgle)) - o' (2 + Salx),
sinee G(x) = ¢"(x)/¢' (1),
(it} 18 now immediate, and (i) follows using induction. O

i+ b

Example 7.1.3 Let gir) =
4

A divect caleulation shows that Sg{xr) = 0 everywhere in its demain. It now follows

_af{z)+h SR 57
= r“—ffr} 3 then Shix) = Sf(x).

We now prove a version of Singer's Theorem. Recall that if f : B — R is a
continuous function and ¢ € R is an attracting fixed point or attracting periodic
point, then the basin of attraction 8;(c) is an open set, Denote by W the maximal
open interval contained in Byle) which contains ¢ (called the tmmedicte basin of
attraction of ).

i b d € B, a linear fractional transformation.

from Lemma | that if kiz) =g( flx))

Theorem 7.1.4 Let [ R — B be a CF map with negative Schwarziay devivative, If

e 15 an attracting peviodee point for f, then either:

(1) the immediate basin of attvaction of ¢ extends to 0o or —ne, or

—
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(i} there is a critical point of f (i.e., a roet of f'(z) =0), whose orbit is attracted to
the orhit of c under f.

Proof. We first look at the case where ¢ is a fixed point of f. Suppose that its
immediate basin of attraction is the open interval W oand that (i) does not hold, then
W iz a bounded set.

Thus W = (a,b) for some a, b € R. Because of the continuity of f and the fact
that f(a), fil) & (a,b), there are three possibilities for f(a) and f{B).

Case 1: fla} = f{b) - this will happen for example if a is a fixed point and b is an
eventual fixed point. It follows from the Mean Value Theorem that (a, b) contains a
critical point of f.

Case 2: fla) = aand f(b) = b, then by the Mean Value Theorem, there are points
ry € (a,¢) and s € (e, b) such that f'{(r) = f'{iea) = 1 (see picture), But since ¢
is an attracting fixed paint, |f'(¢)| < L. It follows that either #(xy) = 0 for some
Tp € [y, xa), or f{z) has a minjimum value f(zy) > 0. In the latter case we have
Flze) = 0, f"(xe) = 0 and (o) > 0, 50 that Sf(xg) > 0, contradicting the
Schwarzian derivative being everywhere negative,

Case 3: fla) = band f(b) = a. Here ¢ is fixed by f* and =0 are a and b, so that {f2)’
has a zero @p in (a,b) (as in Case 1), But

(Y (o) = (FUfma)) ) = 0,

s0 either xy or f{zy) is a root of f'. but both lie in {a, b).

Now suppose that ¢ is a point of period E, then f*(¢) = ¢, an attracting fixed point
for f*, then from our earlier arguments, the immediate basin of attraction of ¢ { for
f*) containg a critical point of f*, say q:

f.fkT'-'IuJ = ff_ﬂ-’f‘-nﬂfr{f'[ﬂfﬂ}} S .I"'[f'h_1 [Tn]]' =1},

so that f'(f™(xa)) =0 for some 0 < m < k. In this case f™(z) € f™(W) c W, the
basin of attraction of . O

Example 7.1.5 Consider the map f(z) = & — 2% We ses that () has two real
roots: +(1/58)", and f*(x) and f"(z) are both continuous. We have f(z) = =203,
and f"(x) = —60r.
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substituting these into the Schwarzian derivative gives:

—6r*

Sf(x) = (—60a*)/(1 - 5z*) — 3/2)(—200") /(1 — 522 = e

(1 +5a'),

and this is always negative, We can check that the eritical points are in the basin of
attraction of the Axed point =z = 0.

1—- Iy q" '-_,—-I'_,.._.\_ = .';J
Example 7,1.6 The map f(z) = /4 + ¢! cannot have a negative Schwarzian
derivative. It has fixed points r = 0 and r = 21/2, 0 being attracting with bounded

basin of attraction, but f has no critical points,
7.2 Singer's Theoram

Corollary 7.2.1 Let [:[0,1] — [0,1] be a € map with Sf(x) < 0 for all xr. The
basin of attraction of an attracting ciele contains 0,1 or a eritical point of flx).

Proof. If J = (ah), 0 < a < b < 1. is the basin of attraction of an attracting
cycle, then we have seen above that it must contain a critical point of f. Any other
attracting cyeles will be of the form [0, a) or {&, 1], 8o will contain 0 or 1. O

Example 7.2.2 We now see that the logistic map L () = pr(l = 1), 0 < u < 4,
a € [0,1], has at most one attracting periodic eyele, If 0 < g < 1, 0 is the only
attracting fixed point. having basin of attractions [0,1]. For 1 < p < 4, L, has
exactly one critical point 2 = 1/2,

Since Lo (0) = p > 1, the fixed point 0 is unstable: therefore [0,a) cannot be
i hasin I:rf attraction.  Furthermore, £,(1) = 0 and hence (b, 1] is not a basin of
attraction either. Since SLy{x) < 0 everywhere (st = 1/2; lim, ;2 Li(x) = —00),
we conclurde that there is at most one attracting periodic evele in (0, 1) and the result
follows.

If we look at the bifurcation diagram of the logistic map, it follows, for example
that where we see six horizontal lines, we have an attracting G-cycle, and not two
attracting 3-cycles.

Remark 7.2.3 In a similar way we get Singers Theorem [45], proved by David Singer
in 1978, This theorem is actually a real version of a theorem about complex polyno-
mials proved by the French mathematician Gaston Julia in 1918 |..J.’|

el I f hn.-r n eritical points in 1, then _,I" has at most n+ 2 attracting cyeles,

Lll
. E Suppose that f is a C* fmap on |F_r dosed fnterval I such t}.!.ag";j'f{.nj < 0. for ail
)/ ]

R

A;B‘ﬂf}ﬂl.ﬂuﬁ' ) JI e M ,LJ';.J%
. I"EEmﬂL ot el

o a the aenedist® \aSinm .lu |

ﬁj)i.,? \I'F 5‘?.".:.. Pﬂh't-_';;ili é?mah-\l'ucj -Hr-@n P’““‘ﬁ"f ﬂ‘ltrm:f u ﬂ'I’IHCh‘ P‘b'pnﬁ

% 4 = .
e Fooml-2x® on LAY s v stk portic 045
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3.55 }:..l.',:lm Example 7.2.4 Let G(x] = Aarctan({z), A # 0. Then G'(x) = A/(1 + 2*). Clearly

Y e Gix) has no critical points. Now, if [A| < 1, then ¢ = (] is an asymptotically stable
Simcag fixed point with basin of attraction (—oo;00). 1f A > 1, then G has two attracting
Gitn) o fixed points 2y and r; with basins of attraction (—oc,0) and (0, %), respectively.

be caurt ko Finally, if A < =1, then & has an attracting 2cyele {T), #;} with basin of attraction

e
Gz mf‘# (—oe, 0) U {0, 20). - -6

Exercises 7.2

1, If Gir) = Aarctan(x), (A # 0], show that the Schwarzian derivative is

- 2
S6() = ez 26X )

U*aefth':s tor wirif},r tlue nimcfm;cm from Example 7.2.4. " s ?’TJ- -?’2}4 {_’}g[tﬁ#
is e iy =AW Gage AL
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i
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Stability of Two- Dzmmamnai Maps
s ED:jcvffE Chaos (2" ed.) with appiicatibns in
Saber N EIU'- Ll o woe :’.-LhE.I
thupmh ..."5 Hall/ CRC ;.!,;;::3, Enﬁl'ner-&:fmfj]

Is evolution a matter of survival of the fittest or survival of the
maost stable?

A, M. Waldrop

- = __,-r""-
s ") - W ' I| '- 1_L.-
f_ g.,«i = :,"-...n—i :'-J-PL 5'--' .rJ""‘”*':',.-' _-?u.. o\ r_-f"-.}_-:j 7 WU (A C e Y

I-"I"dﬂ Ay = : |___=—n.-‘5 *--' At =J* ':":_.F —-|‘:"'L-. ) l\ Fl- -‘f}‘Tlﬁl-: & Al"tl N2l s
i i
4.1 Linear Maps vs. Linear Systems  o+%u = 4¢(f)="4+ )2
; et (A) =oy0a 1~ Mia®Rz
Recall from linear algebra that a map L : B* — B? is called a linear transfor-
mation if

L'[I!'I]'l'l[fgj LI:”|:|*I[I£:-J:'.|-UI!] L's E R*
2. LiaU)=al(lfor U e R2 and a € R.
L
Moreover, it is always possible to represent_f~{with a given basis for E?) by
a matrix A. A typical example is

T = ar + by
¥/ \er+dy

which may be written in the form

i) =(5e) )

ar
L) = av, w1y
& - 1 =" ::. I- 2
where Ul = (E) and 4 = (“ h)- ?Iiﬂ"j'l']l "| c A0 1= =
] ed

By iterating L, we conclude that L™(U) = A", Hence, the orbit of U
under fis given by
L

(U AU, A*U,. .., A™0,, ) (4.2)

Thus, to compute the orbit of U, it suffices to compute AU for n e T+



(a2)(4-0) - = o
. ":'J.‘_-__ fa "rél :] "}' doca J & I:.:.-_-' =y '-—é."'ll ﬂ'_-_;'-."l-"-l
= I Y
Sz ',"-._._1: T[D"“f'c-'l i‘w{’l{'dicj_;#*q_{ﬂdl—bc‘j . .
Another way of looking at the same problem is by considering the following
two-dimensional system of diference equations

|72 Dhserete Chaos

gn+1l)= axin}+ byln] (4.3)
yln + 1) = exin) + dy(n). '

ar

Ha+ 1y = All(n). (4:4)

By iteration, one may show that the solution of Equation (4.4) is given by
[f{n) = A™LT(0). (4:3)

So. if we let Uy = U(0), then L™(Uy) = U{n)

The form of Equation {4.3) s more convenient when we are cansidering
ypplications i biology, enginecring, cconones and s0 forth.  For example,
rin) and y(n) may represent the population sizes at time [:-t-ril_Hl n of two
commpetitive cooperativie species, or preys and predators, o— =% =4~

In the next section, we will develop the necessary machinery to compute A®
for any matrix of order two. The general theory may be found in (32, 33, 0.

4.2 Computing A"

Consider a matrix A = (a;;) of order 2% 2. Then, p{A) = det( A — Al) is called
the characteristic polynomial of 4 and its zeros are called the eigenvalues
of A, Associated with cach eigenvalue A of A a nonzero eigenvector V' € R*
with AV = AV,

Example 4.1
Find the eigenvalues and the eigenvectors of the matrix

4=(f§) 0

SOLUTION  First we find the sigenvalues of A by solving the character-
istic equation det(A = ATy =0 or

which is

[




| —

—
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Hence, Ay = 1 and Az = 5. To find the corresponding eigenvector Vi, we solve
the vector equation AV); = Al or (A = A L)V = 0.

For Ay = 1, we have
1 3 M1 ) - i
13 T

Hence, vyy + 3wy = 0. Thus, vy = —dwy. So, of we let vy = 1, then
vy = —3. It follows that the eigenvector V| corresponding to A, is given by
—d
V1= .
=
For Ay = §. the corresponding eigenvector may be found by solving the
pquation (A — As Ve = 0, This vields

(23)(2)-(0)

Thus, =3wg+dugy = Uor 11z = vge. It is then appropriate to let vyg = 192 = 1

and hence V5 = (} ) i

I'o ind the general formn for A™ tor a penersl matrix A is a formidable task
even for a 2 x 2 matrix such as in Example 4.1, Fortunately, however, we
may be able to transform a matrix A to another simpler matrix 53 whose nth
power B™ can easily be computed. The essence of this process is captured in
the following definition.

DEFINITION 4.1 The matrices A and B are said to be simdar 1f there
erists a vmnaiﬂyu!ur matriz P such that

_d__,a—_\_____—\_

i PBJ = PAP=B ;i,»?:?%
:'.ﬂf:.'-l.l

We note here that the relation “similarity” between matrices is an équiva-
lence relation, i.e.,

M

8

1. A is similar to A, £lae H {\[Ej.;-‘{:“.r1'|.f.u-'{_‘y’/j T P L
i
! - Ei-.'-.-?:" = |1 ]
9. I A is similar to B then B is similar to 4. 727 [Eymmetry) Tl

¢=—.l'_,1.-ﬂ'--’q
3. 0 A is similar to {3 and B is similar to €, then A is similar to C. tremsih
HeaP, and Bes f"—_a?_ A=siC f‘f'll‘-""-}'rl.-"-"'rEjJ'
The most important feature of similar matrices, however, is that they possess
the same eigenvalues.

blel
|_ e et
LA matrix P is sald to be nonsingular if its inverse P! exists. This is equivalent to saying
that det P 2 0, where det denotes detarnmingnt
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=1
- & vl .

—

174 Discrete Choos

THEOREM 4.1
Let A and B be two similar matrices. Then A and B have the same eigen-

vialues,

PROOF Suppose that P~'AP = Bor A = PBP-', Let A bean
eigenvalue of A and V' be the corresponding cigenvector. Then, XV = AV =
PEP-'V. Hente, B(P~'V) = MP'V], Consequently, A is an sigenvalue of

17 with P~V as the corresponding eigenvector

[he notion of similarity between matrices corresponds to linear conjugacy,

- - e — .
which we have encountered in Chapter 3. Iu of her words. two linear maps are
conjugate if thewr o srresponding matrix representations are similar. Thus, the
linear maps L, Lg on R2 are linearly conjugate if there exists an invertible

map h such that
L] ah = ho L'_'

ar

The next theoremn tells ug that there are three simple “canonical” s for

P D matnoes

THEOREM 4.2

Let A bew® x 2 real matrie, Then A similar to one of the follounng

mafrices:

g 0 .

- [.]' f\.ﬁ ':"'I-I | ¥ LTS 1'I:'.|.|.
X _

2 (U}.) L il §

- L .'.'i - = Wt

o (—du) Orahite

PROOF  Suppose that the eigenvalues Ay and Ag are real Then, we

| Liave two cases to consider. The first case is where A; # Ag. In this case, we

may easily show that the corresponding elgenvectors vy and ¥y are linearly
independent (Problem 10), Hence. the matrix £ = (Vi V), fes the matrix
P whose columns are these eigenvectors, is nonsingular. Let P-lAP =.J =

{u'f 1
(r} h)' Then,

Compating both sides of Equation {4 6), w obtain

AP = PJ (4.6)

AVy = eV + Vi
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Henee,
MV = el +gV;,

Thus, e = Ay and g = (.

Similarly, one may show that f = 0 and & = Ay, Consequently, J is a
diagonal matrix of the form (a},

The second case is where Ay = A3 = A, There are two subcases to consider
here. The first subease oceurs if we are able to find two linearly independent
eipenvectors V) and Vo corresponding to the eigenvalue A, This subease is
then reduced to the preceding case. We note here that this scenario happens

when (A — ATV = 0 for all V € R?. In particular, one may let V) = (3])

il : .
and V5 = (1 . which are clearly linearly imndependent.

The second subease oceurs when there exists 4 nonzero vector Vo € B? such
that (A = AJ)Va # (. Equivalently, we are able to find only one eigenvector
{not counting multiples) V; with (A~ AfJV] = (0. In practice, we find V¥, by

solving the equation
(A=AlV; =W

The vector V5 is called a gene ralm:{‘l eigenvector of A. Note that AV] = AV

.

el .-'”*g = AVa + V). Now, we leth? = (Wi, Va)land P~YAP = J. Then,

s/ ' 4
zoe (4-7 A)Va= \"j AP = P, P s\ (4.7)
-
Companng both sides of Equation (4.7) yields

Al |
J = (m)' (4.8)

The matrix J i5 in a Jordan form.

Next, we assume that A has a complex cigenwalue Ay = a +15. Since A is
assumed to be real, it follows that the second eigenvalue A 15 a conjugate of
Ap, that is, s = a — 18, Let V = V; + V4 be the elgenvector corresponding
to Ay, Then,

a"ll"ll == .}ngi”
.{[.1'“ + T!-rz] = {“- i f-':ﬂ“;l + FFEJ-
Hence.
AV, =al] W e __Ill
A 1-"";,5 = .-.ﬂ-"1 + ik l.f'!. :'l P —r
A=PJIF)
1ELI.1ng P= “,-1 P 5) we get PHiAp = 1, lli:!nc:f'

AP = PJ, (4.9)
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Comparison of both sides of Equation (4.9) yields

o e ’j f
J = ( _En). (4.10)

Theorem 4.2 gives us a simple method of computing the general form of 4™

for any 2 % 2 real matrix, In the first case. when P~YAP = D = (JS ib ).
2

wi have

A™ = (PDP-I)

= P p-l |4.11)
" N ‘}'T u a=1 |
i H.-i(l_l_wa '
| = -
In the second case, when P-'AP = J = { II: 1. } then

A" = pjnp-]

n SATE e 14.12)
F}:F(” \i ]J.JJ

Equation (4.12) may be easily proved by mat hematieal induction [ Problen 11},
o 11
— &
Then Ml, sinw = g/iA; . Now, we write the matrix J in the form

J= M]I( (| A ﬁﬂﬂhl) = fﬁul,'( COS W Hinm).

-3/ 1A af|A | — 8inw Cosw

In the third case, we have P71AP = J = ) Let w = arctan (§/a).
e T TS S S S

By mathematical induction one may show that (Problem 11)

g = (5 n [ SoBmW Sin nw (4.13)
M\ = sinmw cosnw / '

and thus — )

Lo !-’*1|"F( £O8 Mk smm..-) p-t (4.14)

— BTl Thie! 008 Ticy

=
e
3
-
l..‘.i

C :

Example 4.2

Solve the system of difference equations o
Xin+1)=AX(n) (4.15)
where X, =f ';‘-.....
¥ _4 g ]. = "r':ll :h;i-h' .
L-_..FJ'L,.-I: ;_.-.'H ._,I'lf_,! A= (_43)? X{ﬂ}: ('D). u :g);ﬂi]'r"-'-x B
:‘:P-.-Jl_HL “'-l.l\i .L'll"l"' .:1‘-"_":&"!'1' : :
) :-":n-:l

BTl e DR L mn b b b bn b e B B Bn B B |
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SOLUTION The eigenvalues of A are repeated: A, = Ay = 2. The only
eigenvector that we are able to find is V) = j . To construct F we need to

find a generalized eigenvector V3. This is accomplished by solving the eguation
(A—21V5 = V. Then, V; may be taken as any vector ; cowith 3y —2r =

1. We take Vo = (Jl) Now if we put P = (j i) then P=—dP = ] =

(E I}) Thus; the solution of Equation (4.15) is given by

e |
A=Y P
X(n) = PJ*Pz(0)
B T 68 S
2% 3 -2 3 i
1 —3n
e m
= ( —2n ) !

REMARK 4.1 Ifa map [ B — K is given by f(Xp) = AXy, then
i Xe) = A"Xp = PJ"P~' Xy, In particular, if X = (|jj)' then f"(Xq) =
III.]--EHH) . e

2 ( | forall n € £ i

:..Jv.ﬂ.ﬁi]" aes)
LYo b ?
_

Exercises - (4.1 and 4.2)

In Problems 1-5, find the eizgenvalues and eigenvectors of the matrix A and

as) S e (. ¥,

"“ﬂ ad-be o

(

g o)
(
(

compute A"

]
-
Il
[ 1] o
e e
LN
i S

; @ ff P*=(“ 'fj)fkm
-3 2 Tate= tr(A)= ot - {rn{cﬂ
:ﬂ) D=edet(A=[Al=ad-be. 4

""‘ bl =¥k, Led)=A),
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6. Let L : R* — B? be defined by L{X) = AX, where A is as in Problem 1.

L
Find L™ (f)

7. Solve the difference equation X+ 1) = AX(n). where A is as in
| I
Problem 3, and X{0) = [ X J
I..-'

8. Solve the difference equation X(n + 1) = AX(n). where 4 is as in

Problem 4, amd X(0) = Xy

9. Let f: BR* — R" be defined by f{X) = AX, with A as in Problem 5.

10, Let A bea 2 x 2 matrix with distinet real eigenvalues. Show that the
corresponding eigenvectors of 4 are linearly independent

Al 0 LR et
L w) o= |{ . .:l Shuas it U7 | ;'I ' 'II' 'I

VLA A J
! : § 4 o CEE s =
(b) If J = | show that J* = A" whaee
o , — B Fa ©OE T
i RLCH 4 1'- L It l g |
£1 F

12. Let a matrix A be in the form

P
4 (.L i m)'

(a) Show that if 4 has distinet eigenvalues Ay and Az, then

- A 0
I s 1
P AI—‘--({] M),

where M = L
L P

(b) Show that il A has a repeated eigenvalue A, then

prigp— (A )

\0A

S 5L
wihere f ( A L).

(e} Show that if A has complex eigenvalues Ay = a4 and Az = a—ul,

then
PlAP = ( = *'3)
—_:f g’

O ‘-ll

where P =
a 3]

B Bm mn Bn Bn Gn GUn Bnc b by o me Bn o Gn BN B BN BN BB BB BB
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4.3 PFundamental Set of Solutions

Consider the linear system
Xin+ll=4AX(n] (4.16]

where A is a 2% 2 matrix. Then. two solutions Xy (n) and Xa{n| of Equation
(4.16) sre said to be linearly independent if Xy(n) is not a scaler multiple of
Xi(n) for alln € 2%, In other words, ifey Xy (n)+eeXein) = U for all n g ZF,
then ¢, = ez = 0. A set of two linearly independent solutions {X(n}, Xa(n}}
s eallod a fundamental set of solutions of Equation (4.16).

DEFINITION 4.2 Let { Xy(n), Xain)) be a fundamental set of solutions
of Equation (§.16). Then

Xin) =Kk Xl -':u';.;.\'-_JI.'r_I, k1. kg € 13 {fl-lT}
(Enead Galinmsion)
is cilled o general selution of Eguation (4.16). ,_.;-LP.-__,.*.-.-!E-I" -__-,.:-5_:-.-:_,.1:: [t ol

oAV

Finiing Xy (n) and Xa(n) is generally an casy task. We now give an explicit
derivation. o

Tn the sequel Aq, A denote the eigenvalues of A2V, Vy are the corresponding
eigetivectors of A.

We have three cases to consider.

oy ade K
Case (i)
A
Suppose that P~ 4P = ( “l i’I ] Then a general solution may be given
by -

X (riy=A"X(0) = PJ"F " X{(0)

(AR 0 (Ky
= 012 (7 ) (h)

»
where (i') = P‘H‘-’f@i\ Then,
s

]

j.k'im = by ATVA 4 L—-.;,.,a:_nf;.] (4.18)

Here, Xy(n) = AlVy and Xa(n) = A7Va constitute a fundamental set of
solutions since in this case V¥ and Vi are linearly independent eigenvectors.
Mote that one may check directly that ATV, and AZV; are indeed solutions of
Equation (4.16) (Problem 13a)
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Case (ii)
suppose that P~YAP = J = (If [-. ] Then, a general solution may be

Eiven by
’ \ 1 =\
Xin) = PJ"PTX(0) oo
) ('H!,) '? }ﬂﬂ}

. ik e AP pAn—Lh #2
= (Wi, Va) ( A" ] (J.:g)

ry

E:"‘:;r',-" = -1.'|«"."‘.-"| F R {nA™ T 4 AT i{':,{ (%.39)

Hence, X |(n) = A"V, and Aa(n) = A"Vo + nA" 'V, constitute a funda-
mental set of solutions of Equation (4.16) (Froblem 13b).

Case (iif)

T s ! :
fi= ] If = arctan{ /o). then the general

1 {1 & |

Suppose that £ 1 4P

solution may be given by
Xl =FRI%P=2Xm :Fﬂ = =ty = {')

| i '. >, L __F-*_;.—H-\ e ¢ = i
"F:"‘"“"'.-__Tﬁu-,.; sin u.-..,-) ( ki J ('F‘T) #?%

]

= (Vi Vo)A (

P ———— Si0 ML COS T k
SN = A" [k cos nw T_l:"::?:'i.].:. )V (4.20)
il { =k sin nw + ko cos n-.f.J}L'f;]._r'
Hence, Xij(n) = ﬁ.l“f[.!:'-}“'.c::rﬁm':#i’l : {ﬁ’:ﬁin[wj]'[r’g} and Xa(n)

= (A4 [“[{ﬁiﬁin{w}]ﬂ -+ {.i_ﬁ cos(mw )| Ve constitute a fundamental set of solu-

tions (Problem 13c). 1 WV = Re [U}j
W htre L=

Example 4.3 q“"‘L
solve the system of difference equations

Aln+1)=AX{n), X(0)= (é) '

A_(—f;) .

SOLUTION The eigenvalues of A are A = —2+3i and Ay = —2—3i. The

corresponding eigenvectors are V = ( _1] ) and V = ( :: ). respectively.
The vectors

where

This time, we take a short cut and use Fquation (4.20)

Vi and Vg referred to in this formula are the real part of V, V; = ( _Dl )r and
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()

| ) Now, :.-5|.| = mﬂ wh = 511"5'1HJ|-|TJ} ==

the imupinary purt of V, ¥V, = (
123.69°. Thus.

Xin) = (132 [[h GO T -+ Ko sin ) f :;])

+ (=K sinnw + kg cos nw) ({1}) J

0= () - () ()

Hence, ky = 1,k = 2. Thus,

-l
, o : (1 o 0
XNn)=(13)" {r,m'-: M -+ 2500 ) \\U) + [ —sinme + 2eosnw) (EJ {

= (13)7/*

o fj-'i:ujﬁ Thee)— R T
-~ St 4 2 eos i

4

4.4 Second-Order Difference Equations

A second-order ditference equation with constant coeflicients is a sealar equa-
tion of the for
ulrn + 2]+ puln + 1} + pauin) = 0 (4.21)

Although one may solve this equation directly, it is sometimes beoeficial 1o
convert it to a two-dimensional system. The trick is to let u(n) = 3(n) and
wirt + 1) = arain),

Then we hawe

ri(n+1) = xein)
Fgin+ 1) = —pairy(n) — prxain)

which is of the form
X(n+1)=AX(n) (4.22)

Xin) = (J'I]LIH'IJ. and A =( bi 3 )
wz(n) e

The characteristic equation of A s given by

X2k pe =0, (4.23)

whiere

Observe that we may obtain the characteristic Equation (4.23) by letting
u(r) = A" in Equation (4.21). Thus, if X; and X; are the roots of Equation
(4.23), then ui{n) = A} and us(n) = AF are solutions of Equation (4.21).

Using Eqs. (4.18), (4.19), and (4.20), we can make the following conclusions:
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I, It Ay # A2 and both are real, then the general solution of Equation
(4.21) 1= given by —

[ uin) = ¢iA} +{.‘~g.1-..5‘.\ (4.24)
2. 1f Ay = As = A, then the general solution of Eqguation (4.21}) is given by
l ) = 6LA + CafiA T, \ (4:25)

3. If A i1 =1, As = oo —1fd, then the general solution of Equation (4.2])

g win) = | A" e cos nw + ca sin .riu_!_i.\ 14.26]

WHere w arctan (37 a

18 gVl 11

for &:‘m\_ﬁ-ll ﬁTJ-E""II"- %E'

Example 4.4
medve Lhe secod-order difference Eruation

ZUn+ 2 =Bein + 1) +9xl = Dait= 1000l =8 H

SOLUTION b characteristie equation -associated with the equation is
givess [viA® = Bl =[]

Hence, the clinracteristic roots are Ay = Ay = =3, The general solution is
given by
t:-|.
i) =H~-3" 4+ sn[=3)"
Ul =1=g
o{l) == =3e; — 3eq.
Thus, €3 = —1 and, consequently,

rin) = {=3)" = u(-3)"
= (-3"1—-n} |

&= —— e
Exercises - (4.3 and 4.4)
I Soive the system

ziin+1) = —ry(n) + rain)
ta(n+ 1) = 2xq(n)
with 21 (0) = 1, z2(0) =2,
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2. Find the general solution of the systen)

Xin+1)=AX(n), whers A= (i :T)

3. Solve the problem X{n +1) = AX{n), where A = ( —1'}.‘ “:l)

4. Solve the system

y] 3
Xiln+1)= AX(n)., with A= (“ -1I ) , A0} = (

|
s

(ki |

Solve the system z{n + 1) = Az(n), with A = (;jl!')

Salve the difference squation

O

oim+2) = azi{n+ llgzin) =0, x{d) =2

tal By converting it Lo a systent,

(h] Directlv as itis,
k 7. Solve the difference egquation

Fin+ 2= Flnd 1)+ P, #11) =1, Fi2)= L.

(This is called the Fibonacel sequence. |

8. The Chebyshev polynomials of the frst and second kind are defined as
follows:

T {x) = cos(neos™ {z)),

—sin|(n + 1) ol i), for |zl L

1
xfll- T*

Unlz) =

(a) Show that T5(z) satisfies the difference equation
I;Irlv-:!':--'-_] - '.EJ:‘.IrM j':nf:l + Ilﬂ_'i_:l'_l =15 HHJ"_] = L T][.I‘] — -

(b} Solve for Thlx)
{e; Show 1lat

Uogalz) = 2rllpsle) + Unle) = 0, Uplz) = 1, Uy(z) = 2z,
(d} Write down the first four terms of 1), (x) and Uy [z},

4§, ‘Solve the eguation p{n + 2) + l6xz(n) = 0.
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10. Let A be a 2 x 2 real matrix with distinct eigenvalues Ay and Ap. Prove
that the corresponding eigenvectors V¥ and Vz are linearly independent,

11, Let A be a 2 x 2 real matrix with a repeated eigeavalue 4. Let Vi be an
eigenvector corresponding to A and let Vs be a generalized eigenvector,
Show that V| and Vo are linearly independent.

12, Let A be a 2 % 2 real matrix with complex eigenvalues ) = o + 43 and
Ay = a—13. Suppose that V' = 1} + (15 s the elgenvector corresponding
to A;. Prove that the matrix P = (V). V:) is nonsingular. {Hak It
suffices to show that Vi and Vo are lwearly mdependent.

14, (&) Show that X (n) and Xa(n), obtained from Equation (4.18), are
solutions of Equation (4.16)

(b) Show that X;(n)and Xg{n), obtained from Equation (4.13), are
solutions of Equation (4.16)

(c) Show that Xy(n)and Xe(n), obtained from BEquation (420, are
solutions of Equation [4.16)

In Problems 14 and 15, consider the nonhimogeneons equation

Yin+1) = AV (n}+gin) (4.27)

where A 18 # 2 % 2 matrix and g 15 2 hnetion defined on £7

14, Show that
Ti |

Yin) =AY (0)+ ) A" g(k). (4.28)

k=il
(This is called the variation of constants formula. |

15. Use Formuls (4.28) to find the solution of Equation (4.27) with

A= (;;j gln) = (T) = (lll)

16. Solve the equation y{n +2) = 5y(n+ 1) +4y(n} = 4",

LT
fca )|
141 g

" 4.5 Phase Space Diagrams lisp o o mis# sl

One of the best graphical methods to illustrate the various notions of stﬂabilit}'
is the phase portrait or the phase space diagram. Let f R? — R* be a

]
given map. Then, starting from an initial poinf Xp = (i%ﬂ:{)‘ we plot the
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sequence of point X, f(Xol, 5 Xo). f* (X0}, . and then connect the points
by straight lines. An arrow is placed on these connecting lines to indicate
the direction of the motion on the orbit. In many instances, we need to be
prudent in chioosing our nitial points in order to get a better phase portrait.

In this seetion. we consider linear systems for which f{X) = AX, where 4
is & 2% 2 matrix. Observe that 1A -1 is nousingular, i.c., det(A-I) # 0, then

AW - — ) .
the origm (:]) 15 the only hxed point of the map f, Eguivently, X® = (::)

15 the only ixed point of the system

Xin+1)=AX(n) (4.29)

" '.'_. -

As Fliiﬁl]ﬂl ed in Theorein 4.2, there exists o nonsingular matrix P such that
P 1AP = J where J is ane of the forms (1), (2). or (3} in Theorem 4.2, If
we let

-|
X{n)=FP¥nl a4 {4.30)
" | i |
in Equation (4.29), we obtain A BLHAL S el 48,
Yin+1)=J¥(n) = (4.31)

Chur plan here is to draw the phase portrait of Equation (4.31), then use
the trapsformation (4.30) 1o obtain the phase portrait of the original sys-
temn (4.29),

(I} We begin our discussion by assamiing that J is in the diagonal form
A W
) A
two linearly independent solutions:

cwhere Ay and Az are not necessarly distinet. Here we have

=

Yiln) = ATVy, and Ya(n) = M3V, where V)= G) and 1z = ([f)

are the vigenvectors of A corresponding o the eigenvalues Ay and Az, respec-
tively,

Obiserve that Yy(n) is a multiple of V}, and thus must stay on the line ema-
nating from the origin in the direction of Vi; in this case, the r axis. Similarly,
Yol(n) must stav on the line passing through the origin and in the direction
of Vo in this case, the y axis. These two solutions are called straight line
solutions. The general solution is given by

Yin) = kAT ({ﬂ + kg A (?) YD) = (E) (4.32)

We have the following cases to consider:

1 I A< | and |As| < 1, then all solutions tend to the origin a8 n — oo,
Observe that if |Ay] < |Az] < 1, then, |AT| goes to zero faster than |A%].
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FIGURE 4.2a
(a) A source: Ay > Ay > 1.

Andd comsequently, any solution ¥ () in the form (4.31) is AsyInptotic
. . . A & = :
o the-straipht line solution Yi(n) = A% ( | ) (see Fig, 4.1a)

Ou the other hand, 3 1A > [Ag], then Yin) is asvimprotie 1o Y (n) =
I g
Al (”\I [t g, 4.1h),

P hisise prortraits < v and 4. 10 are called sinks,

2. If [A]| = 1, and (Az] = 1, then we obtain an source as illustrated in
Figs. 4.2a and 4.2b.

Mote that if |Ay| > [h2| > L then Yin) is asvmptotic e Yain) = A3 ([lj)

(the y axis) when 0 — —oc and & daminated by ¥i(n) = AL (ilil) wlien
T = 0, -

J. If |Ar] < 1 and [Az| > 1. then we obtain a saddle (Fig. 4.3). In this case,

i - (il
when n — a0 Y(n), is asymptotic 1o Yo(n) A5 ( [ ] asn— and is

asvimptotic to Yy(n) = AF (“) as 1o — —oo, Similar-analysis is readily
available for the case A = 1 and |Ay] < 1.

4. If Ay = Aa, then

Fop B O | O U 1 -k]
Yin)= kA (.”) ki (|) "J"(s;._:)-
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FIGURE 4.3
A saddle: D<A < 1A > 1
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FIGURE 4.4
A sink: (< A < Ag < 1.

Hence, every solution Y (n} lies on a line passing through the origin with
u slope ka/ ki (see Fig. 4.4)

Observe that in each of the four subcases, the presence of a negative gigen-
value will cause the solition Y(n) to oscillate around the origin and the phase
portrait will not look as nice as in Figs. 4.1a 4.4

(II). Suppose that J isin the form

Al
"'_(UA)

Then, we only have one straight line solution, Yy(n) = A"l = A" (:])

The general solution is given by

Y(n) = kA" (é) v kg (rt."-“ : (é) + A" ([;))
n—1 t. i U'.
= (kA4 kA" () + ko 1) -

Now, if [A] < 1, then,¥{n) — Oasn — oo, since lim nA" ™" = 0 (by

TE— 0

L'Hopital Rule). Since the term kA" (?) tends to the origin, as n — 0o,

faster than the term (k) A+ken)A™ ( {1] ) . our solution Y (n) tends to the origin

asymptotic to the z axis (see Fig. 4.5a). In this case, the origin is called a
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(b) A degenerate source: Ap = da = A, A > |
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degenerate sink. Figure 4.5b depicts the casé when (A > 1 and in this case,
the origin 15 called a degenerate sourci
(1), Suppose that J is in the form

a B
e ( = {.EJ !

In this case, we hsve no straight line solutions due to the presence of cosnd

and sinnd in the solutions Yiy(n) = |[A "k cosnd + kssinngd) (é) and

| ) The general solution is given by

o
Yaln) = [Ag|"( =&y sin 4 ke cosn3) (

' by cosnd + ke sinng
¥} - |ﬂ5l:|"( GOSN + hp sinn )

—kysinnd + ko cosnd

with Y (0} = (:') Doetine an angle v by setting cos~ = ky/frg, and

7
(|

siny = ky/ry. where vy .,r.-'.ik'lé + ks Theu

yi(n) = A" ry coslne —)

it - ' 5|3”'|’r. S s =

Thus, the selution in polar coordinates is given by

eln -,h,.' i) + yrlng

-- .l"|||.-"'||_|rl |433}
) = nretan (yglre?)
yiln)
= —(mw —=) (4.34)

It follows from Egs. (4.33) and {1.34) that

1. If |Ay| < 1. then we have o stable focus where each arbit spirals to-
ward the urigin [Fig. 4.6(a)]. On the other hand, if [A;| > 1, then we
have an unstable focus, where each orbit spirals away from the origin

[Fig. 4.6(b)]-

2 1If [A1] = 1, then we have a eenter, where the orbits follow a eircular

path [Fig. 4.6(¢)]. This is due to the Liet that yiln) + gin) = ri.

To this end, we have obtained the phase portraits of Equation (4.31), which
may be called “canonical” phase portraits, To obtain the phase portraits of
the original system (4.29], we apply (4.30], e, we apply P to the orbits

of Equation (4.31). Since P([I}j = ¥y ba) (?) =V}, and P(?) =
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(V5. Va) L l]]) = Vi, applying £ to the orhits ¥(n) amounts to rotating the

coordinates: the 2 axis to V; and the y axis to Va. In other words, the straight
line solutions are now along the eigenvessors V, and Vo Using this observa-
tion, one may opt to sketch the phase portrait of Equation (4.29) directly
and without going through the cancnical forms.

The set of points on the line emanating from the origin along Vi s called
the stable subspace WS the set of points on the line passing through the
arigin in the direction of Vi is called che unstable subspace W5, Henee,

Wi={X g Fn'! AYX —lasn — ""Lrl} (4.43)
W ={X eR*: A""X — 0 as n — oc) (4.16]
he following example Hlustrates the above-described direct method 10

sketeh the phase portrait

Example 4.5
Sketch the phase portrait of the system X{n+ 11 = AX (n]. where

I.' | : I_
= |'._'-F:;'-'_J 1) |

SOLUTION  The sigenvalues of A ared) = 3, uud Ay = g1 the vorre-

sponding eigenvectors are V) = (f) and Vi = I/ : J respectively. Hence,

=1

we have two straight line selutions, Xi(n) = (L3)" (f) and X;(n)
2 ;
= (0:5)" ( O ) The general solution is given by X(n) = k(15" (f) t

ks 0.5)" ( _EI ) Note that z(n) is asymptotie to the line through V) = (f)
(see Fig. 47). |

4.6 Stability Notions

Consider the map f: B* — B? and lat X = (i') he a fixed point of f; ie,
¥
f(X")=X".
Chur main objective in this section is to introduce the main stability notions

pertaining to the fixed point 2*. Observe that these notions were previously

- E——— ) | e—m | —
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FIGURE 4.6

(a) Stable focus: |A;| < 1. (b) Source: [Ay| > 1. (¢) Center: Az =0 £,

|A12] = 1.
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FIGURE 4.7
Saddle: A >0, < Az < | Stable and unstuhl- subspaces A5

introduced in Chapter 1. The only diffeence B s that we replace the
absolute value by a convenient vaorm” on Bf Houghly speasing, & POTH
f a vector (point) i RY is a measure of it putitude. A formal defniton

tallows.
DEFINITION 4.3 A real valued funttion o i vector space V 15 sad to
be a-norm on V', denoted by | |, if the following properfies hold:

L [X1 =0 and | X{ =10 if and only if X =1 for X eV

2, |aX|= |a|lX]| for X € V and any scalar o

91X+ Y| <X+ for X.Y €V (the traangle nequality)

In the sequel, we choose the £ norm on B2 doefined for X = (..:'-J ) B

I."'LI: = |J."_.' 1 |""I'¢'I i-l::ﬁ':l

For each wvector norm o1 B2 there correspoids i Novm | []on all 2 = 2
matrices A = (i) defined as follows

||Al] = sup{|AX] : X < 1) (4.3R8)
It may be easily shown that for X e R*,

|AX] < [IAll 1X] (4.39)
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Let gf A) be the spectral radius of A defined as plA) = max{|M] Azl :
ki Ag are the eigenvalues of A} Then it may be shown that for our selected
vECLOr noroi

||*"d‘|lt1 e nliﬁ{“ﬂ-“l + |H?I|J. {ltl]z: T |II?2J:I]-_ (4.4)

(For a prool see [49].)
" 1 :
For example, if X = (3) |X| = 4 And for the matrix 4 = (_1,;_, _i,l)
|Ally = max{3,7} = 7. The eigenvalues of A aré Ay = =2, Ay = —L. Note
that plA] = max{j—2],| =1} =2 and thus p(A) < [14];.
It is left to the reader to prove, in general, that pf 4) £ [l A]|; for any matrix
A (Problem 14,

Without any further delay, we now give the required stability definitions,
DEFINITION 4.4 A fired point X* of o map [ R* — B? is said to be

;. stable if given £ > 0 there exists 6 > U such | X = X*| < & implies
[fHX)-X* <& for all ne £ (see Fig. 4 8a),

attracting (snk) if there exists i > U such thal X — X°| < v unples
lim fMX)=X". [t 1s glebally attracting if v = o (ser Fig. 4.9).

B

4, asymptotically stable if it 15 buth stable and atfracting. It 15 globally
asymptotically stable if o s bath stable und globally attracting, (see
Fry, §-12{a})

4. unstable if of 15 ol stable (see Fig, 4.80).

REMARK 4.2 In [91], Sedaghat showed that a globally attracting fixed
point of a continuous ane-dimensional map must be stable, Kenneth Palmer
pointed out to me that this result may be found in the book of Block and
Coppel [12],  Moreover, the proof in Block and Coppel requires only local
attraction (see Appendix for a proof). The situation changes dramatically in
twir ‘or higher dimensionsl continuous maps, for there are continuous maps
that possess a globally attracting unstable fixed point. We are going to present
one of these maps and put several others as problems for you to investigate.

Example 4.6
Consider the two-dimensional map in polar coordinates

(r = & Fe0<H<?
gl g )=\ meg e T EhESE D
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ta) The fixed point X* = 0 is stable.
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FIGURE 4.8b
(b) X* = (1 is an unstable fixed point.
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FIGURE 4.9

%

Pt = (U) is un unstable globally attracting fixed point,

Then,

: s N L B
Clearly lun g" ( :?) = (.1,, ] = (“J. Phus, each orhit is attracted to the
M= a5 # i,

I

LILJ However, if @ = dm, 0= 4 < 1. then the orbit of (;) will

fixed point L
: . : I i ;
apiral clockwise around the fixed point ( 0 ) before converging to it. Hence,

({]J) is globally attracting but not asymptotically stable (see Fig. 4 ). I

4.7 Stability of Linear Systems

In this section. we focus our attention on lincar maps where f(X) = AX, and
Ads a9 x 2 matrix, Equivalently, we are interested in the difference equation

Xin+1)=AX(n). (4.41)

For such linear maps, we can provide complete information about the sta-

bility of the fixed point X* = (g) The main result now follows,
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v THEOREM 4.3
The followning statements hold for Equation [(4:41):

(o) If p{A) < 1, then the origin is asymptotically stable.
(bl If p{A) > 1, then the arigin 15 unstable.
(o) ifpld] = L, then the origin s unstable of the Jordan form s of the form

Al
(1 J A)' and stable otherunse

PROOF  Suppese that p(A) < 1. Then it follows from Eqs. (4.18), (4.19),
(4204 that i i Xin) = (. Thus, the origin is (globully) atteacting. To prove

stability, we mll-.hl- thres cases

(1] -Suppose that the solution Xin) @& given by Equation (4.18), This is
the case when the eigenvalues of the matrix A are real and there are two
linearlv independent dgenvectors

XY= ( #) M )F"'I.";'IIH'I.

0As
Heese,
| X(n)| < [|P| || |p(A)[X(0)
< MIX{0)]

where M = ||P|| ||P7Y| p(4).
Now, given £ > (), let § = /M. Then |X(0)| < & implies that |X(n)| <
M§ = ¢. This shows that the origin is stable.

{ii) Suppose that the solution X(n) is given by Equation (4.19). This
case ocewrs if the matrix 4 has a repeated eigenvalue A and only one
eigenvecton.

_ e AT RATTER Sy
H{ﬂ}—f(u i )F X0

(X ()l S [IPIFIPT (A + A ().

Since n|A" — 0 as n — oo, there exists N € Z7, such that the term
(re|A]" =" + |A]"} is bounded by a positive number L. Hence,

X (n)] < M|X(0)|

where M = L||P|| ||P~|).
The proof of the stability of the origin may he completd by seting
§ = &/M as in part (a).
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; . : Al . : :
(iit) If 4 I= not in the form (“ ,H\]. then it is either diagonalizable to J =

&

0 Az

i .
( Ay ) where | 4| < Land [Az] = Lor jAz| < 1 and |Ay| = 1. In either
‘ case, J" is hounded and hence the origin is stable, N

The proofs of parts (h) and (¢} are left to you as Problem 11.

Exercises - (4.5 — 4.T)

I Problems 1-9. sketch the phase portrait of the system X(n+ 1] = AXin),
when A is the given matrix. Determine the stability of the orgin

1/2 0 )
[+

. ( o
( 1” . ]
(

2.1
l.fl',f)

N

11},
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12, Show that if X* is a fixed point of & linear map f on B2 and is asymp-
totically stable, then it must be globally asymptotically stable.

L4, ‘Cczplete the proof of Theorem 4.3,

14. Prove that for any 2 % 2 mairix Apld) < |4

e e R e =
1.8 The Trace-Determinant Plane
4.8.1 Stability Analysis

Table {4.1) provides a partial summary of everything we have done so far,
In this section we provide another important way of presenting these resylts,
tamely, trace-determimant plane, where we employ pictures, rather than a
table. “This turns out to be a better seheme whon o 1s Interested in studving

bifurcation In rwi-dimensional SYSems
The following two results provide the framework for using the trace-deger-
iy )3

]. tr A = ay + s, and

minant plane Heeall that for matrix 4 = (
() s

det 4 ) e dyaiteg

= THEQREM 4.4
Let A = (a;;) be ¢ 2 x 2 matrir Then plA) < L if and only tf

ftr Al =1 < det A < 1. (4.42)

PROOF

(1] Assume that AMA) < L IF M, Mg are the cigenvalues of A, then |A | <1
and [Az| < 1. The characteristic equation of the matrix 4 is given by
det {.-’1 > M} = A= (dy7 + ug;;:l.-!'-—l:'ﬂl':u-;g = pady) ]' =), or A% = (tr A)A+
det A =1, Hence the eigenvalues are

M= [tr 4+ Vitr A7 =4 det A] :
‘]- r_ — 3
Ag = ] [t'" A= tr A)* - 4 det AJ L

Case (a) A; and Az are real roots, ie., (tr A)2 <4 det A > 0. Now —1-< Ay,
Az < | implies that

~2<tr At \/(tr A —d det A <2




Stability of Two-Dimensional Maps 201

TABLE 4.1
Partial summary of the stability of linear systems.
Type Eigenvalue Phase Portrait
111
AR
1
v
Sadqdle < Xy <1< 1
El : 'I .I"‘I
Sink 0< As< Ay <l i ;
:', _.l
34 =l
7 gl Tk
s . !
SULTTE Ay > Ay = | !
apiral Sink A=a+id A<l GF1 -
T
N L _!_.-"'
Spiral Source A=ao+id, A >1,48%F0
=
s ____.-ﬂ":_x \
,__.;'T_.',_IL !
: _d..:f.
Clenter A=atafd Al =1 FFU {
Ir I|I|I | |I'I ﬁ.
L{TAREANLT
RIEATIR
Lot d

“Oscillatory™ Saddle -1 <A <l A <1

“Oscillatory” Source A > 1, Ag > 1
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Ciise (B

(11} Cony
sider,
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ur
2—tr A< -.k,-'"rl'!r A —ddet A<2—tr A (4.43)

—2=1ird< w._.-"fif.*." A2 —ddet A< 2-itr A t4.44)

Sruaring the second inequality (4.43) vields

RS o it R T A - N (1.45)
Stmarly, if we square the fiest inequality in (4.44) we obtain

L +tr A+det A= (4.46)

Now from the second inequality (1.43) and the first mequality i
Lid) we obtain 24+r A > Dand 2—tr 4 >0 or Hr Al <2 Sinee
(trA)*— 4 det A >0, follows that

dit A< [ AV Sd-] (4.47)

Combining (4.45), (4,46} and (4.47) vields (4.42)

Ay i Ag are complex conjugates, ie.

(0 W L W U | {148
Lty tlils cose we Liawve Y1 gl ATy det A — {Lr .‘1I'r|. il
, g trAdy ddet A (trAP
I..!l.||" == |_,.5,.:_;.|"'!: I__ __ti_q_ Aad 'I = det A

| 4

Hence 0 < det A < 1. To show tha mnequalities (4.45) and (4.46)
hold, note that since det A > 0 either (445) (if tr A > 0) or
(4.46) (if tr A < 0} holds. Without loss of generality, assume that
tr A > 0. Then (4.45) holds. From (4.48), tr A < 2v/def A, If
we let det A = 2, then x € (0,1) and flz) =1+2x-2,7 <
1+det A —tr A, Note that JlO)=1and f'{0)=1- :}E indicate
that f is decreasing on (0, 1) with range (0,1). This implies that
1+det 4 —1tr 4 > flr) = 0 and this completes the proof.

ersely, assume that (4.42) holds. Then we have two cases to can-

Case (a) (tr A — 4 det A > 0. Then

1 r +
IAig| == ii‘.i" A+ (tr A)E = 4 det ﬂ|

0

%ilf-" A+ '.k-'"'fd:!' A+ 11 =4 det .-4|

i

< % {{fﬁf A+ 14 (det A —T}*)

=§lfdﬂte‘1+1—(e£et A=-11=1
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Case (b} (tr AP —4 det A < 0. Then

1
[Ag =l = 5_ ||'-r' A4 r«_.-"r-i det A — (tr A)°

| .
- :éﬁ_afrfr A2 4+ 4 det A — [tr A)?

= et 4 <],

As a by-product of the preceding result, we obtain the following eriterion
for asymptotic stability.

COROLLARY 4.1
The origin fn Equation (4.41) 5 asymptatically stable if and anly of condifion

(4.42) hotds true.

Note thal condition (4.42) may be spelled oat in the following threy in-

1:‘I|_'|_lil|i'|'ll.:'!':i.
| it A+ del 4>, or

[det A > —tr A L|4.45) (4,49)

| —tr-A+det A>1, or

[det A > tr A — 1 [4.46) (4.50)
[der A <1 247y (4.51)

Viewing det A as a function of tr A, the above three inequalities give us the
stability region as the interior of the triangle hounded by the lines det A =
_trd — 1, det A=1r A =1, and det A = 1, as shown in Fig, 4.1,

Wit we delve a little deeper futo finding the exact valies of the eigenvalues
of the matrix A along the boundaries of the wiangle enclosing the stability

region, The following result provides us with the needed answers. Let Ay =
5 (Lr A+ \fltr A)? —4 det 1) Ao =3 (n- A/ (tr A2 -4 der".?{J be the
eigenvalues of A.

THEOREM 4.5

The follourng statements hold for any 2% 2 matree A.
(i) If lir A] =1 = det A, then we have

(a) the eigenvalues of A are Xy =1 and As = det A iftr A >0,
) the ewgenvalues of 4 are dg = —1 and Ay = —det A iffr A < (..
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(i) If |tr Al =1 < det 4, and det A = 1, then the eigenvalues of A are i
where # = cos8 e Af2).

PROOF

(i) Let [tr 4] — 1 = det A. Then (tr A — 4 det A = (det A L= 20
This implies that the eigenvalues are real numbers. Moreover, Apz =

(.:r A+ JTtr A=A det _4} = Litr A (det A= 1))

i
2

(i) I tr A >0, then tr A=1+det A, and consequently.

|
Ay =
e {.’irf A

(bl Htr A<, then tr A =—1 —det-4, and congegnently,

lii} Let |tr Al = 1 < det A, and det A = 1, Then (tr A} — 4.detA <
(det 4+ 1] —4 =0, Hence; the pigenvalues are complex conjugales,
Moreover.,

1 ; —
Ma= 5 (HT' A)jd + Jd det A—(tr .4_:.1)

= :—lgt'r‘ Ad /1 = (tr A},

Thus |A; 2| = /Ttr AF/4 41~ (tr A)2/4=1. Furthermare, f# = arctan{ Ay 2)

= tan~! (W) = pps~L{tr A/2), which give A2 = e = coafl &
I

isinf.

4.8.2 Navigating the Trace-Determinant Plane

The trace-determinant plane is effective in thie study of linear systems with
parameters. 1t provides us a chart of those locations where we can expect
dramatic changes in the phase portrait. There are three critical loci. Let T
denotes the trace and D denote the determinant. Then there are three critical
fines: D=tr A=1,D=—tr A-1, and D = 1; they enclose the stability
region in the trace-determinant planes.

We now illustrate our analysis by the following pxample.

-—-———_———-i"_"i-—-

- == [ g 1= T BT [
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2
det A = 1/4 (ir A)

.f,l dat A ::,;J.:D
2 et _-;‘\M'*.R | %{_. detA=tri-1
N & —N Y hy =1, A, =detA

L= complex eigenvalue

a ir & :-"t. :’T

1 _--|-._
2 =1~ 0
\| <
X real sigenvalue

a |
\ t 3 —adl
,_.C-’J"‘f-"" ::.-FJ-’-"‘ ﬂ'ﬂ,' -
"_:._.. "";Jl-_, n"‘fj
FIGURE 4.10a
(a) The stability region for Equation (4.41) is the shaded triangle.
ITl-1 <D<
ITI-14 D owd DL

ITI< D+
-D-I<T <D+

P& B2 zikio 2 D> =T-1] ond [DXTol| ad o<1

how=1,=1=r. =0 Qeh, =1, %, =1
it : det A ! .

s complex eigenvalue

R R AL I 5
F‘E{_t' =1 {;..1{{’ | 4 """r"'- r 1 — ""'1:hllﬂ‘;':"2 <1
~2 -1%& Fad ¢ tr A
o
/X
.'-'.I::-I.}:.E-: 1

FIGURE 4.10b
(b} The determination of eigenvilues in different regions.
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dat A
oscillatani, f et waddie
saddle sprial| sourge - o

spiral (sink __1.:;
\_,;‘-a- " | tr A
i o 1 2

i : . o
oscillatory 5
saddle
vl %
- i
osciltatory
SOUIGE

FIGURE 4.10¢
fex] |]1'ht':'i[31jllll of the dynamics of Equation (4400 in all the regions in the

det-rrace plane

Example 4.7
Consider the one-parameter family of linear svstems Xin + 1)

= AX{n).

g

e f L ) J

which depends on the parameter . As @ varies, the determinant of the matrix,
det A, 15 always 2e — 1. while the trace of the matrix, tr A, is always (0. As
we vary the parameter ¢ from negative to positive values, the corresponding
point (T, ) moves vertically along the line T = 0. Now if D < —1, which
oceurs- b 2o — 1 < <1 or a < 0, we have o degenerate case, A = 1 and

Ay = —1 with corresponding eigenvectors (? anl G) Thus every point

on the y-axis is a fixed point and every other point in the plane is periodic of
period 2. For0 < a < :}. we have a sink, and for % < g < 1 we have a spiral
sink. At exactly a = 1 we have a center, and if @ > | we have a spiral source

(see Fig 4.10b).
The values of o where critical dynamical changes oceur are called bifurcation

values, In this example, the bifurcation values of ¢ are 0, 3, L.

Exercises - 4.8

In problems 1-6, consider the one-parameter families of linear systems
Xin+1) = AX(n), where A depends on & parameter & In a brief essay,
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discuss Jifferent types of dynamical behavior exhibited by the systems as a
increases along the real line, modeled after Example 4.7,

(2 3
1"4'(1+:14)

342
-2 3

(
. b
g Mo (r.: 1 o u)

t o+ 1

: vl
ﬂ-,qz(”l”‘“ﬁl” ) ~1<ax<]

In problems 7-9, we consider two-parameter families of the linear systein
X(n+1)=AX(n), where 4 depends on two parameters a, .
lu the ab-plane, identifv all regions where the system possesses a saddle. a

sink, a spiral sink, and so on.

oy fat1d
f: "*‘(_ 3 :a)

% e l i
o 4= (230 2)
In the trace-determinant plane (Fig. 4.10d).

1. Show that we have a saddle in regions in (&) and @)

9. Show that we have an oscillatory saddle in regions @ and &),

3. {a) Show that we have an oscillatory source in region @,

(b) Show that we have a spiral source in region @),

X4.9 Liapunov Functions for Nonlinear Maps

In 1892, the Russian mathematician A. M. Liapunov (sometimes transliter-
ated as Lyapunov) introduced a new method to investigate the stability of
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L S — |
Exercises - (4.1 and 4.2)

: Iy . R N ) 1 - .
l. eigenvector (-;. is associated with Ay = 3 L] associated with
\

2 i i
| -;I ISII 1 -'- 1..-:I 3‘. T i
1 r i 3 it % B
\ bar 3 7T/
3 ..".| l'l = 7
)
e={ g
| |" L
.
g Lh L
; 3 ( o, ::II | Hrl.ﬁ.‘ 1 J
ek et !
iy L HENESS ad

o |-': R L o -I'!_E !
Ari = "“f”',- d }'u"’ 3 2y/ubsin =5
23 cin = s J—’%— + /B uiny ';"

N 2"+ 29N
) ( (] —n) )
PR 1 —3+/3sin 3'”’
i (l) = (l) N (HJH ‘t“‘r+'-.f'r_bm 1"")
L e e e o

Exercises - (4.3 and 4.4)

» — 1\ g gat
o= ()

. Y == 161
s .:!f'uﬂ_l (_;'l‘!“ | -'-I‘-'!'_-"ill J

- (3“.—4:14‘03 + 3"“.::-;{”‘1)

i F ! 'I
Heshi) 3%2(0)

7. X(n) = k; cosnb + kg sinnfl where § = tan~'(4) = 76°




L e e ———: [ — sk BT

-

T o A jﬂm

Answers 407

.

13 agn—-1 _ i
15, Y [n) == (" t {.:f_ | 'i“)

Exercises - (4.5 — 4.7)

joum

1. The arigin i asymptotically stable since p{A) = 5 < 1 (Theorem 4.13).

#

i = Ay= 4
Plinse purtrait: origin i asymptotically stable.

4. Since gl Al = 2 > 1, it fullows by Theorem 4,13 that the origin is asymp-
totically stable.

o

o -

s s

Al =My =12
Phase portrait: origin is unstable.



, Answers
4= i nswers

.

| o
ki |

h, Eigenvalues of 4 are Ay = 2 + 31, Az =

e Fe
| i
| /

|
= |+ —=—{]
|A1] = [A2 Vit = 4

Henee by Theorem 4.12, the origin is asymptotically stable.

-
e |
H'\"'\-\.
-\.‘:“
y. ™,
H".":-'LH y .
g b4
\y
! II
¥ | X
—— '-!".—  Cal— B
e - i
y B

] |
4 o | A=y - L
! s . v i

L
T
Asg Hm frrcs

7. The eigenvalues of A are Ay =243 =3 The corresponding elgenvectors

iy ., 9 s i !
are 15 = ( Y= _a) straight-line solutions are

—
4 Pt r] - 2 T
¥y = (__EJJ i (_H).s .

The origin is unstable since pld) =3 > L

Aj=2, Ap=4d
Unstable node.
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9, The eigenvalues of A are M =1, Ay = —. The origin is stable but not
asyuiptotically stable.

X =1; Ag= —i

A stable center.

Exercises - 4.8
1. (i) @ > 4 : osciliatory souree
(ii) @ =4 1 unstable origin (bifurcation value)

(iii) @ < 4 : a saddle

(iv] &= —= ; unstable origin

[ U R S

(v} a< -3 s gpiral sonrves

3. Bifureation valu~: a = 7
i< =3 asaddle
g = =3 : unstable oscillatory

5. (i) a>= —-é where the elgenvalues are As = —land A; = —det A =

2
4 3
and we have an “caillator, " stable origin, for a < —é, we have an

oscillatory saddle,
(ii} @ = —1, the eigenvalues are A; = Ay =0 and every point is a fixed
point, for —% < a < —1, we have & sink, and for —1 <a < 0, we

have a spiral sink.
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(iii}) @ = 0, where the eigenvalues are A; = 1. Az = |, where we have
eigher a stable or unstable origin, for a > 0, we have a saddle.

7. Region 5: a <band 3a +6 > b
Region 6: a <band Ja +6 < b

Region T: a >band 3a+6 < &

1 n
Region 1: & > -_-Jlfr.' ]}

Region 8 b < 3a+ 6 and b< 2a+4 1

i :
Region 4: b < o and b = Tla- | = and b < 2

1
2t 1 1

X Exercises - (4.9)

L. Let Vixgas) = 2] +25
g. Let V =114

9. Let Vic.y) =z* + 42,
7. Let Viz,4) =2* +4%

11. Let V(z,y) = zy.

I I (.

Exercises - (4.10 and 4.11)

3. || < ]

h., o<1
" Y - :
6 (a) X7 = (ﬂ) is asymptotically stable
o ﬁ '
(b) X3 = (5) is unstable

T.lll<l-a<?2

i _. F




