
 

Well_Known partial differential Equation 

 

I)  𝑼𝒕= α (𝑼𝑿𝑿 +𝑼𝒚𝒚 +𝑼𝒛𝒛 )                      

 Liner three_dimensional heat equation 

 

II)  𝑼𝒙𝒙 +𝑼𝒚𝒚 =0                                        

 Laplace equation in two dimension 

 

III)  𝑼𝒕𝒕 = 𝜶𝟐 (𝑼𝒙𝒙 +𝑼𝒚𝒚 +𝑼𝒛𝒛)               

 Liner three_dimensional wave equation 

IV)  𝑽𝒙𝒙 = 𝑹𝑪𝑽𝒕          ,𝑰𝒙𝒙 =𝑹𝑪𝑰𝒕             Telegraph equation 

 

V)  𝑽𝒙𝒙 = 𝑳𝑪𝑽𝒕𝒕         ,𝑰𝑿𝑿 = 𝑳𝑪𝑰𝒕𝒕           Radio equation. 

Where  V=potential   ,I= Current   ,C=Capacitance   ,L=inductance 

 

Note :  the partial differential Co_efficients are denoted as follows: 

𝝏𝒛

𝝏𝒙
 =p   ,

𝝏𝒛

𝝏𝒚
 = q  ,

𝝏𝟐𝒛

𝝏𝒙𝟐 =r ,
𝝏𝟐𝒛

𝝏𝒙𝝏𝒚
 =s  ,

𝝏𝟐𝒛

𝝏𝒕𝟐  = t  

 

 

Solution of partial Differantial Equation: 
The relation between dependent variable and independent variables 

Such that :   1. This relation is empty from partial derivatives.  

                    2. This relation satisfying this partial differential equation. 

is called solution.                                                                                       
 

Kinds of solutions: 
a. General  solution : 

       If the solution contains  arbitrary functions equal to order of this partial differential 

equation ,then this solution is called  general solution. 

b. Particular solution  

     If we choose special function and put it in general ,in this case this solution named  

Particular solution. 

c . Complete solution  

     If the solution contains arbitrary constant only ,then this solution is called Complete 

solution. 



 

 

  :  Example 

1. show that the relation  𝑍 = 𝐴𝑥2 + 𝐵𝑦2  is a complete solution for p.d.e  

𝑥𝑧𝑥 + 𝑦𝑧𝑥 = 2𝑧     …….*  ,where A,B  are constants.  

Solution: 

   𝑍 = 𝐴𝑥2 +B𝑦2   →   𝑍𝑥 = 2𝐴𝑥  and  𝑍𝑦 = 2𝐵𝑦 , put these in *  

  𝑥(2𝐴𝑥2) +  𝑦(2𝐵𝑦) = 2𝐴𝑥2 +  2𝐵𝑦2 

                                         = 2[𝐴𝑥2 + 𝐵𝑦2] = 2𝑍   

There for this a solution for * equation and since this solution contains only arbitrary 
constant , then this is complete solution. 

 

2.show that: 

I. The relation 𝑍 = ∅(𝑥) is a solution for 
𝜕𝑧

𝜕𝑦
=0 

II. The relation 𝑍 = ∅1(𝑦) + ∅2(𝑥)  is a solution for 
𝜕2𝑥

𝜕𝑥𝜕𝑦
=0 

Solution (I): 

𝜕𝑥

𝜕𝑦
=

𝜕∅

𝜕𝑢
 ∙  

𝜕𝑢

𝜕𝑦
= ∅′(𝑢) ∙ 0 = 0  

  ∴ 𝑍 =  ∅(𝑥) is general solution for  
𝜕𝑧

𝜕𝑦
= 0  

Solution (II): 

 
𝜕𝑥

𝜕𝑥
= ∅′

1(𝑦)  ∙ 0 + ∅′
2(𝑥)  ∙ 1 = ∅′

2(𝑥) 

 
𝜕2𝑧

𝜕𝑥𝜕𝑦
= ∅′′

2(𝑥) ∙ 0 = 0 

 ∴ 𝑍 = ∅1(𝑦) + ∅2(𝑥) is a general solution for 
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 0 

     𝑦
𝜕𝑧

𝜕𝑥
− 𝑥

𝜕𝑧

𝜕𝑦
= 0____solution of is a) 𝑥2 + 𝑦2Z=f(  : Verify that  : Example  

 Solution: Given 𝑧 = (𝑥2 + 𝑦2)_____(1) 

  Differentiating (1) w.r.t   x and y ,partially ,we get 

 
𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥2 + 𝑦2) ∙ 2𝑥  and  

𝜕𝑧

𝜕𝑦
= 𝑓′(𝑥2 + 𝑦2) ∙ 2𝑦_____(2) 

   Put (2) in left side of (*) ,we get right side. 

 𝑦
𝜕𝑧

𝜕𝑥
− 𝑥

𝜕𝑧

𝜕𝑦
= 𝑦 ∙ 2𝑥𝑓′(𝑥2 + 𝑦2) − 𝑥 ∙ 2𝑦𝑓′(𝑥2 + 𝑦2) = 0 

 Hence 𝑍 = 𝑓′(𝑥2 + 𝑦2) is asolution for 𝑦
𝜕𝑧

𝜕𝑥
− 𝑥

𝜕𝑧

𝜕𝑦
= 0 

 

 



 

 

    Properties of arbitrary functions 

 

   (*)     Let ∅(u) be arbitrary function with variables u  and let A be constant ,then 

a. AØ(u) is arbitrary function.      

b. Ø(Au) is arbitrary function. 
c. Ø(u)+A is arbitrary function. 
d. Ø'(u) is arbitrary function. 
e. ∫Ø(u) du is arbitrary function. 

 

   (**)   If A,B are two arbitrary constants .then we can  written one is a function to              

    other (i.e) A=Ø(B) or B=Ø(A).                                                

 

  (***)  we can written arbitrary function Ø(u,v)=0, where u,v are variables by u=Ø(v)       

   or v=Ø(u).                                                                                           

 

II. Method of forming partial differential equations : 
      A partial equation is formed by two methods: 
1. By eliminating arbitrary constants . 
2.By eliminating arbitrary functions. 

 

1.Method of elimination of arbitrary constants: 

r equal to to be eliminated is less than o constantsif the number of arbitrary  :Case(1)   
the number of independent variables ,(i.e) F(X,Y,Z,A,B)=0  

Then the p.d e`s obtained will be of first order. 
In this case ,how to find the p.d.e? 
*Differentiating partially  w.r.t   x. 
*Differentiating partially w.r.t   y. 

*we get two equations ,we solve these equations by eliminating arbitrary constants ,so 
that we obtain p.d.e . 

 

If the number of arbitrary constants to be eliminated is more than the number Case(2):   
case r order. In this or highe ndof independent variables ,then the p.d.e`s obtained will be 2

this form is F(X,Y,Z.A.B.C)=0 

Now how to find the p.d.e? 

*Differentiating partially w.r. t  x. 

*Differentiating partially w.r.t   y. 

*To fined 𝑍𝑥𝑥 and 𝑍𝑦𝑦,then we get some equations and solve them, until  

we get of p.d.e . 

 

 



 

 الأولىمن الرتبة  أكثر أوعلى معادلة تفاضلية جزئية واحدة  الأغلبنحصل على  الأولىفي الحالة  (1)  ملاحظه  

 أعلى من الرتبة الأولىمن معادلة تفاضلية جزئية ومن رتب  أكثرفي الحالة الثانية نحصل على  (2)                 

 

Now we shall give the following examples on the first and second case. 

 

 arbitraryForm the partial differentialial equation be eliminating the   :      Example

constants of Z=A𝑥2+B𝑦2  

Solution: 

 𝑍 = 𝐴𝑥2 + 𝐵𝑦2 → (1) → the number of constant equal to independent variable 

differentiating partially (1)  w.r.t  x, we get  

               
𝜕𝑧

𝜕𝑥
= 2𝑥𝐴 → 𝐴 =

𝑍𝑥

2𝑥
→ (2) 

 differentiating partially (1) w.r.t  y, we get 

              
𝜕𝑧

𝜕𝑦
= 2𝑦𝐵 → 𝐵 =

𝑍𝑦

2𝑦
→ (3) 

  Putting (2) in(1) , we get 

  𝑍 =
𝑍𝑥

2𝑥
𝑥2 +

Zy

2y
y2 

 ∴ 𝑍 =
1

2
𝑥𝑍𝑥 +

1

2
𝑦𝑍𝑦   p.d.e  of order one 

differential equation from a partialForm   :      Example 

 𝑍 = 𝐴𝑥 + 𝐵𝑦 + 𝐶𝑥𝑦 → (1) 

 Solution:   differentiating (1) w.r.t  x, we get 𝑍𝑥 = 𝐴 + 𝐶𝑦 → (2) 

              differentiating partially(1) w.r.t  y, we get 𝑍𝑦 = 𝐵 + 𝐶𝑥 → (3) 

 Look that  : we cant eliminating the arbitrary constant ,therefore we need 𝑍𝑥𝑥 and 𝑍𝑦𝑦,  

and 𝑍𝑥𝑦. 

differentiating partially (2) w.r.t  x ,we get  𝑍𝑥𝑥 = 0 → (4)  

differentiating partially (3) w.r.t  y ,we get 𝑍𝑦𝑦 = 0 → (5)  

differentiating partially (2) w.r.t  y, we get  𝑍𝑥𝑦 = 𝑐 → (6)  

 Putting (6) in (2) ,we get   𝑍𝑥 = 𝐴 + 𝑦𝑍𝑥𝑦 → 𝐴 = 𝑍𝑥 − 𝑦𝑍𝑥𝑦 → (7)  

 Putting (6) in (3) , we get  𝑍𝑦 = 𝐵 + 𝑥𝑍𝑥𝑦 → 𝐵 = 𝑍𝑦 − 𝑥𝑍𝑥𝑦 → (8)  

 Putting (6) in (3) , we get  𝑍 = 𝑥(𝑍𝑥 − 𝑦𝑍𝑥𝑦) + 𝑦(𝑍𝑦 − 𝑥𝑍𝑥𝑦) + 𝑥𝑦𝑍𝑥𝑦  

 𝑍 = 𝑥𝑍𝑥 − 𝑥𝑦𝑍𝑥𝑦 + 𝑦𝑍𝑦. 

 

 

 

 

 

 

1 

2 



 

 𝑍 = 𝐴(𝑥 + 𝑦) → (1):  partial differential equation fromForm   :      Example  

]the number of costant less than independent variables[𝑍 = 𝐴(𝑥 + 𝑦) →   Solution: 

differentiating partially(1) w.r.t  x, we get 𝑍𝑥 = 𝐴 → (2) 
 

 Putting (2) in(1) , we get 𝑍 = 𝑍𝑥(𝑥 + 𝑦) → p.d.e of order one. 

or 
Putting :𝑍𝑦 = 𝐴 in (1) ,we get 𝑍 = 𝑍𝑦(𝑥 + 𝑦) → p.d.e of order one. 

 ملاحظه        

 

  الوصف الرياضي لهذه العلاقة )متغيرات مستقلة  إيجاديعطي وصف كلامي لعلاقة رياضية المطلوب  الأمثلةفي بعض 

  p.d.eومعتمده وثوابت ( ومن ثم منها نشكل 

lie on the x_axis  centersFind the differential equation of all spheres whose   :      Example

with radius equal to 1. 

with center(a,b,c) and radius  r is given  we know that the equation of the sphere   Solution:

by  

 (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + (𝑧 − 𝑐)2 = 𝑟2 → (1)  

 Since the center lies on x_axis ∴ 𝑏 = 0 , 𝑐 = 0 ,then (1) reduces to 

 (𝑥 − 𝑎)2 + 𝑦2 + 𝑧2 = 1 → (2)  

 The relation (2) contains the number of constant less than the independent variables. 

Arbitrary constant =a   , independent variables =x ,y 

Differentiating partially (2) w.r t  x, we get  

 2(𝑥 − 𝑎). 1 + 0 + 2𝑧𝑍𝑥 = 0 → (3) 

 Differentiating partially (2) w.r t y, we get 0 + 2𝑦 + 2𝑧𝑍𝑦 = 0 → (4)  

 From(2) we get 𝑥 − 𝑎 = −𝑧𝑍𝑥 → (5)  

 Putting (4) in(2) , we get (−𝑧𝑍𝑥)2 + 𝑦2 + 𝑧2 = 1  

 ∴ 𝑍2𝑍𝑥
2 + 𝑦2 + 𝑍2 = 1 is p.d.e of order one. 

 While the equation (4) 2𝑦 + 2𝑧𝑍𝑦 = 0 is p.d.e of order one in this case we het two p.d.e 

 
 

whose centers lie on y_axis , with Find the differential equation of all spheres   :      Example

radius equal to r. 

this center of this spheres is(0,b,0) and radius equal=r   Solution: 

 𝑥2 + (𝑦 − 𝑏)2 + 𝑍2 = 𝑟2 → (1)  

 2𝑥 + 2𝑧𝑍𝑥 = 0 → (2)             [Differentiating (1) w.r.t  x] 

  2(𝑦 − 𝑏) + 2𝑧𝑍𝑦 = 0 → (3)    [Differentiating (1) w.r.t y] 

 From(3) , we get  𝑦 − 𝑏 = −𝑍𝑍𝑦 → (4) 

 Put (4) in (1) we get  𝑥2 + (−𝑍𝑍𝑦)2 + 𝑍2 = 𝑟2 

 ∴ 𝑥2 + 𝑍2𝑍𝑦
2 + 𝑍2 = 𝑟2  and  2𝑥 + 2𝑍𝑍𝑥 = 0 are p.d.e of order one. 
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Find the differential equation of spheres whose lie on the Z_axis.  :      Example  

is the  e with center (a ,b, c) are radiustion of spherathe equ  : Solution

form (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + (𝑧 − 𝑐)2 = 𝑟2 → (1) 

 But the center lie on z_axis ,(i.e) the center is(0,0,c) and (1) radius 
 𝑥2 + 𝑦2 + (𝑧 − 𝑐)2 = 𝑟2 → (2)   

 We need to eliminate  c and  r . 

Differentiating (2) w.r.t x and y , we get 

 2𝑥 + 2(𝑧 − 𝑐).
𝜕𝑧

𝜕𝑥
= 0 → 𝑧 − 𝑐 = −𝑥.

1
𝜕𝑧

𝜕𝑥

→ (3) 

 And 2𝑦 + 2(𝑧 − 𝑐).
𝜕𝑧

𝜕𝑦
= 0 → 𝑧 − 𝑐 = −𝑦.

1
𝜕𝑧

𝜕𝑦

 → (4)  

By equality (3) and (4) ,we get  

 → −
𝑥

𝜕𝑧

𝜕𝑥

= −
𝑦
𝜕𝑧

𝜕𝑦

 

 𝑥
𝜕𝑧

𝜕𝑦
− 𝑦

𝜕𝑧

𝜕𝑥
= 0 is the required partial differential equation 

 

uation of all spheres of Find the partial differential eq   :      Example

radius 3 units having there centres in xy_plane. 

 the center of this sphere is (a,b,0) and this equation is  : Solution

(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + 𝑧2 = 𝑔 → (1) 

 Differentiating partially (1) w.r.t x and y , we get  

 2(𝑥 − 𝑎) + 2𝑍
𝜕𝑧

𝜕𝑦
= 0 → (𝑥 − 𝑎) = −𝑍

𝜕𝑍

𝜕𝑥
→ (2) 

And  

 2(𝑦 − 𝑏) + 2𝑍
𝜕𝑧

𝜕𝑦
= 0 → (𝑦 − 𝑏) = −𝑍

𝜕𝑧

𝜕𝑦
→ (2) 

 Putting (2) in(1) ,we get  

 𝑍2(
𝜕𝑧

𝜕𝑥
)2 + 𝑍2(

𝜕𝑍

𝜕𝑦
)2 + 𝑍2 = 9 is the required p.d.e. 

 

2- Method of elimination of arbitrary functions. 

     If the partial differential equation is obtained by elimination of 
arbitrary functions, then the order of the partial differential equation in general, equal to 
the number of arbitrary functions eliminated . 

 Now ho to find p.d.e? 
*Differentiating partially w.r.t  x. 
*Differentiating partially w.r.t  y. 

*By elimination the arbitrary function with derivative from equation by 
solving them ,and we get p.d.e . 
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differential equation fromForm partial    :      Example 

 

 𝑍 = 𝑓(𝑥2 + 𝑦2) → (1)  

 

 Differentiating partially ,(1) w.r.t x and ,we get  : Solution 

   
𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥2 − 𝑦2). 2𝑥 → (2) 

 
𝜕𝑧

𝜕𝑦
= 𝑓′(𝑥2 − 𝑦2)(−2𝑦) → (3) 

Dividing (2) over   (3) ,we get  
 

𝜕𝑧

𝜕𝑥
𝜕𝑧

𝜕𝑦

=
𝑥

−𝑦
→ 𝑦

𝜕𝑧

𝜕𝑥
+ 𝑥

𝜕𝑧

𝜕𝑦
= 0 is the required p.d.e 

 

here the given p.d.e contains one arbitrary function ,    : Remark

therefore  the required p.d.e is also of order one.  

 

Form the partial differentiating equation from   :      Example 

 𝑍 = 𝑓(𝑥 + 𝑎𝑦) + 𝑔(𝑥 − 𝑎𝑦) → (1)  

Differentiating partially (1) w.r.t x and y , we get    : Solution 

 
𝜕𝑧

𝜕𝑥
= 𝑓′(𝑥 + 𝑎𝑦) + 𝑔′(𝑥 − 𝑎𝑦) → (2) 

 
𝜕𝑧

𝜕𝑦
= 𝑎𝑓′(𝑥 + 𝑎𝑦) − 𝑎𝑔′(𝑥 − 𝑎𝑦) → (3) 

 Again differentiating(2) w.r.t x and (3) w.r t y ,we get 

 
𝜕2𝑥

𝜕𝑥2
= 𝑓′′(𝑥 + 𝑎𝑦) + 𝑔′′(𝑥 − 𝑎𝑦) → (4) 

 
𝜕2𝑧

𝜕𝑦2
= 𝑎2𝑓′′(𝑥 + 𝑎𝑦) + 𝑎2𝑔′′(𝑥 − 𝑎𝑦) 

       = 𝑎2[𝑓′′(𝑥 + 𝑎𝑦) + 𝑔′′(𝑥 − 𝑎𝑦)] ,but 

𝑓′′(𝑥 + 𝑎𝑦) + 𝑓′′(𝑥 − 𝑎𝑦) =
𝜕2𝑧

𝜕𝑥2
 

 ∴
𝜕2𝑧

𝜕𝑦2
= 𝑎2 𝜕2𝑧

𝜕𝑥2
     is p.d.e 

  

the  ehere the given p.d.e contains two arbitrary function, therefor  : Remark

required p.d.e will be of order 2. 

 

Ex: Form the partial differential equation from 𝑍 = 𝑓 (
𝑦

𝑥
). 

Ex: Form the partial differential equation from 𝑍 = 𝑓1(𝑥). 𝑓2(𝑦) 
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III- Equation Solvable Direct Integration 

 

  The equation containing only one  partial derivative can be solve by direct   integration 
 for constants of integration , we must use arbitrary function of variable kept constant.    

                                                                                                          

                                                                                                             

 𝑍𝑦 = 𝑦(𝑥 − 𝑦)solve  :      Example 

𝜕𝑧

𝜕𝑦
= 𝑦(𝑥 − 𝑦) → ∫

𝜕𝑧

𝜕𝑦
. 𝜕𝑦 = ∫ 𝑦(𝑥 − 𝑦). 𝜕𝑦 + ∅(𝑥)   : Solution  

 𝑍 =
1

2
𝑥𝑦2 −

1

3
𝑦3 + ∅(𝑥)  is a general solution 

 

يعتبر ثابت  xبينما المتغير yوالمستقل  zبالمتغير التابع  الأولىتعتبر هذه المعادلة هي معادلة تفاضلية اعتيادية من الدرجة   ملاحظه

 .لعدم وجود مشتقه له

Example      : solve  𝑍𝑥𝑥 − 6𝑥 = 0 

 هو ثابت( yوالمتغير xومستقل zتعتبر معادلة تفاضلية اعتيادية بمتغير تابع(

𝑍𝑥𝑥 = 6𝑥    : Solution 

By the first integration ,we get: 𝑍𝑥 = 3𝑥2 + ∅(𝑦) w.r.t  x 

By the second integration ,we get : 

 𝑍 = 𝑥3 + 𝑥∅1(𝑦) + ∅2(𝑦) w.r.t  x 

This is a general solution contains two arbitrary functions because the p.d.e of order 2. 
 

Example      : solve   
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

1

xy
 → (1) 

as the given equation (1) contains only one partial derivative. :   : Solution 

 ∴it can be solved by direct integration. 

 Now (1)→
𝜕

𝜕𝑥
[

𝜕𝑧

𝜕𝑦
] =

1

𝑥𝑦
→ (2) 

Integration both sides of(2) w.r.t x ,keeping y as constant , we get 
𝜕𝑧

𝜕𝑦
= ∫

1

𝑥𝑦
𝑑𝑥 +

𝑓(𝑦) =
1

𝑦
𝑙𝑜𝑔𝑥 + 𝑓(𝑦)  → (3) 

 

Again ,integrating both sides of (3) w.r.t y ,keeping x as constant, we get 

                             𝑍 = 𝑙𝑜𝑔𝑥 ∫
1

𝑦
𝑑𝑦 + ∫ 𝑓(𝑦)𝑑𝑦 + ∅(𝑥) 

                       𝑍 = 𝑙𝑜𝑔𝑥. 𝑙𝑜𝑔𝑦 + 𝑔(𝑦) + ∅(𝑥), 𝑤ℎ𝑒𝑟𝑒 ∫ 𝑓(𝑦)𝑑𝑦 = 𝑔(𝑦). 

 Is the required solution. 

 

Ex: solve   
   𝜕2𝑧

𝜕𝑦2
= sin (𝑥𝑦) 

Ex: solve  log (
𝜕2𝑧

𝜕𝑥𝜕𝑦
) = 𝑥 + 𝑦 
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VI. Solution Of Linear Partial Differential Equations Of The 

First Order  

A differential equation involving first order partial derivative p and q only ,is called a 
partial differential equation of first order. If p and q both occur in the fist degree only 
and are not multiplied together , then it is called linear partial differential equation of 
first order. 

 
 

 

    Lagrange's Linear Equation                          

 

Is an equation of the type  Pp + Qq = R 

Where P,Q,R are function of x ,y ,z and 𝑝 =
𝜕𝑧

𝜕𝑥
, 𝑞 =

𝜕𝑧

𝜕𝑦
 

Joseph Louis Lagrange [1736_1813] , a great French mathematician spent 20 years of his 
life in Prussia and then returned to Paris .his important major work was in calculus of 
variation, celestial and general mechanic, differential equations and algebra. 

 
To solve Lagrange's linear equation. 
First step: write down the auxiliary equations. 

 

Second step: find two independent solution u(x ,y)=a and v(x ,y)=b 

Third step: the solution is ∅(𝑢, 𝑣) = 0 𝑜𝑟 𝑢 = 𝑓(𝑟) 
 

Find the general solution of partial differential equation :      Example  

 𝑍𝑦2𝑝 − 𝑍𝑥2𝑞 = 𝑥2𝑦 
Solution:    𝑃 = 𝑦2𝑧 , 𝑄 = −𝑥2𝑧 , 𝑅 = 𝑥2𝑦 

The auxiliary system is 
𝑑𝑥

𝑦2𝑧
=

𝑑𝑦

−𝑥2𝑧
=

𝑑𝑧

𝑥2𝑦
 

From 
𝑑𝑥

𝑦2𝑧
=

𝑑𝑦

−𝑥2𝑧
   we obtain 

 − ∫ 𝑥2𝑑𝑥 = ∫ 𝑦2𝑑𝑦 → −
𝑥3

3
=

𝑦3

3
+ 𝑐1  → 𝑥3 + 𝑦3 = −

3𝐶1

𝑎
 

 ∴ 𝑢 = 𝑥3 + 𝑦3 = 𝑎  and  

 From 
𝑑𝑦

−𝑥2𝑧
=

𝑑𝑧

𝑥2𝑦
, we obtain 

 ∫ 𝑦𝑑𝑦 = − ∫ 𝑧𝑑𝑧 →  
1

2
𝑦2 +

1

2
𝑧2 = 𝑐2  →  𝑦2 + 𝑧2 = 2𝑐2 

 This the general solution is 

 ∅(𝑢, 𝑣) = 0 →  ∅(𝑥3 + 𝑦3, 𝑦2 + 𝑧2) = 0 
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𝑥𝑝 + 𝑦𝑞 = 3𝑧 Find the general solution of differential equation: :      Example 

P=x ,Q=y , R=3z   : Solution 

The auxiliary system is 
𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
=

𝑑𝑧

3𝑧
 

From 
𝑑𝑥

𝑥
=

𝑑𝑦

𝑦
 →  ∫

𝑑𝑥

𝑥
= ∫

𝑑𝑦

𝑦
→ 𝑙𝑛𝑥 = 𝑙𝑛𝑦 + 𝑙𝑛𝑐 

 ∴ 𝑙𝑛
𝑥

𝑦
= 𝑙𝑛𝑐1  → 𝑢 =

𝑥

𝑦
= 𝑎 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 

𝑑𝑥

𝑥
=

𝑑𝑧

3𝑧
 

 ∫
𝑑𝑥

𝑥
= ∫

𝑑𝑧

3𝑧
 → 3𝑙𝑛 = 𝑙𝑛𝑧 + 𝑙𝑛𝑐2 

                    → 𝑙𝑛𝑥3 − 𝑙𝑛𝑧 = 𝑙𝑛𝑐2 

                    → 𝑙𝑛
𝑥3

𝑧
= 𝑙𝑛𝑐2  →

𝑥3

𝑧
= 𝑐2 

 ∴ 𝑣 =
𝑥3

𝑧
= 𝑏 

 Thus the general solution is ∅ (
𝑥

𝑦
,

𝑥3

𝑧
) = 0 

 

Find the solution  :      Example 

        𝑥(𝑦 − 𝑧).
𝜕𝑧

𝜕𝑥
+ 𝑦(𝑧 − 𝑥)

𝜕𝑧

𝜕𝑦
= 𝑧(𝑥 − 𝑦) 

the auxiliary system is    : Solution 

     
𝑑𝑥

𝑥(𝑦−𝑧)
=

𝑑𝑦

𝑦(𝑧−𝑥)
=

𝑑𝑧

𝑧(𝑥−𝑦)
→  ٭

To find u(x ,y ,z)= a? 

Note since 
1

2
=

2

4
 →

1+2

2+4
=

3

6
 

 

𝑑𝑥 + 𝑑𝑦

𝑥(𝑦 − 𝑧) + 𝑦(𝑧 − 𝑥)
=

dz

𝑧(𝑥 − 𝑦)
 

 
𝑑𝑥 + 𝑑𝑦

𝑥(𝑦 − 𝑧) + 𝑦(𝑧 − 𝑥)
=

−𝑑𝑧

𝑧(𝑦 − 𝑥)
 

 

 ∴ 𝑑𝑥 + 𝑑𝑦 = −𝑑𝑧 

 𝑑𝑥 + 𝑑𝑦 + 𝑑𝑧 = 0 

By integration of above equation ,we get  

 𝑢 = 𝑥 + 𝑦 + 𝑧 = 𝑎 

Now to find v(x ,y ,z)=b? 

Multiply * by xyz ,we get 

𝑦𝑧𝑑𝑥

𝑦 − 𝑧
=

𝑥𝑧𝑑𝑦

𝑧 − 𝑥
=

𝑥𝑦𝑑𝑧

𝑥 − 𝑦
 

∴
𝑦𝑧𝑑𝑥

𝑦 − 𝑧
=

𝑥𝑧𝑑𝑦

𝑧 − 𝑥
=

−𝑥𝑦𝑑𝑧

𝑦 − 𝑥
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∴ 𝑦𝑧𝑔𝑥 + 𝑥𝑧𝑑𝑦 + 𝑥𝑦𝑑𝑧 = 𝑏 → 𝑧(𝑦𝑑𝑥 + 𝑥𝑑𝑦) + 𝑥𝑦𝑑𝑧 = 0 

→ 𝑧𝑑(𝑥𝑦) + (𝑥𝑦)𝑑𝑧 = 0 → 𝑑(𝑥𝑦𝑧) = 0 → 𝑥𝑦𝑧 = 𝑏 

∴ (𝑥 + 𝑦 + 𝑧, 𝑥𝑦𝑧) = 0  is a general solution. 
 

 

Example      : solve  (𝑥2 − 𝑦𝑧)𝑝 + (𝑦2 − 𝑧𝑥)𝑞 = z2 − xy → (1) 

the auxiliary equations are     : Solution 

 
𝑑𝑥

𝑥2−𝑦𝑧
=

𝑑𝑦

𝑦2−𝑧𝑥
=

𝑑𝑧

𝑧2−𝑥𝑦
 

 

or
𝑑𝑥−𝑑𝑦

𝑥2−𝑦𝑧−𝑦2+𝑧𝑥
=

𝑑𝑦−𝑑𝑧

𝑦2−𝑧𝑥−𝑧2+𝑥𝑦
=

𝑑𝑧−𝑑𝑥

𝑧2−𝑥𝑦−𝑥2+𝑦𝑧
 

 
𝑑𝑥−𝑑𝑦

(𝑥−𝑦)(𝑥+𝑦+𝑧)
=

𝑑𝑦−𝑑𝑧

(𝑥+𝑦+𝑧)(𝑦−𝑧)
=

𝑑𝑧−𝑑𝑥

(𝑥+𝑦+𝑧)(𝑧−𝑥)
  

 

 
𝑑𝑥−𝑑𝑦

𝑥−𝑦
=

𝑑𝑦−𝑑𝑧

𝑦−𝑧
=

𝑑𝑧−𝑑𝑥

𝑧−𝑥
→ (2) 

 

Integrating first two members of(2), we have 

 ln(𝑥 − 𝑦) = ln(𝑦 − 𝑧) + 𝑙𝑛𝑎 

 

 𝑙𝑛
𝑥−𝑦

𝑦−𝑧
= 𝑙𝑛𝑎 →  

𝑥−𝑧

𝑦−𝑧
= 𝑎 

 

 ∴ 𝑢(𝑥, 𝑦, 𝑧) =
𝑥−𝑦

𝑦−𝑧
= 𝑎 

Similarly from last two members of (2) ,we have 

 ln(𝑦 − 𝑧) = ln(𝑧 − 𝑥) + 𝑙𝑛𝑏 →
𝑦−𝑧

𝑧𝑧−𝑥
= 𝑏 

 

 ∴ 𝑣(𝑥, 𝑦, 𝑧) =
𝑦−𝑧

𝑧−𝑥
= 𝑏 

 

 The required solution is ∅ [
𝑥−𝑦

𝑦−𝑧
,

𝑦−𝑧

𝑧−𝑥
 ] = 0 
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Method of Multipliers: 

   Let the auxiliary equations be 
𝐝𝐱

𝐏
=

𝐝𝐲

𝐐
=

𝐝𝐳

𝐑
   l ,m ,n   may be constants or functions of x 

,y ,z. then we have. 
   

 
𝑑𝑥

𝑃
=

𝑑𝑦

𝑄
=

𝑑𝑧

𝑅
=

𝑙𝑑𝑥+𝑚𝑑𝑦+𝑛𝑑𝑧

𝑙𝑃+𝑚𝑄+𝑛𝑅
 

 
L ,m ,n  are chosen in such a way that : 
  

 𝑙𝑃 + 𝑚𝑄 + 𝑛𝑅 = 0  𝑇ℎ𝑢𝑠  𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧 = 0 
Solve the differential equation ,lf the solution is u=a. 

Similarly ,choose another set of multipliers (l ,m ,n) and if the second solution is v=b. 

 ∴Required solution is ∅(𝑢, 𝑣) = 0 
 

Find the general solution of partial equation :      Example 

  (𝑥2 − 𝑦2 − 𝑧2)𝑝 + 2𝑥𝑦𝑞 = 2𝑥𝑧 → (1) 
: the auxiliary system is   : Solution 

 
𝑑𝑥

𝑥2−𝑦2−𝑧2
=

𝑑𝑦

2𝑥𝑦
=

𝑑𝑧

2𝑥𝑧
 

 

From 
𝑑𝑦

2𝑥𝑦
=

𝑑𝑧

2𝑥𝑧
  ,we obtain  

 

 ∫
𝑑𝑦

𝑦
= ∫

𝑑𝑧

𝑧
 → 𝑙𝑛𝑦 = 𝑙𝑛𝑧 + 𝑙𝑛𝑎 

 

 ∴ 𝑙𝑛
𝑦

𝑧
= ln 𝑎 →

𝑦

𝑧
= 𝑎 → 𝑢 =

𝑦

𝑧
= 𝑎 

 

 From 
𝒙𝒅𝒙+𝒚𝒅𝒚+𝒛𝒅𝒛

𝒙𝟑−𝒙𝒚𝟐−𝒙𝒛𝟐+𝟐𝒙𝒚𝟐+𝟐𝒙𝒛𝟐 =
𝒅𝒛

𝟐𝐱𝐳
        𝒙𝒅𝒙+𝒚𝒅𝒚+𝒛𝒅𝒛

𝒙𝟑+𝒙𝒚𝟐+𝒙𝒛𝟐 =
𝒅𝒛

𝟐𝒙𝒛
 

 

 
𝐱𝐝𝐱+𝐲𝐝𝐲+𝐳𝐝𝐳

𝐱(𝐱𝟐+𝐲𝟐+𝐳𝟐)
=

𝐝𝐳

𝟐𝐱𝐳
→  

𝟐𝐱𝐝𝐱+𝟐𝐲𝐝𝐲+𝟐𝐳𝐝𝐳

𝐱𝟐+𝐲𝟐+𝐳𝟐 =
𝐝𝐳

𝐳
 

By integration the above equation ,we get 

 Ln(𝑥2 + 𝑦2 + 𝑧2) = 𝑙𝑛𝑧 + 𝑙𝑛𝑏 → 𝑙𝑛
𝑥2+𝑦2+𝑧2

𝑧
= 𝑙𝑛𝑏 

 ∴ 𝑣 =
𝑥2+𝑦2+𝑧2

𝑧
= 𝑏 

 

Thus the general solution is ∅ (
𝑦

𝑧
,

𝑥2+𝑦2+𝑧2

𝑧
) = 0 
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Find the equation of the surface to   :      Example 

(2x + 1)q − p = 0 which satisfying Z(1,y)= y-4 

Solution:     the auxiliary system is 
𝑑𝑥

−1
=

𝑑𝑦

2𝑥+1
=

𝑑𝑧

0
 

 ∴ 𝑅 = 0 → 𝑍 = 0 

 From 
𝑑𝑥

−1
=

𝑑𝑦

2𝑥+1
 → ∫(2𝑥 + 1)𝑑𝑥 = ∫ 𝑑𝑦 

 ∴ 𝑣 = 𝑥2 + 𝑥 + 𝑦 = 𝑏 

The general solution ∅(𝑧, 𝑥2 + 𝑥 + 𝑦) = 0 
Now we applied the condition: 

 ∴ 𝑎 = 𝑦 − 4      , 𝑏𝑢𝑡  𝑏 = 𝑥2 + 𝑥 + 𝑦 
                                 𝑏 = 1 + 1 + 𝑦 

→ 𝑏 = 𝑧 + 𝑦 
∴ 𝑎 − 𝑏 = 𝑦 − 4 − 2 − 𝑦 
∴ 𝑎 − 𝑏 = −6 
 𝑍 − (𝑥2 + 𝑥 + 𝑦) = −6 

∴ 𝑍 = 𝑥2 + 𝑥 + 𝑦 − 6 is equation of the surface. 
 

Ex(1): Find the solution of p.d.e :𝑡𝑎𝑛
𝜕𝑧

𝜕𝑦
+ 𝑡𝑎𝑛𝑥

𝜕𝑧

𝜕𝑥
= 𝑡𝑎𝑛𝑧. 

    (2) solve 𝑦2𝑝 − 𝑥𝑦𝑞 = 𝑥(𝑧 − 2𝑦) 

    (3) solve 𝑝√𝑥 + 𝑞√𝑦 = √𝑧 

 
Non _Linear Partial Differential Equation Of The First Order 

   A partial differential equation which in volves first order partial derivatives p and q with 
degree higher than one and the product of p and q is called a non_ linear partial 
differential equation of the first order. 

Remark : the complete solution of non_ linear partial differential equation involves only 
two arbitrary constant [(i.e): equal to the number of independent variables]  

 
 

Some Standard Forms 
 

I. Equation of the form f(p ,q)=0 

This equations containing p and q only. 
Method : Let the required solution be 

             𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 → (1) 

             
𝜕𝑧

𝜕𝑥
= 𝑎  ,

𝜕𝑧

𝜕𝑦
= 𝑏 

 On putting these values in  f(p ,q)=0 ,we get f(a ,b)=0. 

From this ,find the value of b in terms of a and substitute the value of b in(1) , that will be 
the required solution. 

 
 

6 



Example      :  solve  the equation 𝑝2 − 𝑞2 = 1. 

Solution:   the equation of the form f(p ,q)=0 ,where a=p ,q=b ∴ 𝑓(𝑎, 𝑏) = 0 → 𝑎2 − 𝑏2 = 1             

→= ∓(𝑎2 − 1)
1

2     
The solution of this form is 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

Thus  𝑍 = 𝑎𝑥 ∓ (𝑎2 − 1)
1

2𝑦 + 𝑐  is reuired solution  
 

 

Find the solution of pq+p+q=0:      Example 

: this is of the form f(p ,q)=0, where a=p  ,b=q   Solution:  

 ∴ 𝑓(𝑝, 𝑞) = 𝑝𝑞 + 𝑝 + 𝑞 = 0 

 𝑓(𝑎, 𝑏) = 𝑎𝑏 + 𝑎 + 𝑏 = 0 → 𝑏
−𝑎

𝑎+1
 

 The form of solution of 𝑓(𝑝, 𝑞) = 0 is 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

∴ 𝑍 = 𝑎𝑥 −
𝑎

𝑎 + 1
𝑦 + 𝑐 

 
 

Example      :  solve   𝑝3 − 𝑞3 = 0 → (1) 

Solution:    equation (1) is of the form 𝑓(𝑝, 𝑞) = 0. therefore the solution is  

 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑐   , 𝑤ℎ𝑒𝑟𝑒 𝑓(𝑎, 𝑏) = 0 
∴ 𝑎3 − 𝑏3 = 0 → 𝑎3 = 𝑏3  → 𝑎 = 𝑏 

Hence the required solution of (1) is given by 

 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 
 
 

Ex: solve the following equations : 

(1)  𝑝 = 𝑒𝑞     (2) 𝑝2 + 𝑝 = 𝑞2      (3) √𝑝 + √𝑞 = 1    (4) pq=1  

 

II. Equations of the form 𝑍 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 
The solution of above equation is 

 𝑍 = 𝑎𝑧𝑏𝑦 + 𝑓(𝑎, 𝑏) 

 

Example      :  solve  𝑍 = 𝑝𝑥 + 𝑞𝑦 − 5𝑝𝑞 

Solution:     𝑓(𝑝, 𝑞) = −5𝑝𝑞 → 𝑓(𝑎, 𝑏) − 5𝑎𝑏 

Then 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑓(𝑎, 𝑏) 
Hence 𝑍 = 𝑎𝑥 + 𝑏𝑦 − 5𝑎𝑏 
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Example      : solve    𝑍 = 𝑝𝑥 + 𝑞𝑦 + 3𝑝
1

3
 𝑞

1

3 

Solution:     𝑓(𝑝, 𝑞) = 3𝑝
1

3 𝑞
1

3  → 𝑓(𝑎, 𝑏) = 3𝑎
1

3 𝑏
1

3 

 ∴ 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 3𝑎
1

3 𝑏
1

3 
 

Example      : solve   𝑍 = 𝑝𝑥 + 𝑞𝑦 + 𝑝2 + 𝑝𝑞 + 𝑞2 

Solution:    𝑓(𝑝, 𝑞) = 𝑝2 + 𝑝𝑞 + 𝑞2 → 𝑓(𝑎, 𝑏) = 𝑎2 + 𝑎𝑏 + 𝑏2 

∴ 𝑍 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2 + 𝑎𝑏 + 𝑏2 

Ex: solve 𝑍 = 𝑝𝑥 + 𝑞𝑦 + 2√𝑝𝑞 

Ex: solve 𝑍 = 𝑝𝑥 + 𝑞𝑦 + sin(𝑝 + 𝑞) 
Ex: solve (𝑝𝑞 − 𝑝 − 𝑞)(𝑧 − 𝑝𝑥 − 𝑞𝑦) = 𝑝𝑞 
 

III. Equation of the form 𝑓(𝑧, 𝑝, 𝑞) = 0 → (1)  
this equations not containing x and y. 

let z be function of u where 𝑢 = (𝑥 + 𝑎𝑦) 

        
𝜕𝑢

𝜕𝑥
= 1  𝑎𝑛𝑑  

𝜕𝑢

𝜕𝑦
= 𝑎 

Then 𝑝
𝜕𝑧

𝜕𝑥
=

𝜕𝑧

𝜕𝑢
.

𝜕𝑢

𝜕𝑥
=

𝑑𝑧

𝑑𝑢
 → (2) 

  

 𝑞 =
𝜕𝑧

𝜕𝑦
=

𝜕𝑧

𝜕𝑢
.

𝜕𝑢

𝜕𝑦
= 𝑎

𝑑𝑧

𝑑𝑢
→ (2) 

 

Putting the values of p and q in(2) by(1) ,then we get   

 𝑓 (𝑍,
𝑑𝑧

𝑑𝑢
, 𝑎

𝑑𝑧

𝑑𝑢
) = 0 , which is an ordinary differential equation of the first order. 

Rule(1):  solve the last ordinary differential equation in terms of Z and u. 

       (2): replace u by x+ay , we get the required solution.   
 

Example      :  solve 𝑍 = 𝑝2 + 𝑞2  → (1) 

Solution:    put 𝑢 = 𝑥 + 𝑎𝑦 →
𝜕𝑢

𝜕𝑥
= 1  ,

𝜕𝑢

𝜕𝑦
= 𝑎 

Therefore  𝑝 =
𝑑𝑧

𝑑𝑢
 ,   𝑞 = 𝑎

𝑑𝑧

𝑑𝑢
 → (2) 

Put  (2)  in (1)  ,we get . 

𝑍 = (
𝑑𝑧

𝑑𝑢
)

2

+ 𝑎2  (
𝑑𝑧

𝑑𝑢
)

2

 

 

 

𝑍 = (
𝑑𝑧

𝑑𝑦
)

2

 [1 + 𝑎2] 

 

 

5

6 

6 

7 



(
𝑑𝑧

𝑑𝑦
)

2

=
𝑧

1 + 𝑎2
 

 
 By taking the square root of previous statement: 

 

𝑑𝑧

𝑑𝑢
=

√𝑧

√1 + 𝑎2
    ]  ∗ 𝑑𝑢 

 

𝑑𝑧

𝑑𝑢
=

√𝑧

√1 + 𝑎2
 𝑑𝑢 

By integration of above equation:∫
𝑑𝑧

√𝑧
=

1

√1+𝑎2 ∫ 𝑑𝑢 

∴ 2√𝑧 =
1

√1 + 𝑎2
 𝑢 + 𝑘 

2√𝑧 =
1

√1 + 𝑎2
 𝑢 +

√1 + 𝑎2

√1 + 𝑎2
 𝑘 

2√𝑧 =
1

√1 + 𝑎2
 [𝑢 + √1 + 𝑎2 𝑘]   , 𝑏𝑢𝑡 √1 + 𝑎2   𝑘 = 𝑏 

2√𝑧 =
1

√1 + 𝑎2
  [𝑢 + 𝑏] , 𝑏𝑢𝑡  𝑢 = 𝑥 + 𝑎𝑦 

2√𝑧 =
1

√1 + 𝑎2
 [𝑥 + 𝑎𝑦 + 𝑏] 

2√𝑧. √1 + 𝑎2 = 𝑥 + 𝑎𝑦 + 𝑏 → 4𝑧(1 + 𝑎) = (𝑥 + 𝑎𝑦 + 𝑏)2  is the required solution 
 

Example      :  solve    𝑝2 = 𝑧𝑞 → (1) 

Solution:     the given equation (1) is the form 𝑓(𝑧, 𝑝, 𝑞) = 0. 

Therefore take 𝑢 = 𝑥 + 𝑎𝑦 → 𝑝 =
𝑑𝑧

𝑑𝑢
 , 𝑞 = 𝑎

𝑑𝑧

𝑑𝑢
→ (2) 

Put (2) in(1) ,we get (
𝑑𝑧

𝑑𝑢
)

2
= 𝑎𝑧 (

𝑑𝑧

𝑑𝑢
) →

𝑑𝑧

𝑑𝑢
 [

𝑑𝑧

𝑑𝑢
− 𝑎𝑧] = 0 

But 
𝑑𝑧

𝑑𝑢
≠ 0 

∴
𝑑𝑧

𝑑𝑢
− 𝑎𝑧 = 0 →

𝑑𝑧

𝑑𝑢
= 𝑎𝑧] 

𝑑𝑢

𝑧
→  

𝑑𝑧

𝑧
= 𝑎𝑑𝑢 → (3) 

Integration of (2) ,we get 

𝑙𝑛𝑧 = 𝑎𝑢 + 𝑙𝑛𝑏 → 𝑙𝑛𝑧 − 𝑙𝑛𝑏 = 𝑎𝑢 → 𝑙𝑛
𝑧

𝑏
= 𝑎𝑢 →  

𝑧

𝑏
= 𝑒𝑎𝑢 

𝑧 = 𝑏𝑒𝑎𝑢  𝑏𝑢𝑡  𝑢 = 𝑥 + 𝑎𝑦  ∴ 𝑧 = 𝑏𝑒𝑎𝑥+𝑎2𝑦  is required solution 
 
 
Ex: solve 𝑝(1 + 𝑞) = 𝑞𝑧 
Ex: solve 𝑔(𝑝2𝑧 + 𝑞2) = 4. 
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IV. Equation of the form 𝑓1(𝑥, 𝑝) = 𝑓2(𝑦, 𝑞) 

The equation in which z is absent and the terms involving x and p can be separated from 
those involving y and q. 

Step (1): Find p and q from the given equation 

 Step (2): Use 𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 and on integrating , find z in terms of x and y , as the                                                                                                                 
required solution . 
 
 

Example      :  solve  𝑝 − 𝑥2 = 𝑞 + 𝑦2 

Solution:    this equation of the form 𝑓1(𝑥, 𝑝) = 𝑓2(𝑦, 𝑞) 

𝑝 − 𝑥2 = 𝑞 + 𝑦2 = 𝑎 

∴ 𝑝 − 𝑥2 = 𝑎 → 𝑝 = 𝑥2 + 𝑎   𝑎𝑛𝑑  𝑞 + 𝑦2 = 𝑎 → 𝑞 = 𝑎 − 𝑦2 
Putting these values on  𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 

→ 𝑑𝑧 = (𝑥2 + 𝑎)𝑑𝑥 + (𝑎 − 𝑦2)𝑑𝑦 

∫ 𝑑𝑧 = ∫(𝑥2 + 𝑎)𝑑𝑥 + ∫(𝑎 − 𝑦2)𝑑𝑦 + 𝑐 

→ 𝑍 = 𝑎𝑥 +
1

3
𝑥3 + 𝑎𝑦 −

1

3
𝑦3 + 𝑐 

∴ 𝑍 = 𝑎(𝑥 + 𝑦) +
1

3
(𝑥3 − 𝑦3) + 𝑐  is the required solution  

 
 

Example           :  solve  𝑞 = 𝑥𝑦𝑝2 → (1) 

Solution:     𝑞 = 𝑥𝑦𝑝2]  ∗ 𝑦−1 → 𝑝2𝑥 = 𝑞𝑦−1 = 𝑎 

→  𝑝2𝑥 = 𝑎 → 𝑝 = √
𝑎

𝑥
      𝑎𝑛𝑑 𝑞𝑦−1 = 𝑎 → 𝑞 = 𝑎𝑦 

Putting the values of pand q in 𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 

                                                  𝑑𝑧 = √𝑎 𝑥
−1

 2 + 𝑎𝑦𝑑𝑦 

Integration ∫ 𝑑𝑧 = ∫ √𝑎 𝑥
−1

2 + ∫ 𝑎𝑦𝑑𝑦 + 𝑐 

∴ 𝑍 = 2√𝑎𝑥 + 𝑎𝑦 + 𝑐 is the required solution. 
 
 

Ex: solve  𝑞(𝑝 − 𝑐𝑜𝑠𝑥) = 𝑐𝑜𝑠𝑦 

Ex: solve   𝑦𝑝 + 𝑥𝑞 + 𝑝𝑞 = 0 

Ex: solve  √𝑝 + √𝑞 = 𝑥 + 𝑦 

Ex: solve   𝑝𝑒𝑦 = 𝑞𝑒𝑥 
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 Differential Equation    
 

       

Ordered  differential equation      partial differential equation 

 

Partial Differential Equation 
 

Def(1): A partial differential equation are those equations which contain 
partial differential coefficients , independent variables and dependent 
variables the independent variables will be denoted by x and y and the 
dependent variables  by z. 

  

t variable z is a function of two independent If the dependen (1)Remark: 
                    variables (i.e) 𝑧 = (𝑥, 𝑦), then the form of p.d.e is         

                    𝐹 (𝑥, 𝑦, 𝑧,
𝜕𝑧

𝜕𝑥
,

𝜕2𝑧

𝜕𝑥2
,

𝜕𝑧

𝜕𝑦
,

𝜕2𝑧

𝜕𝑦2
,

𝜕2𝑧

𝜕𝑥𝜕𝑦
, … ) = 0 

 

               (2)  If the dependent variable u is a function of three independent      
                    variables (i.e) 𝑢 = 𝑢(𝑥, 𝑦, 𝑧) ,then the form of p.d.e is 

                      𝑭(𝒙, 𝒚, 𝒛, 𝒖, 𝒖𝒙, 𝒖𝒚, 𝒖𝒛, 𝒖𝒙𝒙, 𝒖𝒚𝒚, 𝒖𝒛𝒛, 𝒖𝒙𝒚, 𝒖𝒙𝒛, … ) = 𝟎 
 

Def(2): the order of a partial differential equation is the order of the 
highest partial derivative occurring . 

 
Def(3): the degree of a partial differential equation is the degree of the 
highest order partial derivative occurring in the equation 

 

Def(4): A differential equation involving first order partial derivative 
𝜕𝑧

𝜕𝑥
  𝑎𝑛𝑑  

𝜕𝑧

𝜕𝑦
 only is called 

a partial equation of the first order. 

If 
𝜕𝑧

𝜕𝑥
   𝑎𝑛𝑑   

𝜕𝑧

𝜕𝑦
 both occur in first degree only and are not multiplied together , then it is called 

a linear partial differential equation of first order. 
 

Def(5): A linear partial differential equation is homogeneous if all the 
terms contain derivatives of the same order. 

 

 

 

Note  : the partial differential equation is classification by 

1.order         2.degree        3.linearly        4.homogenous 



 

Q: classify the following p.d.e by order ,degree, linearly and homogenous: 

homogenous linearly degree ord
er 

Equations 

    1 1 𝜕z

∂x
+

∂z

∂y
= 0 

1 

  non 1 1 𝑍(𝑥2 − 𝑧𝑦 + 𝑦2𝑧𝑥) = 𝑥𝑦2 2 

Non non 2 2 𝑧xx
2 + 2𝑧xy + 3zy

2 + xy2z = 0 3 

    1 1 𝜕z

∂x
+ xz = y 

4 

  non 2 1 𝜕z

∂y
= 2y(

∂z

∂x
)2 

5 

Non non 2 3 
(

𝜕3𝑧

𝜕𝑥3
)2 +

2

3

∂2z

∂x ∂y
+ 3(

∂z

∂y
)3 + xy2z = 0 

6 

Non   1 2 𝑦𝑢y − zx3y3uxy = g(x, y) 7 

  non 1 2 𝑥2Zxx − 𝑍2 = 0 8 

Non non 1 1 𝑍xlnZy = 2Z3 9 

  non 1 1 𝑍𝑍𝑥 − sin(𝑥 + 𝑦) 𝑍𝑦 = 𝑥𝑐𝑜𝑠𝑧 01 

 

 

حد  أيومشتقاتها في  Zتسمى المعادلة التفاضلية الجزئية بالخطية اذا كان مجموع قوى  ملاحظه :

 .تكون تلك القوة عدد صحيح غير سالب  أنمن حدودها تساوي واحد بشرط 

 

 
 


